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This book is tiie second part of a work on the 
theory of gyroscopic devices (GD's) (the first part 
was published in £908) In it the theory of active- 
type gyroscopic stabilizers, differentiating and 
integrating gyroscopes, gyroscopic navigational 
systems, and also certain questions of gyroscopic 
stabilization are considered. 


Basic attention is allotted to determination of 
yuamic errors of GD's in conditions of random con- 
trols and disturbances. 


The book is intended for engineering-technical 
and scientific workers, studying questions of applied 
gyroscopy, and can serve as a training aid for students 
and post graduates, studying the theory of GD's. 


vil 


PREFACE 

In this, the second part of a work on the theory of gyroscopic devices (GD's) 

a theory of active gyroscopic stabilizers, and also of differentiating and integrating 
gyroscopes is expounded, certain questions of gyroscopic stabilization are considered, 
and information on the theory of gyroscopic navigational systems is given; among the 
latter are Foucault gyroscopes, the gyropendulum and the gyrocompass, and also 
gyroinertial navigational systems, 

The theory of the indicated GD's is considered, taking into account the same 
features which were noted in the preface to Part I of this work, 1.e., basic attention 
is allotted to determination of dynamic errors of GD's in conditions of random controls 
and disturbances; here there are used probability methods of research, In the analysis 
of GD's, besides methods, widely employed in applied gyroscopy, there are also called 
in engineering methods of the theory of automatic control, 

The expediency of such an approach found its confirmation in the contemporary 
tendencies of development of the applied theory of gyroscopes, where in the solution 
of different problems connected with analysis and synthesis of GD's probability 
methods of investigation, and also methods of the theory of automatic control obtain 
ever greater importance. 

The author expresses his gratitude to A. A. Sveshnikov, D. R. Merkin, E, I. Sliv, 
Ya, G. Ostromukhov, and S. S, Matveyev for a number of remarks on the book, and also 
to scientific editor R. I. Chertkov. 

The publishing house and author request that opinions on the book be sent to 


this address: Leningrad, D-65, Gogol street, 8, "Shipbuilding" Press, 
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CHAPTER 7 


ACTIVE GYROSTABILIZERS AND THEIR APPLICATION 
Designations Appearing in Cyrillic 


B = IR = inner ring 


B = 
r 2s 


r = 


rk » 
rc = 
i 
TY w 
r.o= 


Aas 


ah = gyrohousing 


g= 
Gyro 
GV = 
em = 
DG 
Gh = 


GS = 
GT = 
GD = 


gyroscopic 

= gyroscope 
@yrovertical 
gyromotor 
directional gyro 
gyrohousing 
gyrostabilizer 
gyrotachometer 


gyro device 


g.e = gyroequator 


mot = motor 


4.0 «= mot.g = motor and gyros 


AM= TQ = torque device 


AC = SP = signal pickoff 


m = in = inertia 


K = 


c = correcting 


Fr, R = frame, gimbal ring 


M, M = Pend, pend = pendulum 


MK = 


CP = 


correcting pendulum 


Mo = best = best 


OR = 


outer ring 
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per = periodic 


P, Pot @ potentiometer 


P = Plat = platform 


n 
Nl 
n 
Pp =f, cont = frame, control 
P = Dist = distributor 
oO = vel, s = velocity 
0 = 8s = stabilizing 
Cot = s,m. = stadilizing motor 
Cl = 8M = stabilizing motor 
oT = stat = static 
tT = fr = friction 
TT = 7 = tachometer generator 
Y,y = Amp, emp = amplifier 
® =e = equator 
A = arm = armature 


= ciro = circulation 


OT ds sunaey of Active Gyrostabilizers (G8's), Fundamental 
Circults of GS's 


4. Function and Types of Active GS's 
In the first part of this work [120] directional gyroscopes and vertical gyros 
were considered, in which astatic gyroscopes with three degrees of freedom are used. 
Such GD's are devices of readout type (Chapter 1, § 2.4, Par, 4), A common deficiency 
of readout GD's is their susceptibility to the influence of external disturbances, 


To increase the accuracy of a GD of this type we carry out "unloading," 


applying a 
complex suspension system for the gyroscopic sensor with minimum friction, and also 
servos, ensuring readings of the sensor with minimum load acting on it. Here, total 
error of the GD is “composed" of errors of the gyroscopic sensor and errors of the 
servo. These and other circumstances complicate creation of precision GD's of readout 
type. 

In the last decade in connection with the development of automatic adjustment 
and control systems it was necessary to increase accuracy of GD's, Furthermore, there 
arose the necessity of directly stabilizing separate instruments and devices on an 
object. For solution of these problems there were created GD's, based on the prin- 
ciple of active gyroscopic stabilization. 


The essence of the principle of active gyroscopic stabilization consists in 


compensating external disturbing torques by stabilizing torques artificially created 


4 
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in the device by a special stabilizing (unloading) motor. Control of the stabilizing 
motor is realized usually by a signal pickoff (through an amplifier), which fixes 
small shifts of the gyroscope, caused by external disturbances, With these shifts 

in a power gyroscope, just as in an astatic one, there appear torques of gyroscopic 
reactions (gyroscopic torques), which compensate the disturbing torques in the inter- 
val of time until the stabilizing motor begins to work. 

Such device we call active roscopic stabilizers (GS's) or active gyroscopic 
frames roframes),* 

The stabilizing motor "unloads" the GS on only one axis, on that one, for which 
there is not required application of "delicate" suspensions, as this occurs in GD's 
of readout type. With respect to the other axis of the suspension the GS is sensitive 
to external disturbances, Decrease of the shown influences on one axis in active GS's 
1s easier than the same with respect to the two axes of suspension in the readout GD. 

It is understandable that a GS does not need a servo for taking readings, since 
it permits direct mechanical connection with the stabilized object or with the angular 
motion pickoff of the object, determined by the GS. 

These and other circumstances explain the comparatively high accuracy of GD's 
based on the principle of active gyroscopic stabilization, 

In accordance with what has been said, an active GS is what we call an electro- 
mechanical roscopic device, applied for stabilization of different objects and 
equipped with a special motor for overcoming the influence on the stabilized object 
of disturbing torques. At present active GS's are widely applied on ships and aircraft 
for direct stabilization of separate instruments and devices. Furthermore, certain 
types of directional gyroscopes, gyroverticals, and combined devices, called direc- 
tional gyroverticals operate on the principle of active gyroscopic stabilization. 

Active GS's are rather complex electromechanical systems. The theory and methods 
of calculation of GD's, based on the principle of active gyroscopic stabilization, 
were broadly developed in the works cf Soviet scientists B. V. Bulgakov, B. I. 
Kudrevich, A. Yu, Ishlinskiy, Ya. N. Roytenberg, and others, 

In this charter questions of analysis of power GS's and also application of GS's 
in certain gyroscopic devices (DG', GV's and others) are considered, Power GS's 


can be based not only on astatic gyroscopes with three degrees of freedom, but also 


*Subsequently we shall use the first of these terms, and by gyroframe we mean 
the actual mechanical part of a gyrostabilizer without electrical components of its 
control networks. 
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e.g, on floating integrating gyroscopes with two degrees of freedom. Such GS's, 
finding application in certain gyroinertial navigational systems, are considered in 
Chapter 11, 

Active GS's, depending upon the number of gyroscopes applied in the frame can be 
one or two gyro. By the number of axes of stabilization power GS's are subdivided 
into single-axis, double-axis, and triple-axis. A single-~axis GS stabilizes the 
object about one axis; such a stabilizer can be used also, for instance, in a DG 
of active type. A double-axis GS provides stabilization of the object about two 
mutually-perpendicular axes, l.e., creates a platform, stabilized with respect to the 
plane of the horizon; this stabilizer can be used also as a GV of active type. The 
triple-axis GS stabilizes an object in three mutually-perpendicular axes, i.e., 
creates a platform stabilized relative to inertial space or to the plane of the hori- 
zon and in azimuth; this stabilizer can be used also as a directional gyrovertical, 
an instrument determining three angles of rotation of an object about its center of 
gravity. 

Depending upon the method of controlling the stabilizing motor we distinguish: 


' 


1) active GS's with control for the "angle of precession,” using gyroscopes with 
large angular momentum; 

2) active GS's with control not only by the angle of precession, but also by the 
derivative of this angle, and also by the derivative of the angle of rotation of the 
GS about the axis of rotation of the frame, using gyroscopes with comparatively small 
angular momentum, 

The latter GS's sometimes are called active stabilizers based on "small" gyro- 
scopes. In this case the weight and dimensions of the stabilizer itself are consid- 
erably less than for a stabilizer with control of the angle of precession, but the 
system of automation for a GS based on "small" gyroscopes is more complex. 

Application of active GS's in different gyroscopic devices appeared in the Soviet 
Union at the end of the 1930's, but the basic principles and schemes of active gyro- 
scopic stabilization were developed in 1924 by S. A. Nozdrovskiy [106, 158]. Anal- 


ogous schemes appeared abroad considerably later [186, 191]. 


2. Fundamental Schemes of GS's 
The principle active gyroscopic stabilization we shall explain from the example 


of a single-axis GS with one and two gyros. 


a) One-Gyro Stabilizer. 


The schematic of a single-axis GS with one gyro is shown in Fig. 7.1. Basic 
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components of the stabilizer are: gyrohousing Gh with rotor; frame Fr, playing the 
role of the outer gimbal and rigidly joined to the stabilized objects; signal pickoff 
SP,* fixed on spin axis Ox of the gyrochamber, called the axis of precession; ampli- 
fier Amp, which amplifies current from the signal pickoff and transmits it to the 
armature circuit of motor SM; stabilizing motor SM, connected by gear transmission to 
frame Fr and intended for application at torques to the axis of stabilization (axis 
On of frame rotation), which compensate external disturbing torques acting on the 
frame; correcting pendulum CP and torque device TQ, which are elements of the cor- 
rection system of the GS, 

Let us consider briefly the prin- 
ciple of action of a GS. During appli- 
cation of an external disturbing torque 
M (Fig. 7.1) to the axis of rotation 
of frame Fr the latter will not turn 
about its axis of stabilization 0n; 
due to the gyroscopic resistance of 
the rotor the frame will preserve its 
initial, e.g., vertical position, but 
the gyrohousing Gh will precess, 
turning about its axis of precession 
Ox. Due to this motion there appears 
gyroscopic torque M_, directed, oppo- 


g 
site the external disturbing torque M. 





Fig. 7.4. Schematic of a one-gyro GS. 


This gyroscopic torque in the first 
instants compensates the disturbing torque, and the frame preserves its initial 
position. Subsequently with turn of the gyrohousing about is axis of precession 0x 
a certain angle B signal pickoff SP through amplifier Amp will switch on stabilizing 
motor; the latter will apply a stablizing torque M, about the spin axis On of the 
frame, directed opposite external disturbing torque M. Under the influence of 
torque M, the gyrochamber will start to precess in the opposite direction and 
will stop at a certain position, in which stabilizing torque M, will balance the 
external disturbing torque M, if the latter does not change, The gyroscope axis 
will oscillate near this position, 


Thu: , the magnitude and direction of current intensity in the armature network 


eee. 


“Frequently instead of "signal pickoff" they apply the term "angle pickoff," 
Subsequently, as in Part I of this work, we shall use the term "signal pickoff. 
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of the stabilizing motor, and consequently, also the torque, developed by this motor, 


depend on the angle §& of rotation of the housing. In this case we have an active 





GS with control of the angle of precession, Let us note that current in the motor 
armature and the signal in the amplifier do not build up instantly, and over the time 
interval, until stabilizing torque M, reaches the needed magnitude, stabilization of 


7 
' the frame with the object is realized, as shown earlier, directly by the gyroscope 
with its precessional motion and accompanying gyroscopic torque Me? which balances 
the torque M of external forces, Consequently, in an active GS the gyroscope carries 
out stabilization only in the first moment; subsequently it provides a stabilizing 
motor, with the corresponding power of which it is possible to stabilize considerable 
inertial masses connected with the frame (what is impossible in a GD of readout type). 
‘ From the above we understand why we sometimes consider an active GS a tracking 
system [4] for the external torque applied to the axis of stabilization, Here the 


gyroscope is a sensor, which "produces" a controlling action proportional to the 


integral of the disturbing torque applied to the stabilization axis, or, more exactly, 





the integral of the difference of the disturbing and stabilizing torques. 

The stabilizing motor only compensates torques acting on the stabilization axis 
of the frame. Torques applied along the axis of precession Ox (Fig. 7.1) will cause 
drift of the frame with respect to its axis rotation, i.e., error of stabilization a. 
Besides this, there occurs drift of the frame from the assigned position due to 
rotation of the earth and natural movement of the object, since an active GS, like an 
astatic gyroscope, does not seek to occupy any definite position with respect to the 
earth, It follows from this that active GS's can be used, e.g., as directional 
gyroscopes, but not as gyrocompasses, 

To keep the frame in an assigned position with respect to the earth, 1i.e., for 
imparting "directional force" (selectivity), we have a correction system, analogous 
to that applied in a vertical gyro and consisting at a correcting pendulum CP and a 
torque device TC. The presence of the pendular correction system permits compensation 
of the above-indicated drifts of the frame; the principle of action of this sytem 


4s analogous to that considered in Part I, § 2.3, Par. 2a. 


b) Two-Gyro Stabilizer. 
The one-gyro stabilizer is sensitive to rotations of the object, to which it is 


attached, about the axis of precession of the gyroscope, Actually, during rotation 
of frame F (Fig. 7.1), together with an object, about the axis of precession Ox the 


gyro seeks to preserve a constant position in inertial space, and its rotation about 
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axis Cx following the object and frame is realized by application by stabilizing motor 

SM (switched on by signal pickoff SP) of a torque about the axis of the frame, which 

can lead to oscillations of the frame, i.e., to errors of stabilization, ~ 
The frame can be made insensitive to rotation of the object about the axis of 

precession, i.e., the gyrohousing will turn, following the frame, without switching 

on the stabilizing motor, if we use a two-gyro stabilizer (Fig. 7.2). In the frame 

of such a stabilizer are fixed 

two gyroscopes Gyro, and Gyron; 

shafts of their gyrohousings 

are joined by a hinged mechanism 

— an anti-parallelogram A, which 

permits the gyrohousings to 

rotate about axes of precession 

identical angles, but in dif- 

ferent directions.* Rotors 

of the gyroscopes spin in oppo- 

site directions, which deter- 





mines the opposite direction vf 
Fig. 7.2. Schematic of a two-gyro GS, - 
vectors of angular momentum H. 
With rotation of the frame about the vertical avis the anti-parallelogram will 
force the gyrohousing to turn together with the frame, the signal pickup will preserve 
a neutral position, and the stabilizing motor wiil not be switched on, With the 
indicatea turn of the gyrohousings there appear gyroscopic torques identical in mag- 
nitude, but directed along the axis of stabilization of the frame in opposite direc- 
tions (due to the different direction of vectors H of the gyroscopes), so that they 
mutually compensate one another. In other respects the arrangement and principle of 
eetion of a two-gyro stabilizer do not differ from a one-gyro stabilizer, If toa 
two-gyro stabilizer (Fig. 7.2) we apply an external disturbing torque about the axis 
of stabilization, the gyrohousings will precess in different directions (these motions 
are allowed by the anti-parallelogram), which, through thesignal pickoff and amplifier, 


with switch on the stabilizing motor, Presence of two gyroscopes doubles the angular 


momentum of the frame. 


*In certain schemes of GS's, instead of an anti-parallelogram between axes of 
reoeession, there is installed gear transmission. Application of the anti-parallel- 
ogram is permissible only in devices, where angles of rotation of the gyronousings 
are small. 
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| ¢) Stabilizer Based on "Small" Gyroscopes 

Gyrostabilizers, in which the stabilizing motor is controlled by the angle of 
precession ff, along with high accuracy, also have several deficiencies: relatively 
great weight and size, considerable time for activating the stabilizer and others. 

, Therefore, stabilizers based on "small" gyroscopes, not having these deficiencies 

have also found application. 

A distinctive feature of such a stabilizer is the fact that the stabilizing motor 
is controlled not only by the angle of precession f, but also by derivatives B, B, 
and also by derivatives a, a, of the angle of rotation of the frame about the axis 


of stabilization, i.e., a torque of stabilization, 


Mo=t(@ fr fon & % .) (7.4.4) 


is a function of the shown parameters. 





Another distinctive feature of a GS based on "small" gyroscopes consists of the 
" fact that, in it there are applied a stabilizing motor and amplifier with minute time 


constants. The necessity of smallness of time constants is explained by the following. 


ners ae: 


During use of gyroscopes with a comparatively small angular momentum the initial 
stabilization of the frame by gyroscopic torque due to precessional movement of 
gyroscopes is possible only for a very small interval of time, and we need rapid out- 
in of the stabilizing motor. 

In the considered GS with smaller weight and dimensions of the actual stabilizer 


the system of automation is more complex, 


§ 7.2. Dynamic Characteristics of a GS 


1. Geometric and Kinematic Parameters 

Investigation of a GS starts with composition of differential equations of motion 
and the corresponding transfer functions, When composing equations we have in mind 
equations for a single-axis two-gyro stabilizer, 

Considering, first, work of a GS on a fixed base, we select as the reference 
system trihedron O€nf, for which axis On coincides with the axis of rotation of the 
frame (Fig. 7.2), axis O€ is horizontal, and axis Of is located in the vertical plane, 
passing through the axis of the frame; origin O we consider coinciding with the point 
of suspension O4 of gyroscope Gyro, . 

The position of the spin axis 0,24 (Figs. 7.2 and 7.3a) of the rotor of gyro- 
scope Gyro, relative to its initial direction 0&, or, which is the same, tr> position 
of Resal's axes 04%4¥4245 connected with the gyrochamber of gyroscope Gyro, with 
respect to axes 0&0, is determined by angles a and f. In Fig. 7.3b the position of 
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Resal axes UpX5Yo2o» connected with the gyrohousing of gyroscope Gyro,, with respect 
to axes Ofnt is determined also by angles a and B®. The initial position (fora = 8 = 
= 0) of Resal axes in Fig. 7.3 is designated 0, (0,) xyz. 
Transformation of axes 0&nf to O4%4¥42q is recorded in the form of matrix equality 


[ey Ye 22) = ALLE a, OD (7 e@i4) 
where matrix A, = lat ll (u, v = 4, 2, 3) can be presented in the form of the product 


of two matrices, corresponding to rotations of axes 04%4¥424 angles a and 8; asa 


result we have matrix 








—sine 0 =—cos2z 
A, = Pet an - ginasin3 (7.2.2) 
coszcos3 sin3 —sin2cos3 


which can be obtained also from (6,2.2)* by replacement of a by (90° + a) (compare 
Figs. 7.3a and 1.6). 


Since angles a and B in practice are usually rather small, we present matrix Ay 


in approximate form: 
—e« 0 =a 
—p —a 


Transformation of axes O&nt to UX oVo2%o can be recorded in matrix form in the 


following manner: 


ix Hor Ze] = Asli, a Si (7.2.4) 





Fig. 7.3. Euler angles, determining the position of 
gyroscopes, 


' 
where for matrix A, = lal (u» v = 4, 2, 3), by analogy with (7.2.2), we obtain: 


*Tormulas, paragraphs, figures and examples, numbers of which start with 1-6, 
ertain to Chapters 1-6 of Part I of this work, and subsequently indication of Part I 
s omitted, 


11 


ES ee ee a ne en a SSS ST se 





of 
i 
a 
ia 
v 
' 
; 
8 








sing 0 COS 2 
A,={]} cosasinB . cos Gateway (7,255) 
—cosacosB sin sin 2. cos 
from which for small a and 8 we have 
e 0 } 
4.-| e 1 0 (7.2.6) 
Projections p', q', r' of angular velocity 3! of gyroscope Gyro, on Resal axes 
04%4V4245 if trihedron Off is motionless, will be determined by relationships 
p’ = —; gq’ = 2.cos f; r=, +asin§, C7227) 
where 4 — angular velocity of spinning of the rotor of gyroscope Gyro,. 
Likewise for gyroscope Gyro, we obtain 
p’a—$, q” =acos}, 6” = +asin}, (7.2.8) 


where $57 angular velocity of spinning of the rotor of gyroscope Gyro,. 

For calculation of motion of axes Ofnf in inertial space it is necessary in 
(7.2.7) and (7.2.8) to introduce components of the angular velocity of following U 
of the shown axes (§ 1.2). 


2. Differential Equations of Motion of a Two-Gyro GS 


a) Composing Equations of Motion of the Gyroframe. 


Let us compose equations of motion at the actual gyroframe, supplementing them 
subsequently by equations, characterizing processes, in electrical components of the 
GS. A two-gyro gyroframe belongs to multigyroscope systems; the general method of 
composition of equations of such systems is considered in § 7.6; therefore here we 
shall limit ourselves to direct composition of equations of the gyroframe, using 
Lagrange equations (§ 1.5, Par. 2), First we shall consider the case of a fixed base, 

Movement of a two-gyro frame is described by a system of four equations, which, 


by analogy with (1.5.2), can be presented in the following form: 


4 (aT) _ at 

dt (7) a " 

4/8) _ Tt 

a(g)~ a 7—™ 

£/7)\_ 7 yy (7.2.9) 
(f)-E-« 

d /e oT 

# ()- Som 


~~ 
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where T — kinetic energy of system, consisting of a frame and two 
gyroscopes; 


— external torques, applied to the frame and to the gyro- 


Mis Myo Moo» My 
4 2 scope about the indicated axes;* 
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a, Bs 94s Po — Beneralized coordinates (the same as in Par, 1), 


Kinetic energy of the system with identical gyroscopes is determined by relation- 


ship 
wtf 2 mt ma 
Tm alent t 1.107 + V1 +4,.. [oF +07] + eee 
+47 +107), 
where J — moment of inertia of the frame together with stabilized 


= object about its spin axis On (Fig. 7.2) (here there is 
included the moment of inertia of the armature of the 
stabilizing motor given with respect to axis On, which 
we will ignore for the time being; see Par. b); 

J — equatorial moment of inertia of the gyroscope; 

J — moment of inertia of the gyrorotor about its spin axis; 


p', q', r', p" .,, — components of instantaneous angular velocity of gyroscopes 
Gyro, and Gyro, (Fig. 7.2), determined by relationships 


(7.2.7) and (7.2.8). 
Introducing (7.2.7) and (7.2.8) in (7.2.10), we obtain 


T = 5 [Yoe*+ 2, ,( 6" +47 cos’s) +J(¢, +a sinf)” =f (7.2.44) 
+ J(s. + asinp)’]. 

Let us note that in expression (7,2,41) the minute component Jon? sin® oe 
included in general in the kinetic energy of the gyroscope [see 1.3.61] is rejected, 
due to smallness of moment of inertia Jen of the gyrohousing about the rotor axis 
as compared to moments of inertia J of the rotor, In other respects formula (7.2.11) 
has .e same form as relationship (1.3.61) for the kinetic energy of an astatic gyro- 
gh.e? by Jee [see (3.2.4)]. 

Calculating partial derivatives of kinetic energy and substituting them in 


scope, if in the latter we designate (J, + J 


(7.2.9), we find the system of differential equations of motion of the gyroframe: 
d . a ; : ’ 
ar (Con +2J,,, cos*B) a] + [J (# fs ask) anE + 
+4 (9 +e8in p) sin f] =M, 
21,,, (8+ <sing cos) — [J (s, + asing) + 


+4(¢.-+4sin§)] acos3 =—M, 
<4 (5, + asing) = M, 


“3 (9+ asing) = M,, 


(7.2.12) 


*We note that, My = M, + My is the resultant external torque acting on axes 


of precession of the gyrohousings. 








For a steady-state of work of the gyroscop2s Mea = Meo = O (§ 1.4, Par, 2); 
therefore, from the third and fourth equations of (7.2.12), by analogy with (1.4.8), 


we have (considering 9, = 9,) 


J (9, +.asinB) = J (9+ asin3) == const =H, (7.2.13) 
where H — angular momentum of the gyroscope, identical for both gyroscopes, 
Then, considering (7.2.13), we can characterize motion of the gyroframe by tw 
equations 
< [(4, +24, .008'8) a] + 2H fcos3 = M, 
2J. , (B+ a’sin BcosB) — 2HacosB=—M, 


Usually, during investigation of a GS we use linearized equations of motion, 


(7.2.14) 


which are obtained from (7.2.14) in the form 
Unt 24, ,)a+ 2H p= M, 
2/,,8 —2Ha=—M, 


analogous to equations (1.6.3) of motion of an astatic gyroscope. 


(7.2.15) 


For a single-gyro frame, as it is easy to see, we have the following equations: 
(Jpnt4e.2)? +Hp=M, 
J.6—He =—M, 


Let us compose equations of motion of a gyroframe on a moving base. Considering 


(7.2.16) 


ourselves limited to derivation of linearized equations, we apply the Kudrevich method 
(§ 1.6, Par, 2). For this we construct an auxiliary drawing (Fig. 7.4); on axes 
O&nl we plot components Ugs uy» Ue at the angular velocity of following U of these 
axes, caused by rotation of the earth and spinning of the object (§ 1.2). 

Along axis of stabilization On (Fig. 7.4) are located vectors of moments of 
f 1a — moment of force of inertia of the frame; Jee — moment of force 
of inertia of gyroscope Gyro, (or Gyro,); H(B + Up) H(B = ur) — gyroscopic torques, 


forces: J 


created by gyroscopes Gyro, and Gyro,; qa torque of external forces applied to the 


frame, About the axis of precession 04 X4 of gyroscope Gyro, there act: oP - moment 


J 
g 
of the force of inertia; H(a@ + u,) - &yroscopic torque; M, — external torques applied 
4 
to the gyroscope. About axis of precession 05%» of gyroscope Gyro, there act, 
correspondingly, moments: J B, H(a +u_) andM . 
@.e n Xo 
In accordance with D'Alembert's principle the sum of these moments on axis On 
and 04%, (or 05%o) should be equal to zero; therefore, from Fig. 7.4, considering 


that the gyrohousings are connected by kinematic transmission with a transmission 


ratio of 1, and, consequently, that moments Je oP H(a + uy)» My » acting along axis 
2 2 
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Ox,, are transmitted by the anti-parallelogram to axis Ox,, we have (for 9 = const) 
Jittd, etd, at H(6+ u,) + H(f—u)— M,=0 


J, B-H(a+u) +4, f—H(a+4,)+M,, +M,,=0 ee 


or 


(Syyt 24,, 4) + 2HB = M, ee 
2d, ,B—2H (¢+u,)=—(M, +M,)=—M, 12, 
From the given 
equations it follows 
that the behavior of 
a GS on a moving base 
is influenced only by 
component uy of the 
angular velocity of 
following on the spin 
axis of the frame, for 
compensation of which 


it is necessary to 





Fig. 7.4. Deriving equations of motion of a two-gyro GS 


on a moving base, apply a correction 


system (§ 7.1, Par. 2a). 
According to (7.2.18) a two-gyro stabilizer is insensitive to rotation of the base 


about vertical Of (with which axes of precession O4%qs OnX5 coincide) with angular 
velocity Ups since the gyroscopes, thanks to the anti-parallelogram will turn together 
with the frame and base, and gyroscopic torques Hu, and — Hu, appearing here 
compensate one another, 


For a one-gyro frame (Fig. 7.1) we analogously obtain equations 
(mt4,. Je +A (P+ 4) = M, 
J,, P—H(e+4u,) =— M, 


explaining its distinctive features, shown in § 7.4, Par 2a. 


(7.2.49) 


Equations (7.2.19) are composed taking into account components of only the first 
order of smallness, Equations of motion of the same one-gyro frame when allowing 
for the most essential components of the second order of smallness we can present 


in the form [134] 
(Jagt t,o) tt A(R + 4+ ua) =M, 


J, BH (a+ u,— af) =—M, (72000) : 
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differing from (7.2.19) by components Huga and Hu,B. In certain cases, for instance 
during investigation of a one-gyro frame during rolling of a ship, we should take 
these components into account, 1,e., use equations (7.2,20), It is easy to show 

(1431) that in reference to a two-gyro frame analogous components for Gyroscopes Gyro, 
and Gyro, (Fig. 7.2) will be mutually compensated and will not enter equations 
(7.2.18), if during their composition we consider components of the second order of 
smallness, Therefore, a two-gyro frame will (as compared to a one-gyro) be insensi- 


tive not only to rotation of the base ar’'nd the vertical with angular velocity Ups 


sete SE) SP Ir 


but also to components u,a and ugB of angular velocity Ups which can have a substantial 


value during rolling of a ship. 


b) Expressions of Torques, Acting on a GS, 

Torques Mi, and My» acting on a gyrostabilizer, are composed of control and dis- 
turbing torques (§ 2.3, Par. 1). Among control torques are: stabilizing torque M, 
about axis On, applied by stabilizing motor SM (Fig. 7.2), and correcting torque M, = 
€.@, about axis QoXo» applied by torquer device TQ. Among disturbing torques My and 
Mo are: friction torques in the suspension axis of the frame and axes of rotation of 
the gyrohousings; moments of inertia of the motor armature due to oscillations of the 


frame and object, on which the GS is fixed; moments unbalance torques of the gyroframe 


and stabilized object, etc. In accordance with what has been said we have 


M.=M.4+M 
4 . | Ts even 
M,=M,,+ hel ( 
where : 
. 
My= My + h(t) eas 
Mer n! Mpy Oe friction torques in axes of the suspension; 


Min — moment of inertia of the motor armature due to oscillations of the frame 
and object; 


f,(t), f(t) - other external disturbing torques. 
Stabilizing torque Me is expressed through the torque of stabilizing motor Me 


on the spin axis of the armature by the relationship 
M,= 14M, ,, (7.2423) 


where y — gear transmission ratio from the shaft of the stabilizing motor to the axis 
of stabilization of the frame; 


n — transmission factor. 
Considering subsequently, for simplicity, (in examining the theory of GS's) that 
} n = 1, we have 


M,= 1M, ,. (7.2.24) 
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The expression for Men depending upon control parameters and engine character- 
istics will be given later. 

Let us turn to determination of correcting torque Mex: Usually there is used 
a sy.tem of pendular correction (Fig. 7.2), the principle of action of which does 
not need explanation (see § 2.3, Par. 2a). 

For the proportional characteristic of correction (Fig. 2.18a) in the case of a 
fixed base, when the correcting pendulum maintains a vertical position, correcting 


torque M, ,» by analogy with (2.3.4), 1s determined by relationship 
M,, =— Sg. (7.2.25) 


Another possible method of horizontal correction of a GS is carried out [56] 
means of shifting the center of gravity of G, and G, (Fig. 7.5) of gyroscopes Gyro, 
and Gyro, relative to their geometric centers 0, and 05 @ magnitude 7? in the equa- 
torial plane; gyroscopes here are turned into unique horizontal pendulums.* Upon 
deflection of the gyroframe an angle of a from its vertical position the weight 


component P of the gyromotor, equal to Pe z sina ~ Pe mo? introduces, e.g., to 


g.m 


axis of precession 04 X4 a correcting torque 


M,,, =—P, la. (7.2.26) 


Designating P l= So» we obtain 


gm 
M,,, =— Sy (7.8.27) 


analogous to (7.2.25). 
Thus, both methods of horizontal correction 
of a GS on a nonoscillatory base are equivalent. 


For the case of an oscillatory base, when 





Fig. 7.5. Sehematic of hori- the correcting pendulum is deflected from the 
zontal compensation of a GS by 
shifting the center of gravity of vertical at angles X4(t), as a certain random 


“he gyroscopes, 


function of time, correcting torque M, ae by 
analogy with (6.2.8), will be 
e - 
M,, =—S, [e—x,(0)] . (7.2, 28) 


In the second method of correction for the case of an oscillatory base the cor- 


recting torque will be determined by formula 


Bae (7.2.29) 


P 
coe go 





M,,, — (-. ula + 
*Such correction is sometimes called mechanical. 


i? 


or 


™ % 
+. Mm Sa(14 BE) 453, (72,50) 
i 
We and af — acceleration of the center of gravity of the gyroscope along axes of and 


O¢ (Fig. 7.2). 
One of the forms of disturbances to a GS are friction torques in the suspension 
axes, In the case of liquid friction and a fixed base friction torques are determined 


by relationships of type (2.3.72): 
M,,=nf; M,=—nz. (142,54) 


When the GS is mounted on an oscillating base, e.g., on a ship, when axis On of 
stabilization of the gyroframe ig combined with the longitudinal axis of the ship 
the liquid friction torque about axis On will be 


M,, =—a,(2—4), (7.2.32) 


where 5(t) 1s a random function, characterizing angular velocity of rolling of the 


ship. 


The friction torque Mey o along the axis of precession here will not change, i.e., 
will be determined by the same expression (7.2.31), since yawing of the ship on a 
course does not affect work of a two-gyro stabilizer, 

With dry friction in the axes of the frame suspension, assuming for simplicity 
that friction torques are symmetric during rotation of the axis of the suspension 
in various directions, by analogy with (2.3.74) we have 

M,,=K,signB; M,, = —K, signa. (7.2.33) 

Due to certain residual unbalance of a spinning gyroscope [4] the gyrochamber 
practically always accomplished oscillatory motions with a frequency, equal to the 
angular velocity of spinning of the rotor, i.e., on the axis of precession there are 
automatically created oscillations, which translate forces of dry friction into forces 


of liquid resistance.* Therefore,we can determine friction torque M on the axis 


fr x 
of precession by formula (7.2.31). This phenomenon on the axis of stabilization 
usually does not appear because between the gyrohousing of the gyroscope (accomplish- 
ing the vibration) and the place of application of the load moment there is a long 


kinematic line with torsions and gaps, absorbing the oscillation. Therefore, friction 





*See also; V. A. Besekerskiy, Application of vibrators to remove nonlinearity 
if in automatic controllers. "Automation and telemechanics," No. 6, Academy of Sciences 
of JSSR, 1947. 
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torque Mey n on the axis of stabilization 1s usually determined by formula (7.2.33). 
When the GS is set on an oscillating base, e.g., on a ship, for Mey n? by analogy 
with (2.3.85), we have 


M,, =— K, sign («— 6). (7.2.34) 


Let us turn to finding the moment of inertia Min of the armature of the stabiliz- 
ing motor, caused by oscillations of frame and object. For definitiveness we shall 
consider the case, when the GS is installed on a ship, experiencing rolling; the 
axis of stabilization of the frame is parallel to the longitudinal axis of the ship. 

We compose equations of motion of the armature of the stabilizing motor in an 


absolute system of coordinates [132]: 


where ei —- moment of inertia of the armature with respect to its spin axis; 
Dery absolute angular velocity of the armature; 
ae torque of the motor; 
M — reaction torque of the frame of the stabiiizer, applied to the 
armature of the stabilizing motor, 
Let us designate by Oorm = Derm -6 the relative angular velocity of the motor 


armature (with respect to the ship; é- angular velocity of its rolling), and by 
a' =a! -6-— the relative angular velocity of the frame; then for gear transmission 


ratio y, from the shaft of the stabilizing motor to the shaft of the frame we have 


we et (7.2) 3) 

ey Sat 

According to (7.2.35) and (7.2.36) we obtain 
Ma—qJe+ (1-64 M,,,. (7.2.27) 


Then about the axis of the frame we have torque YM, equal to 


tM =— J 0 + 4(7— 1) 4,64 1M, (7.2.38) 


Since, according to (7.2.24), yM = M,, the remaining components in (7.2.38) 


8.m 
are components of the moment Mins i.e., 


Mua =— Veati—l)J,6. (7.2.39) 
This expression was obtained on the assumption that the number k of axes of 
“reasmissicn (including the axis of the frame and the axis of the stabilizing motor) 


*s odd; in general, 


Ma =—Phettlit(— 1)*] J,6. (7.2.40) 
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Expressions of torques M and M, on the axes of stabilization and precession, 
according to (7.2.21), (7.2.22), (7.2.24), (7.2.28), (7.2.31), (7.2.32) and (7.2.40), 
will be:* 

My iM, ga, (4-14 0+ (7.2.41) 
+1lt+(—I] 4,0 +4, 
M, =—S,la— x3 (4) +g Bale (0) 
Putting (7.2.41) in the equations of motion (7.2.18) of the gyroframe, we obtain: 
Ia + 2H + na—_M, = tlt+(— 1] 4,64 
+Ab +f, (0) (7.2.42) 
2J,,.b—2H (at 4.) —S,0 +.0,6 =—Sy7,() —h9 


where 
Id, +94, + 3%,. (7.2.43) 


The above mentioned differential equations of motion of the gyroframe when the 
stabilizer is set on a oscillating base were first obtained by Ya. N. Roytenberg 
(see [132, 130]). 

Expressions for torques acting on the GS taking into account interference of its 


individual components can be composed by the method of A, Yu. Ishlinskiy [45, 51] 
(see § 1.6, Par. 7). 


c) Equations, Describing Processes in Electrical Components of a GS. 


The equations of motion of a gyroframe obtained above one should supplement by 
equations, characterizing transients in electrical components of the GS. 

In the beginning consider a GS, in which control of the stabilizing motor is by 
the angle of precession B,. 

Let us assume that in the GS there is employed a d-c stabilizing motor SM (Fig. 


7.2) with independent excitation; the latter develops a torque** 


as Qj, (7.2.44) 


where @ — magnetic flux of excitation windings; 
i — current strength in the motor armature, 


Current strength i enters the equation of balance of voltages in the motor 


*Friction in both axes of the suspension for simplification is assumed liquid, 
where n oP is the total friction torque in both axes of precession, 

**Sometimes the torque of the motor is recorded in the form M, = cols where 
Ch is a constant coefficient for the given motor (see, for instance: M. I. Komisar, 
Motors of gyroscopic systems, Oborongiz, 1963). 
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armature 
di ’ 
A +ri+co,=U,, 


(7.2.45) 


chere 1 — coefficient of self-inductance of the armature network; 


r— resistance of the armature network (including internal resistance 
of the amplifier); 


ec ~ a coefficient, characterizing the dependence of the counter emf induced 
in the motor armature on the relative angular velocity BP mn of its 
rotation; 


ve — voltage fed from amplifier Amp (Fig. 7.2) to the armature of the stabiliz- 
P ing motor. 


Substituting in (7.2.45), during work of the GS on a vibrating object (a ship), 


BOR Ae, relationship (7.2.36), we obtain 


12 +t cam cb + Uy. (7.2.46) 
One can present this expression in somewhat different form, if one were to intro- 


duce the electromagnetic time constant Teg of the motor armature network: 


T=, (7.2.47) 
7,2 464+ Tem Lby+y (7.2, 48) 
Ra re ry — 
or, designating 
Hab, t me, (7.2.49) 
7,5 + i+ bax b+ ey, (7.2.50) 
Voltage Vamp? from amplifier Amp (Fig. 7.2), 1s determined by equation 
TU, +U, =kU, (7.2.51) 
where Tamp — time constant of the amplifier; 


k — amplifier gain; 
'— voltage from signal pickoff SP, proceeding to amplifier input. 
Voltage ') 1s a function of the angle of precession B of the gyroscopes. In the 


ease Of a linear response of the signal pickoff we have* 


U=—4,3, (7.2.52) 


where ky — amplification factor of the considered unit. 


Substituting (7.2.52) in (7.2.51) and designating 


kk=S,, (72255) 


*In formula (7.2.52) we take the minus sign, since with a positive disturbing 
orque the angle of precession of the gyroscope B > O (Fig. 7.2), and for return of 
‘he the gyroscope to the intial position stabilizing torque M, should be directed 
-Jward the negative side of axis 0n. 
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we obtain 


TU, +U, =— S83. (7.2.54) 


Thus, we have the following equations, characterizing transients in electrical 


components of a GS,* 


M 


eg = Pi (motor's torque) 


T,U, + U, =—S3 (amplifier) (7.2.55) 
7,2 + + ba = b+, (motor armature network) 


Let us compose similar equations for a GS using "small" gyroscopes. In this 
case control of the motor is realized not only by the angle of precession B, but by 
a more complicated dependence, including also auxiliary signals. One scheme of a GS 
using "small" gyroscopes [4] is shown in Fig. 7.6, from which it is clear that to the 
amplifier there proceed: voltage Uy from signal pickoff SP, proportional to angle 
B; voltage Us from tachometer TG feedback, proportional to the relative angular 
velocity of the frame (4 - 6); voltage Us from gyrotachometer GT, determining angular 
velocity 9 of rolling of the ship. Consequently, instead of (7.2.52) we have [4]** 


U =U, +U, + U, = kB — b (1—b) — 2,8. (7.2.56) 
Application in the scheme of (Fig. 7.6) of a tachometer generator and a gyro- 

tachometer permits controlling, besides angle 8, also of angular velocity a, i.e., 
introduction of a signal from the 
gyrotachometer gives the possibil- 
ity of partially (k, # Kz) com- 
pensating error of the GS, 
arising due to the fact that the 


tachometer generator yields a 





voltage, proportional, not to 
Amplifier 






absolute angular spin velocity 

@ of the frame, but to the rela- 
tive angular velocity (4 - @). 

Fig. 7.6. Block diagram of a GS using "small" 

gyroscopes, In general in a GS using "small" 


gyroscopes the control signal 





* In general it may also be necessary to consider transients in the torque pick- 
off TP (Pige 7.2); 


** Coefficients k, and ks include transmission ratios y, and y, (Fig. 7.6). 
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‘' ean be formed, for instance, as 
U=— (kp + hed + hyB + kya + hy). (7.2.57) 


In such GS's, without changing parameters of the frame and stabilizing motor, 
by changing values of coefficients k,, ... Ke, it 1s possible to change the nature 
of motion of the stabilizer. Applying such a law of control, it is possible to 
increase the speed of operation of the stabilizer, which is equivalent to introduction 
of a certain additional "fictitious" angular momentum; therefore, in the considered 
GS's they usually apply gyroscopes with smaller values of H, but the system of 
automation of these GS's is more complicated. 
Considering (7.2.56), instead of (7.2.55) for the GS scheme shown in Fig. 7.6, 
ising "small" gyroscopes, we have: 
M.,=%% 
TU, +U, =—S3—k,(1 —6) —&34 (7.2.58) 
TS +i+bim 4 dU, 
where A 


kmkk, ki = hk, (7.2.59) 


d) System of Differential Equations of Motion of a GS. 


The equation of motion of the gyroframe should be supplemented by equations, 
characterizing transients in electrical components of the GS. Adding to equations 
(7.2.42) of the gyroframe equations (7.2.55), we obtain a system differentiel equa- 
tions of motion for the GS: 

fot 2Hi+na—-Ki=ti(y +ad(n ti 

2J,,B— 2H ( +u,)—S,a 4-1,3=—S,7,(Q—h,(t) (7,2,60) 

TU, + U,+S3=0 

Trt 4 i+ i —, = (2) 
where dt ; 

K=7; t=7[7+(—)'V,. (7.2.61) 

Analogously, using (7.2.42) and (7.2.58), it 1s possible to compose equations 
for a GS using "small" gyroscopes. 

System of equations (7.2,60) is composed for a GS, on a ship, experiencing 
rc’ ling, In the general case of oscillations of the object, @ and 6 in these equa- 
tions should be replaced by the correspondingly angular velocity O, and angular 


exe elera~ on @, of the object about axis of stabilization On of the GS (Fig. 7.2). 
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During investigation of GS on a nonoscillatory base in equations (7.2.60) it is 


necessary to set 6 = 6 = 0, and x * O, since the correcting pendulum of the GS pre- 





£ serves in these conditions its vertical direction. 

Sometimes it is convenient to write the differential equations of motion of a 
- GS in matrix form. Such equations were composed by B, V. Bulgakov [18]. Examples of 
application of these equations for investigation of GS's were given by Ya. N. 
Roytenberg [130]. 


3. Block Diagrams of a GS and Its Transfer Functions 


a) Block Diagram of a GS. 
In connection with the fact that GS is a rather complicated automatic control 





system, it is useful to compose its block diagram. To determine transients of the 
GS it is necessary to find transfer functions with respect to disturbances f,(t) and 
f(t). Transfer functions can be found from equations of motion (7.2.60) of the GS 
or by construction of its block diagram and its subsequent transformation. Let us 


use the second of these methods. Let us note that construction of the block diagram 


ae wav 


of a GS is very useful also during solution of different problems of analysis and 
synthesis of active GS's. 

As it is known, the block diagrams of automatic control system gives a graphic 
representation of dependences between Laplace transforms for external disturbances 
and for variables of the considered system [80a]. Therefore, for construction of the 
block diagram we use differential equations of the system, recorded in Laplace trans- 
forms. Methods of composition and transformation of block diagrams are presented in 
books on the theory of automatic control (for instance, [107, 113, 80a]). 

For the initially considered case of work of a GS on a fixed and nonoscillatory 
base in equations (7.2.60) one should take 6 = OQ, 6 = 0, a QO, uy = 0; furthermore, 


we shall consider that the GS does not have correction, i.e., So = 0, Then equations 
(7.2.60) will have form: 
| e+ 2H3 + ni—Ki =f, (t) 
2J,, J—2Ha +n = —f,(4 
T,U, +U,+S$=0° (7.2.62) 


Fe a e 
During investigation of a GS by methods of the theory of automatic control we 


consider a stabilizer with control by the angle of precession 8. 


In accordance with what was said above we apply to equations (7.2.62) Laplace 


transform (1.7.2); then, considering initial conditions null, we obtain: 





o 
bo aaa, ~ 12, in eaten cee emma: im Ei R a 


(/,s-Fa )s a (s) + 2Hs3(s) —Ki(s) =, (s)5 (Ts + 1) U, (s)-+ S,3(s) = 0; 


(24,, 8 ++.) 5 8 (8) —2Hs 2(s) =—f,(s)3 (TaS + 1) 4(8) + bs a(s) — eV, (s) = 0. (7.2.63) 


Each of these equations one ee solve for its output variable: 


«(s)= Tetans ira $B (s) + Ki (s) + f,(s)I 
i 


(24.98 +43) 8 
U ys) =— 5 BG) 


B(s) = [2s «(5) — fA 


(7,2,64) 


i)=5 re oe bs a(s) + eU, (s)] 





Then, each equation can ee pias in the form of some block diagram; the set 
of them represents the block diagram of the GS, considered as a closed-loop automatic 
control system, A block diagram of a GS composed thus is shown in Fig. 7.7. Inside 
each block of the diagram is the expression of its transfer function. Variables 
(a, B, i, ...) at inputs and outputs of blocks and external disturbances (f4, f,) 
are given in their Laplace transforms, which, for simplicity of recording, are desig- 
nated by the same letters, as the originals, 

The diagram, shown in Fig. 7.7, can be presented somewhat differently, if the 
closed loop of the biggest number of blocks (1-2-3-4-5-6-7-8) is taken as the main 
one, Then we obtain a block diagram of the GS (Fig. 7.8), analogous to that given in 
the book of N, T. Kuzovkov [80a]. The diagram is three-loop; besides the main loop, 
it contains feedback — 2Hs and direct connection — bs, 

We shall show how the structure of the circuit of the GS will change with 
pendular correction in the case of a motionless pase, as before, and an undisturbed 
state of the correcting pendulum. In accordance with (7.2.60) in (7.2.64) only the 
second equation will change, taking form 

Bs) = SIRs + 8,)2 (9). (7.2.65) 
Jy, SM) 8 

Consequently, allowing for correction in the block diagram of the GS (Figs. 7.7 
and TB) only the transfer function of block 2 will change; instead of 2Hs it will 
have the form (2Hs + S,). 

We compose the block diagram of a GS for conditions of a mobile mounting consid- 
ering disturbances due to vibrations of the object, e.g., a ship. In this case we \ 
airectly apply equations (7.2.60), which it is necessary in general to supplement by 
che differential equation of mot’on of the correcting pendulum. When the axis of 


«tabillization of the frame is directed parallel to the longitudinal axis of the ship 
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it is possible to use the equation of a pendular inclinometer. Considering for 


simplicity only components oi the first order of smallness, by analogy with (4.6.49), 





we write the equation of motion of the correcting pendulum of the GS in the form 





a TART +X, on kf, (t), (7.2.66) 
where Tend — time constant of the pendulum; 
j t - relative damping factor; 
k —1/g@ [see (4.3.24)]; 
f(t) — disturbance to the pendulum. 
005 
nal 
Tae! 
Fig. 7.7. Block diagram of a GS (case of a fixed 
base), 
In the considered case f(t) is determined by approximate formula (4,6,41); 
limiting ourselves to calculation only of rolling of the ship, we have 
; hh =— 26 (0). (7.2.67) 
Then instead of (7.2.66) we have 
Tes + ATLL, + x, =— 426 (0). (7.2.68) 
4 
26 
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Fig, 1323 Block, diagram of a GS (case of mobile and 
oscillating base). 





Fig. 7.10. Modified block diagram of a GS (case of mobile and oscillating base). 
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Introducing (7.2.68) in (7.2.60), we have a complete system of equations of 
motion of a GS on a rolling ship: 


Ae+ 2H B+ na— Ki =) +0,8() +4,(0) 
2J,, ,P—2H (a+ u,) — Syn + af =—S,%, (0) —f,(0 

TAX t+ ARTY, + %,—= —Az8 (6) (7.2.69) 
8 TU, +U, +Sf = 0 

T, a +t + ba —eU, = 6b (t) 


For composition of the block diagram the GS we write equation (7.2.69) in 


Laplace transforms with zero initial conditions: 


(Gs + 9,) 8a (s) + 2Hs8 (s) — Ki(s) = 
=(tn)seth() 
(2J,. 8+ n,) 88 (s) — (2Hs + S,) a(s) = 2Hu, (s) — 
— Say, (8) —f, (s) (7.2.70) 
(T.s' + XT s+ 1) x, (s) = — kzs"8(s) 
(Ts + I) U, (8) + S,3(s) =0 
(7,3 + 1)! (s) + bs a(s) — eV, (s) = bs 4(s) 


Solving each of these equations for its output variable, we obtain 


e(s) = “Tetepe! 2Hs 3 (s) + Ki(s) + 
 $(ts +) 30(8) + fal) 
1 : 
BO) = ais page UEAHe +S) oO) + Ba, (a — 
—S$7,0—f,(9)] ( Fy 74) 
- | 
WOW Feeetee 
U,(s) ~~ Frit 
i(s) = piel te, (s) +- 638 (s)) 





From these equations we construct the block diagram of a GS for the case of a 
mobile and oscillating base (Fig. 7.9). A modified diagram, analogous to that shown 
in Fig. 7.8, is shown in Fig. 7.40. 


b) Transfer Functions of a GS. 
For determination of transfer functions of a GS we convert its block diagram 
by rules known from the theory of sutomatic control (see, for instance, [107, 113, 


80a]). As an example we consider a GS on a motionless and nonoscillating base, a 
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block diagram of which is shown in Fig. 7.8; here we shall also consider correction 
of the GS. During transformation of the GS block diagram one should keep in mind 
that we are mainly interested in change of angle a of GS frame rotation about axis 
05, (Fig. 7.2), constituting the error of stabilization of the frame, Therefore, we 
shall consider variable a(t) the output magnitude and disturbances f,(t) and f,(t) 
the input values and determine transfer functions of the GS by coordinate a with 
respect to disturbances f,(t) and f(t). Transformation of the GS block diagram, 
analogous that given below, is carried out in [80a], 

In order to determine transfer function %a,2, (9) = $,,(8) of a closed-loop 
gyrostabilizer system, we transform the part of its block diagram, connected with 
introduction of disturbance f,(t), considering f,(t) = 0. Then, using known rules, 
it is possible to transform the diagram, shown in Fig. 7.8, when f,(t) = 0, to the 
form presented in Fig. 7.44. In the scheme block i is covered by three negative 
feedbacks (blocks 2, 3 and 4), 
It 1s possible to further trans- 
form this scheme, replacing 1 


and 2 by one block I with trans- 





uts+ous fer function W,(s) and 3 and 4 


L)e.98¢N¢ 








aleao by one block II with trans- 


fer function Wrz(8) as a result 






(2Hs +8:)5,08 


‘ee we obtain a scheme, which is a 
(2dp 3S emgll TyS #1 Tas ¢1)8 


closed-loop automatic control 





system (Fig. 7.12).* Transfer 
functions W,(s) and W.,(s) are 


found by known rulers: ** 
7.14, Transformed GS block diagram (for f, = 


: ; : j 
v0) — V3) (1,3+4,)8 i 
Tew 1+ i _ dis + 2HS, 
(et a)s ee 
8, tM (7.2.72) 
"37, of + ys = 2, eo) st +. (Ay Mgt 4H"). + HS, 


a + $,)S,0K 
oe M+ Hq fatty + 
LG : 2. 
+s] Bote 





*Let us note that block I characterizes the gyroframe, and block II characterizing 
control circuits of the GS. 


**The minus sign in (7.2.73) signifies negative feedback in a closed-loop system 
(see Figs. 7.11 and Fete). 


macnn... noe eR. a EE? ee a he 


In the diagram of (Fig. 7.12) we have basic block I, covered by negative feed- 
back in the form of block II; we find transfer function 44 (8) by a formula, analo- 
gous to (7.2.72): 

ryt) ; 
1+ F, (oO? ,; (s) 


or, considering (7.2.72) and (7.2.73), when Trot 7 Temp = O* we finally will obtain 


©, (3) = (7,8, 74) 


4 (6) = 
2J,. oft {/ fe +24, o(% + 6K)} + {[*.(", + 6X) + 4H) st + CTs 2.75) 


" 8H (SK + Sy) 8+ SySeK ° 


During investigation of a GS we may also need the expression for the transfer 
function of an open-loop GS system (Fig. 7.12) Woe (s) = Wy,(8). According to the 
er. 


diagram in Fig. 7.12, we have (when Taste = Temp = O):** 


VAs) = 76) 7, (8) = 
7 21, ,OK# + nybKs + 2HSeKs + SSyeK . (7.2.76) 
85, gl gf + (Lain + By, 91) # + (Oitg + AMM) A + BMS 

Let us turn to determination of transfer function %a,2,(8) = (8) of a closed- 
loop GS system. For this when f(t) = 0, considering the diagram in Fig. 7.12, it 
is possible to present the block diagram of Fig. 7.8 in the form, depicted in Fig. 
7.13. The latter diagram can be eaeliy transformed by replacing blocks I and II by 
one block, whose transfer function as one may see from the preceding, is equal to 
%44(8). We obtain the diagram, given in Fig. 7.44, which with respect to influence 
f,(t) 1s closed, Then, for transfer function ,,(s) 


©, (s) = W,,,, (8) @,, (5). (7.2.77) 


Substituting here for Wrrz(8) the expression of the transfer function of block 


TII (when a= Tamp = 0),*** shown in the diagram of Fig. 7.13, and formula (7.2.75), 
we obtain: 
©,,(s) = ais + SeK | 
r.0 ete e, os + OKO + [Ma (mit OK) + Ant st + (7.2.78) 


+28 SeK + 804 SiSeK « 


When necessary we can find the expression for the corresponding transfer function 


*Determination of transfer functions of a GS, taking into account time constants 
L and T is given below. 
mot amp 

“*The minus sign in (7.2.76) 1s omitted, 


**#See Tootnote* on p, 31, 





Wao(8) of an open-loop 
GS system by the same 
method, as the relat‘on- 
ship for Wa4 (8) {see 
' (7.2.76) ]. 
Thus, by transforming 










the block diagram of the 


x (2H5 +S) 8,00 + ths 


comes GS there is the possibil- 
(2deghomyNTys IN TgS+1) 5 Tas * 


ity of very simply finding 

Fig. 7.142. Final form of transformed block diagram of expressions of its trans- 

the GS (when f, = 0). 
fer functions, Further- 


more, this method is more 
















mw Siew graphic than the purely 
ee ReNTseliLiaiee 


In arriving at 
expressions for transfer 


functions time constants 





Tnot and Temp of control 


networks of the GS were 


assumed equal to zero, 





2, 2Hs $2) Sex , ils 
(20p38%My)(Tysot)(Tgsst) S$ Tg 


| In most cases such an 
Fig. ee Transformed block diagram of a GS (when approach, due to smallness 
f, = 0 
do 
of Thot and Temp is fully 


permissible during investigation of transients of a GS and calculation of i+s errors, 
However, during the analysis of certain questions of stability of a GS we may need 
expressions for transfer functions 


taking into account the indicated 





time constants, We obtain the 
Fig. 7.14, Final form of transformed block expression for ,,(8), if in formula 
iiagram of a GS (when f, = 0), (7.2.74) we directly substitute 
relationships (7.2.72) and (7.2.73), considering for simplicity that there is no 
compensation (8, = 0) (which has no significance, for instance, during investigation 
of stability of a GS). 


Then for o,4(8) we have 


©, (s) = Sot bye boty (72. 79) 
- CPt Os aN a tat ey’ 


where 
@, = 2HS eK 
@, = n(n, + 6K) + 4H* ; 
onl t 2h. 4(1, ++ OK) + (ayn, + 4H?)(T, + 
T,) + apXT, 


an 2d, lot att, im)(Ty+T,) + 
+ (A,0, + 4H") TT, +24, KT, 

a, = 2), 1,(T,+7,) + (/, ny ty A) (7.2.80) 

a,=2/, ITT, 

b= Nn, 

5, mS, ot n,(T, + T,) 

6, = 24, (T,+T,) + u7,7, 

6,~ 2, 7,7, 


If 1t 1s necessary to find the expression for transfer function Waq (8) of an 


met and Tamp? then in 


(7.2.76) instead of Wr(8) and Wry(8) one should directly dubstitute relationships 


open-loop GS system taking into account time constants T 


(7.2.72) and (7.2.73); then for 8, = 0 we obtain formula 
J, att My 
Yul) = 24. gla + (lghg + 2, wm) + (amy allay s (7.2, 84) 
x 2HS,eKs 4 bKs. 
. 4, BAM St W(Tas+ ys T,8+ i} 
which should be simplified for concrete use. 
To determine the transfer function %40(8) taking into account time constants 


T and T it 1s possible to use formula (7.2.77), substituting instead of Wrryz(8) 


mot amp 
the transfer function of the corresponding block (Fig. 7.13), and for %,,(s8) expres- 


sion (7.2.79). 
Then for %,5(8) we obtain 
byt bys? + bie hy 
(et + ay + as? + ast pasta)” (7.2.82) 
where Bos 45 eees a, are determined by relationships (7.2.80), and for Bhs, oes bs 


@,, (s) = 


we have 
Am SeK; 6m 2H; b= 2H(T,+T,); b= 8HT7,T,. (7.2.83) 
During investigation of forced oscillations of a GS, caused by its error in 
conditions of rolling of the object, for instance a ship, it 1s necessary to know 
transfer function of GS in coordinate a with respect to rolling disturbances, Thus, 
for the considered case of installing a GS on a ship, which experiences rolling, 
according to (7.2.69) the shown disturbances are connected with angular velocities 


and accelerations of the rolling 6(t). Therefore, for calculation of dynamic errors 
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of the GS in these conditions it is necessary to know transfer function o ,9(8) = 


~ ol2) 
9(8) 


It is possible to determine ®. (8) by transforming the G8 block diagram, shown 
4 


of a closed-loop active GS system. 


in Fig. 7.10. This method was stated in detail above; therefore for finding 9. 9(s) 
3a 

we start directly from equations (7.2.69), considering time constants Trot 29¢ Tomp 

80 small that their influence on error of the GS can be disregarded; time constant 


7 of the correcting pendulum we also consider small (example 4,2), Then, disre- 


pend 
garding disturbances (f4 = tf, = O) and not considering angular velocity of tie refer- 


ence system of the G8 (u, = 0), we rewrite system of equations (7.2.69) in the form . 


Le + 2Hh + ne — Ki = 8(t) + 2,0(1) 
2J,, f—2He—Sys + nf — 53x, (4) 
1, @—Azb(f) . (7.2.84) 
U,+8$=0 
i+ ba—W, = 06 (1) 


After very simple transformaticns we rewrite equations (7.2.84) in operator form 
da 


ps ; 
. (24,, .P* + m5p)B — (24 p + S,)2 = Sep 
(24p + S,eX) p + [/p* + (, + OX) p]« = (7.2.85) 
om [te + (4, + OX) a} 0 
To eliminate variable B we find the principal determinant A of system (7.2.85) 
and determinant Ay obtained from A by means of replacing the corresponding column 
by the column of right sides of equations (7.2.85). 


We have 


2, Pi +ap = —(2Hpt+ 
ais ah tte Tp + (mom) | > 4. ofp! + [fa + 


+24, (0, + 6K)] p+ [n,(n, + 6K) + AH*] pt + 


+ (2HS eK + 2HS,) p + S,S pk. ne 
a a letr oP tap Sept 
4, = ae 2 
2H Sake oh (m+ BK) ple |= (ee ate + 
+ [2,4 + 0K) + 92H ba p+ 
, (7.2.87) 


+ [(0, + 6K) a, —8,SeKhz] p*| 6. 
Since, on the basis of Cramer's rule,* 


A-amd,, 
considering (7.2.86) and (7.2.87), we obtain the following differential equation for 





*V, I, Smirnov, Course in higher mathematics, Vol. III, Part 1, State Press for 
Technical and Theoretical Literature, 1949 





a in operator form: 


(24, Api t [1a +24, (1, OK)] p? + [a, (1, + 6K) + 4H] p* + 
+ (2HS eK + 2HS,) p+ SSK) 2— (24, tp" + [2/,,,(n, + 6K) + 
+ nyt — 2HS,b2] p* + [n, (1, + 6K) — S,SeKkz] p® (7.2.88) 
Applying to (7.2.88) the Laplace transform, we obtain an expression of the trans- 
fer function of the GS, %,9(8)) in the form 


©, ,(s) = a mae ots* + [2/,. ,(0, + 0K) See eAYS + 
rol t [lyta t e.g (mit OK) > + [m,(m, + OK) + AH4] 58+ 
+ Inet + 0K) —SSeKhe| st (7.2.89) 
+ @HSeK + HS) s+ S\SeK 
The considered transfer function can be obtained by another method. In 1950 

B. V. Bulgakov [21] developed a method of investigating automatic control systems 
with many degrees of freedom, based on use of matrix calcuiation. This method was 
applied [21, 130] to analysis of a power GS, particularly for composing its transfer 
function; here the closed loop of the stabilization system is presented in the form 
of two blocks (Fig. 7.15): block I consists of the GS frame with its object, the 
gyroscopes and stabilizing motor; block II is the amplifier. Those who wish to become 


acquainted with this method are referred to the above mentioned works, 


Fig, 7.45. “Block 
diagram of a GS 
(from B. V. 
Bulgakov). 





§ 7.3. Transient Responses of a GS on a Fixed Base 


1, Preliminary Remarks. 

Determination of transient responses of a GS on a fixed base is a very important 
question of the theory of active GS's, Here, of interest is analysis of free natural 
oscillations of a G8, which differ from corresponding motions of the GD, considered 
in Part I. Most essential is investigation of the stability of the GS, allowing one 
to establish necessary relationships between basic parameters of a stabilizer, 
Performance of an active GS is found by analysis of its behavior in the transients, 
caused by a unit step input. Here, it is necessary to consider, e.g., dry friction 
torques in axes of the GS suspension, and in practice a nonlinear law of control of 
the stabilizing motor is also possible, as a consequence of which in the system can 


be established an independent oscillating mode. 


2. Natural Oscillations of a G8 


a) Characteristic Equation of a GS. 
The starting point of anaiysis of a G8 is determination of its natural oscilla- 


tions, First, we consider motion of the GS without friction in the axes of the 
suspension and motion of the Gs with liquid friction in the case of a linear law of 
control of the stabilizing motor. Investigation of motion of a GS allowing for dry 
friction in the axes of suspension, and also in the case of a nonlinear law of control 
of the stabilizing motor is given in Par. 4, 

For analysis of natural oscillations of a G8 it is necessary to have the char- 
acteristic equation of the considered dynamic system. The latter is easy to obtain, 
if we know the expression of the transfer function of a closed-loop GS system. 
Actually, the expression for the transfer function $,,(8) of a closed-loop GS system 
in ccordinate a with respect to disturbance f, (t) can be written in the form 

O16) — 20, 
where a(s) and f,(s) are Laplace transforms of functions a(t) and f(t), respectively. 

Presenting ,,(8) in the form 


Ou) Fuld, (7.3.2) 


where M44\8) and N44 (8) are polyncmials from s, we obtain the characteristic equation 


(7.3.1) 


of the closed-loop GS system from equality 
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which, according to (7.2.74) and (7.2.76), it is also possible to write as follows: 
1+-V,,(s) =0, (7.3.4) 


where W44(8) is the transfer function of an open-loop GS system. 
Replacings in (7.3.3) by A, we obtain the characteristic equation of a closed- 
loop GS system in the form 


Ni, 0) =0. (7.3.5) 


Consequently, to find the characteristic equation of a GS it is necessary to 
equate the denominator of transfer function 44 (8) of a closed-loop GS system to zero 
and to replace* s by A in it. 

We shall find the same expression for the characteristic equation of a GS if we 
use transfer function %40(8) 7 pat, since, for instance, according to (7.2.79) and 
(7.2.82), from conditions woe O and N4o(8) = 0 we obtain identical characteristic 
equations, 

In accordance with what was presented in § 7.2, Par. 3b, it is possible to compose 
characteristic equation of a GS for different cases, i.e., taking into account or 
ignoring time constants of the amplifier and stabilizing motor, etc. 

Let us consider, first, the case, when in composing the transfer function of a 
GS we consider the above-indicated time constants of its control networks; we assume 
there is no C3 correction, Then, according to (7.2.79) and (7.3.5), and also taking 
into eccount the fact that during composition of expression (7.2.79) for transfer 
function ,4(8) we removed s from its numerator and denominator, we obtain the char- 


acteristic equation of a closed-loop GS system 


(ap! + ai! + ay? +- a)? + a, + a,)d = 0, (7.3.6) 
rrom which it follows that one root of this equation Aq # 0, This means that if the 
GS, as assumed in the considered case, does not have correction, the position of 
equilibrium of the stabilizer frame is arbitrary, i.e., the frame maintains any 
assigned initial value of angle Ap- Therefore, for analysis of free oscillations of 


a GS near the position of equilibrium it 1s possible to use characteristic equation 


a, + ad! + a)! + a)? +a, +a, = 0. Cliest) 
Let us find from aconcrete example numerical values of coefficients Bo» 


4 


44 eves ape 


_ 





*Replacement of s by A does not have fundamental significance and usually is 
carried out [27] in order to not confuse variable of the Laplace transform s with the 
argument » of the characteristic equation, 
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Example 7,13 Determine the values of coefficients Boe Bye veer a, of the char- 
acteristic equation (7.3.7) of a GS, having the following parameters: angular 
momentum of gyroscope H = 22.40" g-cm-sec [4]; equatorial moment of inertia of the 
gyroscope (rotor + gyrohousing) Je.e = 60 g-cm-sec* } momen!, of inertia of the 


frame with about axis of stabilization Je Oy 3+404 g-cm-sec’; as the stabilizing motor 


there is used a d-c motor with ees excitation SL-367 [4], for which rated 
voltage Veet = 110 v, net power is 32 watts, armature rotation rate wie w 2500 rpm, 
current in armature network 1 = 0.9 amps, torque Meom = 1250 g-cm, rwalatence of 
armature Fong ™ 1.5 ohms, moment of inertia of armature J ora = 0.7 g-cm-sec’, electro- 
magnetic time constant of the armature network of the motor ers = 0,003 sec, trans- 
mission ratio from the axis of the motor to the stabilization axis of the frame y = 

= 600; gain factor of the signal pickoff of the angle of precession Ky » 0,1 v/deg; 
amplifier gain k = 10; time constant of amplifier Temp = 0,02 sec [4], 

When determining coefficients Bos B40 veers a, one can ignore the characteristic 
equation (7.3.7) of friction on the axes of suspension of the GS, 1i.e,, to take n, = 
=n) = Os 

Solution: 1, According to (7.2.80), when n, =n, = 0, for determination of 
coefficients Bos 849 sees a, we have the following relationships: 

Gy = 2HS eK; s Mm Uy, hy + 4H 7, +2, bKT, 


e = Ai; ees a= 2), .1,(T, + Ty) 
evga y. 
aga 2d, OK +4 (Tz +T yy; age 8J, 17,7, 


2, Angular momentum of the GS, equal to angular momentum of the two 


gyroscopes, will be 
SH wm 8.92. 10° a= 44. 10° o-oms00, 


3. From (7.2.43) we find the moment of inertia of the GS about the 


axis of stabilization of the frame: 
by Jog t Ue. ot Sq = 3:10" + 9.60 + 600°.0,7 me 9821-10? ecmsec? , 
4, In accordance with (7.2.53) we determine coefficient S,: 
S, om yf on 0,1-57,8-10 mm 87,3 v/redion. 


5. By (7.2.44) we calculate magnetic flux @ of the excitation 
windings of the stabilizing motor: 


ws 


he eel ee eer 


6. For coefficient K, considering (7.2.61), we have: 
K = 7@ = 600-1390 a 8333-10" a-ca/empe 
7. We find coefficient e by formula (7.2.49), understanding in it 


by r the resistance of the armature network Tarn’ including internal resistance of 


the amplifier Tamp = 3 ohms: 


gn J! in 0089 aan 
f (stty 15 +43 


8, We determine the coefficient c of counter emf, included in equa- 


tion (7.2.45); for quantity ¢ this relationship is obvious: 
Ug—fr $10 —0,S-1,5 
Ce et oe o_o 0, 1152 veer. 
in - 6,38.2500 ‘ 


9. By (7.2.49) we find parameter b: 
cack. oe, ww 00: 0,4152 a 55,36 amp-see, 
5 tatty 45 
By the formulas given in Par. i of the present example we calcu- 
late values of coefficients Bor Agr eves act 


10>. 


Gy m= 2HSyeK = 44. 10°.57,3-0,2222-8333- 10" an 4668-10". gexzs0e; 
@, = 4H" wm (44. 10°)* ae 1936-10" con7000?; 
a, = 2J,, 0K + 4H"(T, + 7,) = 2-60-55,36-8333-10° + 1936. 10° 0,003 + 
+ 0,02) ax 9989.10° c?ox" sec; 
6, = 2), /,+ 4H°T,T, +2), OKT, = 2-60-2821. 108 + 

+ 1936. 10°. 0,003.0,02 + 2-60.55,36-8333: 10°-0,02 == 1562-10" g2en?s00*s 

a, = 24, 1, (1, + T,) = 2-60-2821 10° (0,003 + 0,02) me 7786.10" Pon?ee08s 
Gg = 2, 1,77, = 2-60-2821 - 10°-0,003-0,02 = 2031 . g’on?aec8. 


Let us note that characteristic equation (7.3.7), numerical values of coeffi- 


cients of which were found above, is used in § 7.3, Par. 3b during the analysis of 
stability of a GS by the Mikhaylov criterion. 


b) Analysis of Natural Oscillations of a GS. 
During the analysis of natural oscillations of a GS we shall ignore friction in 


the axes of the suspension (ny =N5 = 0), and also time constants of control networks 


(Trot @ Tomp = 0). If, in (7.2.80), we set n, = Ny =O Tot * Temp = O, then, 


according to (7.3.7), the characteristic equation of the system will have form 


QJevlA* + 20, KI + 4H + 2HS eK = 0. 


(7.3.8) 
Designating 
e. Dy 
i 2.4, ; o : z 
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awbK, m= SeK, (Ta Budo) 
we rewrite (7.3.8) in the following form: 
Peet ee ao (7.3.14) 


Comparing (7.3.9) with (3.2.8) we see that » represents frequency of natural 
notational oscillations of a free gyrostabilizer with the stabilizing motor turned 
off (K = 0); this follows directly from (7.3.14), since when K = 0, according to 
(7.3.10), m=n«=0, To find the physical meaning of coefficients n and m it is 
useful to compose characteristic equation (7.3.11), proceeding from differential 
equations (7.2.60) of motion of the GS, For the considered case in (7.2.60) one 


should set n, =n, = 0, T = 0,880, 6=0, u, #0, fy = fp = 0, 8, = 0; 


mot ™ Temp 
then we obtain system of equations 


is + 2H§— Ki =0 
2J,, ,P—2Hs =0 
U, +53 =0 
itbe—U, =0 


(Ts3042) 


which we can transform to 
He +3H$ + bKa + SeK} =0 
2J,,,0-—2Hs =0 
or, introducing designation (7.3.10), 
1e+3Hh+na+ mp =C 
2J,,,§—2Ha=0 
from which it is easy to show that the characteristic equation of system (7.3.14) 


(7.23325) 


(7.3.14) 


is equation (7.3.11). 

From (7.3.14) it follows (130, 125] that: 1) coefficient m represents the 
so-called steepness of the static characteristic of the SM, i.e., the dependence 
bétween the torque, applied to the axis of the frame by the stabilizing motor, and 
the angle of precession f of the gyrohousing; 2) coefficient n represents steepness 
of the damping torque on the spin axis of the frame, which is caused by the counter 
emf, which appears during rotation of the armature of the stabilizing motor, 

We compose the characteristic equation for a GS taking into account liquid 
friction in the axes of the suspension, and not taking into account time constants 


2 . Then, according to (7.2.80), we cbtain 


mot and Tam 


p 
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Old + [lye + 24, (m+ OF] M+ 


+[a(1, +X) + 487]. + 24S eK = 0 ee ae 
or, considering designations (7.3.9) and (7.3.10), 
BS percent [Ara te] ae 7% (7.3.16) 
Je» Meal, 


it follows from this that the presence of liquid friction changes damping of oscilia- 
tions of the frame, and also the frequency of natural nutational oscillations of a 
free GS (m = 0, n = 0), which in this case will be determined by relationship 

‘ Vp me vt ie (7.3.17) 


L 
r.0°y 
Let us consider natural oscillation of a GS in the simplest case, when friction 


in the suspension axes is not taken into account (n, =n, = 0), and time constants 
ae and Tamp of control networks are so small that their influence can be ignored. 
For this we use the characteristic equation of a GS (7.3.11). In investigation of 
an analogous equation [132] there is analyzed the case, when parameters of the GS 

are selected so that characteristic equation (7.3.11) has one real and two complex 


conjugate roots; here, for a stable GS the real parts of roots should be negative: 
8+ fps dym—8--jp; ye. ne Bele) 
As we know,* such roots of cubic algebraic equation should satisfy the following 


relationships of coefficients of equation (7.3.14): 


Bpen— 
ly 


# + pt + 205 mv! (7.3.19) 
ait oz a 
(P+P=“s, 
Then, with initial conditions 


a (0) =a, BO)—=f,, (0) =a, f(0) =f, (1.3.20) 


we can present integrals of differential equations of motion (7.3.14) of the GS, 
omitting small components (including terms containing Bo)» in the following approxi- 


mate form [132]: 
See get, ie omits Jeo g att 


p= (4+ ate oe test p—s ge“ cos ut ager) 
aH ° " sing —~ oy Cos p. 


ue 





*See, for instance: V. I. Smirnov. Course in higher mathematics, Vol. 1, 
State Press for Technical and Theoretical Literature, 1948, 
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From these expressions it follows that motion of the GS, with values of coeffi- 
cients selected according to (7.3.18) and (7.3.19), constitutes the superposition of 
two modes of motion: 1) aperiodic and 2) damped oscillations with frequency uy, which 
in the case of small damping 6 can be close to the frequency v of nutational oscilla- 
tions of a free GS (with the stabilizing motor turned off), As can be seen, appear- 
ance of the aperiodic component of motion of the GS is caused mainly by initial 
deflection Bo of the gyroscopes with respect to the axes of precession, Initial 
amplitude of damped oscillations of the GS depends basically on the magnitude of 
initial angular velocity & of the frame, caused by the external torque instanteously 
applied to the frame, for instance, due to a shock effect. For determination of the 
nature of motion of a GS we give a numerical example. 

Example 7.2: Find the law of motion of a GS a(t) and A(t), if to the GS frame, 
with parameters given in example 7.1, there is applied an instantaneous torque 
(shock), importing to the frame initial angular velocity ay = 0.2 1/sec} the initial 
angle of displacement of the gyroscope Bo = 5°; Bo = 03 a> = QO, 

Solution: 1, When a) = 0, according to (7.3.21), we have 


om — “Et otye $e H dd + SEP ohy cont 


yo. : : / 
_i —#t, § 5 —& 1, .—u 
p= (m+ 52%) 0 + pe” sin pe a cos pt 
2. By (7.3.9) and (7.3.10) for the data of example 7.1, we calculate 
ve n, m: 
4H® __ 1038. to" 
2J,,.4/, 2-60.9621.10" 
@ a OK = 65,36-8333- 10" = 4613. 10% e-omseey 
mi om SyeK = 87,3-0,2922-8333- 10° a: 1061-10! o-cn/rectan. 
3. We find values of the following quantities: 


Va 





w=: 5719 1/s00?;; y= 75,62 1/se0s 


a 13.10 . 
eee G2 ese EB 1 Bee 
nae 


orig LOE are it see? 
wt 


4, Using (7.3.19) and the found numerical values of y*, 7 and 
n 
y* oy we obtain 


@ oe 127 1/s0e) Sor 16,5 1/oen; p= 27,2 3/oes, 
5. Then on the basis of the formulas given in Par. 1, we have the 
following laws of change a(t) of the angle of rotation of the freme about the axis of 
stabilization and A(t) of the angle of rotation of the gyroscope about the axis of 


precession: 


Ze 


© (6) = — 3,022. 10Fe— "+. 7,39. 109g 18 gin 27,20 + 
‘“f 8,022. 10 3p" cog 27,24 L 
B(t) = 0,21852~!27" +. 0, 40742" sin 27,21 — 0,1282¢—!8 5! cos 27,2 
Graphs of functions a(t) and B(t) are shown in Fig. 7.16, from which it follows 
that natural oscillations of the considered GS attenuate very rapidly, where these 
oscillations occur with frequency up, which in the given case, due to considerable 
damping 6, essentially differs from the frequency v cf nutational oscillations of a 
free GS, 
¢) Certain Remarks. 
A, mao ans 
Above we considered natural 


oscillations of a GS without 


taking into account the influence 





on them of liquid friction in the 
suspension axes and time constants 
of control networks. Analogously, 
we analyze oscillations of a GS 

taking into account these factors. 


Investigation of free oscillations 





of a GS under the action, for 








Tr GID at8 fom. 


; instance, of an instantaneous 
Fig. 7.16, Graphs of functions a(t) and A(t). 


external torque or a constant 
torque can be performed by the same methods of the theory of automatic control as we 
used during the analysis of corresponding motions of a free gyroscope (§ 3.2, Par, 3). 
In the readout GD's, considered in Part 1, during the analysis of their natural 
oscillations we usually disregard the elastic compliance of components of the gyro- 
scope due to the comparatively small stresses, developed in such GD's, Ina GD of 
active type, in particular in active GS's, these stresses essentially increase, and 
consequently, elastic deformations of the GS can become considerable. The latter 
affect natural oscillations, stability and forced oscillations of the GS. An 
investigation of a GS taking into account elastic compliance of its components is 
contained in the works of A, Yu. Ishlinskiy [47], G. D. Blyumin, E. I. Sliv [135], 
and others. ; 
We shall indicate peculiarities of natural oscillations of a GS, taking into 
recount its elastic deformations. Frequency v of natural nutational oscillations of 


a free GS (with the stabilizing motor turned off), according to (7.3.9), is determined 


| eae sas = Ot = ahr cence seen =~ tre RRO SC ENA te me - Eg ee et 
b : . 


by relationship 
3H 


v . 
7 Vi, (7.3.22) 
In the work of A, Yu. Ishlinskiy [47] it 18 shown that the value of the frequency 

v of nutation of a GS, found by experimental means, is less than that calculated by 
the formula (7.3.22), where the difference between these quantities grows witn 
increase of angular momentum; V. I. Kuznetsov perceived the cause of this non-corre- 
spondence [47] in elastic compliance of the GS components. In the GS, due to elastic 
deformations, the gyrohousing may have a certain shift (turn) with respect to the 
frame about the axis of stabilization. Here, forces of elasticity create a restoring 
torque, proportional to the amount of deformation. In the shown work there is con- 


sidered a case, when elastic only the shaft, (axis of stabilization) connecting the 


stabilized mass with the gyroscopic frame possesses elastic compliance,* In practice, 


we use formula (7.3.22) with a correction factor (0.5 to 0.7), 1.e., we assume [47] 


ven 0,5 + 0,7) 20, (7.3.23) 


Verely 


There is considered [135] a case, when elastic only the axis of precession of the 
GS possesses elastic compliance. On t::e basis of analysis of natural oscillations of 
the GS there are obtained expressions for frequencies of its elastic and nutational 
oscillations, There is also marked a decrease of the frequency of nutational oscil- 


lations of a GS, possessing elastic compliance of individual components, 


With investigation of natural oscillations of a GS there is connected the problem 
of selection of optimum damping of the system, i.e., optimum value of steepness n 
{see (7.3.14)] of the damping torque on the spin axis, at which quenching of natvral 
oscillations of the GS will be most rapid. There exists a rigorous solution [132] 
of this problem, pertaining to the problem of synthesis of GS's, 

Characteristic equation (7.3.8), besides (7.3.11), can also be presented in the 





form 
TM ERT, U+h+ em, (7.3.24) 
where ; or *) tc FF 
vote ft 
=a xT, = = cin : 
fa . 
i cat ee A- (7.3.25) 
2 8 





*For those interested in investigating the influence of elastic deformations of 
a GS on its natural oscillation we recommend the cited work. 
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Let us find the physical meaning of parameters in equation (7.3.24). Quantity 


q is the electromechanical time constant of the stabilizing motor and gyroscopes, 


mot.g 
since in I [see (7.2.43)] there also enters the reduced moment of inertia a Sie of 
the motor armature. Quantity 0, proportional to coefficient n of the damping torque, 
is the relative coefficient of damping of natural oscillations of the GS. With the 


stabilizing motor turned off (m = n=O), instead of (7.3.24), we obtain 


a 
TL +1=0, (7.3.26) 

i.e., the characteristic equation of natural nutational oscillations of a free GS 
with time constant Trot. g 
quency v of nutational oscillations of the GS by relationship 


» connected, according to (7.3.9) and (7.3.25), with fre- 


T 


ae 
analogous to (3,2.62) for a free gyroscope. 


Shs (7.3.27) 
’ 


Thus, in the investigations given earlier we disregarded small electromagnetic 
time constant Tot of the stabilizing motor, but we considered its electromechanical 


time constant Tnot.g 


3. Stability of GS's 


a) Preliminary Remarks. 

Analysis of stability is an important problem of the study of GS's. Furthermore, 
guaranteeing stability is one of the first requirements, which parameters of a pro- 
jected gyrostabllizer should satisfy. Usually stability of a G8 is considered with 
respect to coordinate a, i.e., the angle of rotation of the frame about the axis of 
stabilization; here, the GS will also be stable with respect to coordinate §#, ji.e., 
the angle of rotation of the gyrohousing, about the axes of precession. During 
investigation of stability of a GS it makes no difference whether we start from 
transfer function 4, (8) [see (7.2.79)] or from transfer function %45(8) [see 
(7.2.82)]; as it was shown was in Par. 2, in both cases we have identical character- 
istic equations, which determine stability of the GS. 

If we consider a GS without correction, then we arrive at the characteristic 
equation (7.3.6) of a closed-loop GS system; the position of equilibrium of the frame 
with respect to the spin axis in this case is arbitrary (Par. 2). In this connection 
stability of the GS is usually determined, not with respect to coordinate a, but with 
respect to angular velocity a of a rotation of the frame around the axis of stabili- | 
Jation, i.e., in examining stability of a GS they originate from characteristic 
eaustiow (7 3.7). 


~- 


45 
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Since the GS is a closed-loop of automatic control system, and its work is 
described by equations of rather high order, for analysis of its stability it is 
simplest to use methods of automatic control theory, using for this, e.g., the 
Mikhaylov criterion of stability, the gain-phase criterion of stability, the criterion 
of stability, based on analysis of logarithmic frequency~-response curves, and others. 
Significantly wide-spread is analysis of stability of automatic control systems by ae 
the gain-phase criterion of stability, which permits us to judge the stability of the 
system in the gain-phase response of an open-loop system [107]. The essential merit 
of this criterion is that the gain-phase response of an open-loop system can also be 
obtained experimentally upon supplying the input, for instance, of the open-loop 
"gyroframe-amplifier" system (Fig. 7.15) a sinusoidal signal of variable frequency.* 
In the considered case the expression for the gain-phase response Waa (8) | ejay 
of an open-loop GS system, for instance (7.2.76), 4.e., when Trot ° a = 0, is 
generally rather complicated, and its numerator is significantly more complex than 


the numerator of the corresponding gain-phase response @,4(8)| of a closed-loop 


B= Ju 
GS system, determined by formula (7.2.75). Therefore, for ee ere of stability 
of a GS application of the gain-phase criterion of stability, if characteristic Wy 4 (dw) 
has not been determined experimentally, is hampered, 

In this case it is simpler to use Mikhaylov the frequency criterion of stability 


in which we directly consider stability of a closed-loop system, 


b) Application of the Mikhaylov Criterion of Stability. 
Let us find with help of the Mikhaylov criterion the stability of the GS whose 


parameters are given in example 7.1, considering time constants Taso and Tamp of the 


control networks. We have characteristic equation (7.3.7) of a closed-loop GS system 
in the form 
Gh! + ah! + ag? + ag! +a). +a, = 0, 
The left part of this equation, which we call the characteristic Mikhaylov 


> 


polynomial, we designate D(A): 


DQ) a" + ad! +a)! + ag! + ay. +0. (7.3.28) 
Replacing A by jw, we have 
D (ja) = a, (jw) + Gy (Jor)* + 2 (Jus)® 4- 4 (for)® + a, (fw) + a. (7.3.29) 


*Opening of this system is usually produced at the amplifier outlet. To change 
frequency it is possible to use a selsyn, rere as a transformer, the rotor of which 
is rotated with different angular velocities [136]. 


as 
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With change of w from -mto +m the end of vector B(jw) describes on complex 


plane D a curve, which is called the characteristic curve, the hodograph of vector 


D{ ju) or the Mikhaylov hodograph., 


The Mikhaylov criterion of stability, offered by him in 1938 [100], we usually 


formulate in the following manner [107]: a system of automatic 


control will be 


stable, if with growth of w from 0 to m vector D(jw) turns angle ng, where n is the 


degree of the equation D(A) = 0, which is the same, if the characteristic curve with 


change of w from 0 to wm, beginning with the positive real axis, 


passes consecutively 


in the positive direction (1.e., counterclockwise) through n quadrants. 


Sometimes the Mikhaylov criterion of stability is applied in another form, which 


1s a@ corollary of the above criterion. 
part from the imaginary: 

D (je) = 9 (w) + /} (w), 
where p(w) and y(w) are the real and imaginary functions of the 


cousidering (7.3.29), we have 
¢ (@) = ayo* — aww" + a, 
$ (0) = au — aw’ + a, 

From (7.3.31) it follows that 9(w) contains even powers of 
crosses the axis of ordinates distance & from the origin; ¥(w) 
of w; when w = 0, w(w) = 0. Considering what has been said, we 
of the Mikhaylov criterion of stability in another form [114]: 
linear system of the n-th order it is necessary and sufficient, 


separately taken equations 
g(e)=0, 9(a)=0 
ere real and alternating or which is the same, that curves 9(w) 


change of » from 0 to wm, cross the axis of abscissas n times in 


» = 0) and that these points of crossing alte’~ate,* 


For this will separate in (7.3.29) the real 


(753.20) 
Mikhaylov hodograph; 


(7.30.34) 


w; when w= 0, 9(w) 
contains odd powers 
give the formulation 
for stability of a 
that all roots of two 


(Va dane) 
and y(w), during 
all (including point 


Let us give an example of determination of the stability of a GS. 


Using tne Mikhaylov criterion, determine the 


Example 7.3: 


stability of the GS, 


whose parameters are given in example 7.1, where we obtained the following numerical 


values of coefficients Ye a, of the characteristics equation of a closed-loop 


GS system: 


@ = 4668. io° g’on*s00) a = 1986. 10* @on*eee?; a, = 9989. 10° @on*seo*; 


@y = 1562-10 gton2s00*s ay me 7786-10" cus 00°; 





@3 = 903) c*on*see°, 


*The indicated conditions are valid with simultaneous fulfillment of the follow- 


-ng inequalities: 
movement of the Mikhayloyv curve. 


p(0) > 0, ¥(0) > 0; this corresponds to positive direction of 


3 ate 


oa ‘ web he 


wm AR | cme n  b en ity ome 


Solucion: 1, Substituting (7.3.31) in (7.3.32) and considering values of 
coefficients Bos 84a sees Ap» we have: 
9 (~) = 7786. 10°! — 9989 10%" + 4668. 10° = 0 
$(w) = 2031u" — 1562-10%* + 1936- 10% = 0 
2. For stability of the GS roots of polynomials p(w) and y(w) should 
be real and alternating, where, instead of alternation of roots it is possible to 
investigate alternating of the squares of the roots, We find roots of polynomial 
¥(w) 
w (2031u* — 1562-10%o" + 1936. 10°) = 0. 
We have 
of = 0, 
duc 1562. 10° + V (1860.10*)* — 4.2001 1998.10" 
° aera SSE Se =a eee 
oF = 0,1256- 108 1/2004; of me 7,565: 10° Ijaco®, 





3, We determine roots of polynomial 9(w) 


7786. 10°u* — 9989. 10%.* + 4668.10" = 0. 
We have 
of, me 0000-10" V_(v0e0. 10°)*_ 4.7786. 10%. 4668. 10° 
2.7786. 10° ; 
of = 04855. 10" 1/ 00028 ax 1,234. 106 1/0002, 


As can be seen from example 7.3, roots of polynomials y(w) and 9(w) alternate 
among themselves and, consequently, the considered GS is stable; curves of functions 
p(w) and y(w) are shown in Fig. 7.17.* Construction of curves 9(w) and y(w) also 
permits judging of the margin of stability, which here can be characterized, e.g., 
by percent radio of the narrowest interval between roots to the widest adjacent 
interval [27]. 


c) Finding the Basic Relationship 


Between Parameters of a GS, 
Ensuring its Stability. 

The Mikhaylov criterion, 
like other criteria, permits us 
to find the stability of a given 


GS, for which all parameters are 





1 d. 
Pee Peake Investigation of stability of a GS hy ST ee 


the Mikhaylov criterion, In analyzing a GS there 





*From the curves in Fig. 7.17 it 1s clear that 9(0) > O and y(0) > O (see foot- 
note on p.47)- 
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1s usually posed the problem, for assigned basic parameters, to select values of 
certain other parameters (which can vary in known limits), proceeding from the 
gondition of stability of the system. For solution of such problems we apply special 
methods of isolating areas of stability, allowing us to select not only values of 
coefficients, ¢.g., of the characteristic equrtion of the GS, but also any of its 
other parameters, on which these coefficients depend. 

For isolating areas of stability and construction of boundaries of stability 
there exist different methods [107]. For a GS this problem will be considered 
subsequently for the case when time constants of control networks of the GS can be 
ignored, 

For the basic relationship between parameters of a GS, proceeding from the condi- 
tion of its stability, we consider the case when the amplifier time constant Ts is 
negligible, 1.e., we have a GS with a "fast-working" amplifier; liquid friction 
torques in suspension axes we still will ignore (ny le 0), For solution of this 
problem we use characteristic equation (7.3.7) of a closed-loop GS system, in which 


coefficients a, By» ssey @ are determined by relationships (7.2.80). If in them 


we 3et n, = M5 > O and the time constant of the amplifier amp = O, we obtain 
0 = HSK; a= 24, 41, 
a,= 4H; a= 2), IT, (Titan Be) 


a= 2d, »oK + 4°; a= 0 
Substituting (7.3.33) in (7.3.7) and considering designations (7.3.10), we have 


QJ, 17M + 2,1 + (24, ,n-+4H°T,)i* + 4H. + 2Hm =0, (7.3.34) 
.e,, @ characteristic equation of the fourth order, 
To determine the relationship between basic parameters, with which the GS is 
stable we use the Hurwitz criterion, In the case of a characteristic equation of the 


“ocrth order necessary and sufficient conditions of stability are the following [114]: 


@>0, a,>0, a,>0, a,>0, a >0; 


.[@, a, 0 
4,=/|a, a, a, 
0 a a, 


(¥235 25) 





=a, (2,4, — 4,4, )—aj>0 





Positiveness of coefficients ay, 4, ..-+, a, Of characteristic equation (7.3.34) 
's always realized. Regarding, however, the second condition (43 > 0), then, substi- 
‘ting in it coefficients aj, a, ..., a, from (7.3.33) and considering (7.3.10), 
+ obtair 


4H" ((2J,, n+ 4H°T,) 2J, 1,—24, 1,7 4H"|—2Hm 4? I >0 


cana 


49 





11 ae - ote ee 2 Ne MRE ee ete pe tae we “ Pete incase, ~ ee 


or 


2S) af fH +4), 1 H'T,— 41,17, — Sl Hm > 0, 


from which we have 
2Ha—Im>0 


or 
2H R 
G3: (7.3.36) 


This, we obtain the known condition of stability [47] of an active GS, first 
discovered in 1943 by V. I. Kuznetsov. From (7.3.36) it follows that if we disregard 


the amplifier time constant Tamp’ the electromagnetic time constant of the stabilizing 


of the same order or even less than Tom see example 7.1) does not 


motor To, ( p? 
influence stability of the GS. As for tne electromechanical time constant of the 
motor, which substantially exceeds its electromagnetic constant, it was considered 
by us (Par, 2b). Conditions of stability of a GS taking into account time constants 


7 and Tene were obtained by A. Yu. Ishlinskiy [47], and also A. N. Roytenberg [132]. 


mot 

The circumstance that electromagnetic time constant Dot of the rtabilizing 

motor (if here time constant Tamp of the amplifier 15 negligible) does not enter 

into the condition of stability (7.3.36), permits us to obtain this condition by 
mm 


simpler means, For case Thot = D = O we have a third order characteristic equation 


Cap) 
3 a 2, 2m = 
one +¥A4 Fe 


According to the Hurwitz criterion, for a third order equation conditions of 


stability have form [114] 
a,>0, a,>0, a,>0, a,>0 
as {% %) = 
“4s esl ood! 1a} 


Positiveness of coefficients Bor eee as of the characteristic equation is always 


Ciao ty 





realized, According to the second condition of (7.3.37) we have 
; s - 
Pot ns 


or aH 
ied 
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i.e., condition of stability (7.3.36). 
Let us find the influence on stability of a CS liquid friction torques in the 
suspension axes, and we shall limit ourselves tc calculation of friction only on the 


axis of stabilization; then, considering in (Ts 516) n, = 0, we have a characteristic 


. 


equation of the GS in the form 


a, mtn? , 8 2m _ 
Be +vi-+y 2H = 0, (7.3.38) 
According to conditions of stability (7.3.37), we obtain 
2H m 
hate Cte Si 30) 


from which it follows that increase of liquid friction on the spin axis of the frame 
(axis of stabilization) increases stability of the system; however, increase of 
eoerficlent of friction ny leads to increase of the external disturbing torque on the 
axis of the frame during oscillation of the base on which the gyrostabilizer is fixed. 
Therefore, such a method of increasing the degree of stability of a GS is unacceptable. 

We note one more important circumstance, Condition of stability (7.2.36) may 
also be used for selecting the tentative value of the gear transmission ratio yfrom 
the stabilizing motcr to the axis of stabilization of the frame. Considering 
(7.2.43), and also (7.2.49) and (7.3.10), we rewrite (7.3.36) in the form 

5 St 
Joyt ein ti, © 2H” (7.3.40) 

The best value of transmission ratio Trent from the point of view of guarantec- 

‘ng stability of a GS will be obtained, when the left part of inequality (7.3.40) 


reaches a maximum; then 


ri “nthe (7.3.44) 
a s 


However, such an approach is tentative and during selection of the most advan- 
hageous gear ratio one should also consider time constants of the control networks, 


This problem is considered in detail by A. Yu. Ishlinskiy [47]. 


i) Tsolating Regions of Stabtlity GS. 
Selecting basic parameters of the GS, besides the condition of stability (7.3.36) 


it is useful to lsolate regions of stability of the GS; here, for the characteristic 
third order equation of the gyrostabilizer it is possible to apply the Vyshnegradskiy 
‘tagram., The Vyshnegradskiy criterion permits one in simple and graphic form to 
reveal stability of a third order dynamic system, and also to select parameters of 
‘he system, proceeding from the condition of stability. 

Let us assume we have for the GS characteristic third order equation (7.3.11), 


{ch in general form we write thus: 


a}* + a)? +a+a,=0, (7.3.42) 


ol 


ay", a, =v, ms as |, 
on? s re a,= 1 (7.3.43) 


sw 
where 
‘ 
\ 
~ 


Let us replace variables, taking 


3 
emily =: (7.3.44) 


Then characteristic equation (7.3.42) is reduced to so-called normalized form: 
+ Aut + Bu+1=Q, (7.3.45) 


where Vyshnegradskiy parameters A and B are connected with coefficients of charac™er- 


istic equation (7.3.42) by the following relationships: 


A=s . B= _ ae : 
75 Ta (7.3.46) 


Vyshnegradskiy proved that the necessary and sufficient condition of stability 


is observance of inequality 


AB>1 (xa A>0, B>O), (iaactr) 


which we call the Vyshnegradskiy criterion of stability. 





Considering (7.3.46) we can rewrite inequality (7.3.47) in the form 


@,a, > @,,, Cf opo48)) 
coinciding with the second condition of (7.3.37). 
Substituting in (7.3.48) equality (7.3.43), we obtain the condition of stability 
of the @8. (7.3.36). 
Boundaries of stability are determined by equality a,a, = 8386 or 


AB = 1 (mm A>0, B>0). (7.3.49) 


This equality on the plane of parameters A and B (Fig. 7.18)is depictea by a 
hyperbola, called by the Vyshnegradskiy hyperbola. 







8 

6 The region of stability lies above and to the 

6 right of the hyperbola; the region between the 

4 hyperbola and the coordinate axes, for which 

3 a of stability AGof AB < 1 (when A > 0, B> 0), is the region of 
K 2 Region of instability Age! instability. 

1 Boundary ef stability Agel If we know parameters of the GS, by formulas 

0 , 2! 8 6 565 6 9 8 8 (7.3.43) and (7.3.46) we can determine 

Fig. 7.18. Vyshnegradskiy diagram. Vshnegradskiy parameters A and B, Plotting on 
“i the diagram (Fig. 7.18) the point with coordinates 


A, B, it is easy to find whether the GS is stable 


Sz 


or unstable; if the point falls on the hyperbola, then the GS is on the boundary of 
stability. Since in A and 13 there enter parameters of the GS, by the Vyshnegradskiy 
diagram, we very conveniently find the influence of individual parameters on stability 
at the GS and also select values of parameters ensuring its stability. 

Let us consider a numerical example. 

Example 7.4: Determine by the Vyshnegradskiy criterion stability of the GS, 
whose parameters are given in example 7.1; we have: 2H = 44107 g-cm-sec, I, = 
7821°10° g-cm-sec®, K = 8333-10° g-cm-amp, b = 55.36 amp-sec, e = 0.2222 1/ohm, S, = 
= 57.3 v/radian; ve 5719 1/sec* (example 7.2). 

Solution: 1. By formulas (7, 20) we calculate coefficients n and m: 


a = 6K = 55,36-8333- 10? = 4613-10! gecmoses, 
mm SyeK = 57,3-0,2222.8333. 10% == 1061-10 g-on/retian, 
2. According to (7.3.43) we calculate Bor Ay sees Bai 
m »», 1061. 10¢ 
Gg = v8 28719 
. 2H 44.106 
= vo ox §719 Vece 4, 
a 4613. 108 


me mm = = 163,51 
oe Ty 2821-108 pS craeet 


: a, = 1. 
3, We calculate the Vyshn ‘ridskiy parameters A and B by formulas 





= 1379-10? 1/s003; 


(7.3.46): 


163,5 


a = tS 
Te Y net 


B= ae i ee 
V ogi = 1.(1379. 108)" 


4, According to the Vyshnegradskiy criterion (7.3.47) 


= 3,16; 





= 2,14, 


AB = 3,16.2,14 = 6,76 > 1, 

..€., the gyrostabilizer is stable, 

Point M with coordinatesA and B we plot on the Vyshenegradskiy diagram (Fig. 
/.18); it is in the region of stability of the GS. 

With help of the same diagram, given the position of point M in the region of 
stability, 1.e., coordinates A and B, it is possible, e.g., for a GS with assigned 
‘H and I_ to select parameters m andn. As for selection of the position of point 

(A, B), we note the following. As it is known [1414], depending upon the position 

o the point on the diagram we obtain different values of the roots of characteristic 


-yuation (7.3.42), 1t.e., a different character of the transient. Vyshnegradskiy 
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comparatively smaller angular momenta. This is the basic advantage of introduction 


of derivatives in the law of control of the stabilizing motor. 


4, Transient Characteristic of a GS 





a) Construction of Transient Response a(t). 


During the analysis of an active-type GS of importance is determination of its 
transient response and basic performance indices during typical disturbance, for 
which we usually take a unit step input. Behavior of a GS in a transient regime, 
and namely its natural oscillation, for the case when time constants ant and T amp 
of the control networks are not taken into account and the characteristic equation 
of the closed-loop GS system is cubic, considered in Par. 2. 

It is interesting to construct the transient response and determine perrormance 
indices of the GS taking into account these time constants of the control networks, 
Since in this case motion of the GS is described by differential equations of compar- 
atively high order, for investigation of performance it is expedient to use methods, 
developed in the theory of automatic control, e.g., frequency nethods of performance 
analysis [107, 27]. The merit of these methods is that they are based on the same 
frequency-response curves, in this case of a GS, which were used by us in analyzing 
stability of the GS; their other merit is that these methoda are essentially 
graphoanalyiical and do not require calculation of roots, which is very important 
during the analysis of a GS, whose characteristic equation is an equation of the 
fifth or sixth order, 

In the frequency method of analysis of GS performance applied hereafter we used 
the real frequency-response curve of the GS. Let us write the gain-phase response 


(wm) of a closed-loop GS system, by analogy with (3.2.40), in the form 


© (Ju) = P (w) + (2 (w), Lig 2 22) 
where P(w) and Q(w) are the real and imaginarv frequency-response curves of the GS. 
Consequently, from the known expression for 6(jw) it 18 easy determined the real 
frequency-response curve P(w) of the GS. Knowing P(w), we can find the transient 
response a(t) of the GS with a unit step input, which is expressed by the following 
relationship [107]: 


@ 
3 P (a). 
“(4) ~+J <r sin wide (7.3.61) 
6 To determine the real frequency-response curve P(w) of a GS we consider the case 


when the GS does not have correction. Let us use expression (7.2.79) of transfer 
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tunetion b,4(s) of a closed-loop GS system on coordinate a with respect to a disturb- 


ing torque, applied to the axis of stabilization of the frame, 


®,,(s) = bss? + b,s* + bis + by 
; a@as® + ays + ays* -+ G38? + a8 7-0," 


where coefficients "os sees acs bes te aig bs are determined through parameters of the 


(ied.Ge) 


GS by relationships (7.2.80). 
By analogy with (3.2.37) the gain-phase response 44 (Jw) of a closed-loop GS 


system can be presented in the “orm 


©, (jw) a 200) +10 (u) 
u (fw) Saka hte (7.3.63) 


where, according to (3.2.38) and (7.3.62), for a(w), b(w), e(w), d(w) in the considered 


case we have relationships 
@(o) = b, — bw" 


6 (#) = b,o — b,w5 
€(e) = a, —aw* + aut 
d (#) = aw — ayw* + aw 


(7.3.64) 


The real frequency-response curve P(w) is expressed through a(w), b(w) ... by 
Some! (a, ee) ie. s 


Py (e) = @ (w)c(w) + (wv) d(w) 


Ata tape hed 


Subsequently, to determine transient response a(t) of a GS it is necessary in 
she beginning to c nstruct the real frequency-response curve Py 4() of the latter. 

Example 7.6: Construct the real frequency-response curve P44 (o) of the GS whose 
;arameters are given in example 7.1; liquid friction torques in the suspension axes 
ror simplification can be tgnored (n, an O). 

Solution: 1. According to example 7.1 for coefficients Bor sees a, we obtain 


she rollowing values; 
= 4663. 10° src secy a, = 1562. 103 2 ont neo's 
@, =e 1936-108 gorsec?s ag, = 7786.10 gom?see”s 
= 9989. 10s gon seo} a= 2031 gZom@neo”e 


2. According to formula (7.2.80); when No = oO for determination of 


coetricients Do» secrets bz we have expressions 
6, = 0, 6, 2/,.,(T, + T) 
, =2J,. 6, = 2/,. oT, Ty 

from which we find the following values of them: 


b, = 0; 
6, == 2-60 = 120 comse02 

b, == 2-60 (0,003 + 0,02) = 2,76 g-orsec3; 
6, = 2-60.0,003-0,02 = 0,0072 momsec, 


o9 


= ee a ee oe Aen YS ten ewe emcee ~- - _ 


3. By formulas (7.3.64) and (7.3.65) for different w we calculate 
corresponding values of P,,(w); with the obtained data we constructed a graph of 
P, 4 (w) (Pig. 7.21). 

By the shape of curve P,,(w) with the help of special rules developed in automatic 
control theory [107], it is possible to judge the character of the transient response 
a(t). Thus, for instance, the final value of unit step respor.se a(t) in a steady 
state is equal to the initial value P44 (0) of the real frequency-response curve, i.e., 


static error of the GS will be 
@ (co) = a,, = P,, (0). (7.3.66) 


Directly from formulas (7.3.64) and (7.3.65) for w = 0 we have: a(0) = bp, 


b(O) = 0, c(0) = A>, d(0) = 0, and, consequently, 
Pud= 2. (T5267) 


If we do not take into account friction torque in the axis of precession of the 


gyroscope (n, = 0), by = 0 [see (7.2,80)], and 
Gey = Py, (0) = 0, (7.3.68) 


i.e., the gyrostabilizer with respect to disturbance along the axis of stabilization, 
when we disregard friction in the axis of precession, can be considered an astatic 
system, similar tc a readout-type free gyroscope. When we allow for friction in the 


axis of precession, according to (7.2.80) and (7.3.10), 


r= Puhr, (7.3.69) 


i.,e., the GS is a static system in this case. 

Example 7.7: Determine static error of a GS due to liquid friction in its axis 
of precession during application of a unit step input fy = 1 kg-cm to the axis of 
stabilization; the GS has the parameters given in example 7.1; the coefficient of 
liquid friction in the axis of precession No ™ 50 g-cm-sec, 

Sclutiont By formula (7.3.69) we find 


“er SHm 4-10" 1081-108 


is negligible. Consequently, a GS without correction can be 


10* -- 1,07. 1078 radian, 


i.e., tne value of o tat 
considered an astatic system, 

By curve P,, (w) it 1s possible to judge other properties of transient a(t); 
these properties are expounded in detail in courses on the theory of automatic control 
(see, e.g., [107]). 


Using curve P,4() of the real frequency-response of the GS, it is possible to 
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approximately construct transient response a(t) of a gyrostabilizer with the help of 
a model trapezoidal frequency-response curves [107]. For this, curve P44 (w) (Fig. 
7,01) 's divided into trapezoids, 1.e., in the considered case it is ‘eplaced by 
eight trapezoidal frequency characteristics. For each of these characteristics with 
Paty), Ped/x-om the help of a special table 


(1454] we construct the 








an 
corresponding unit step 
response a,(t); algebraic 
summation of ordinates of 
curves a, (t) gives curve 
a(t) (Pig. 7.22) of the 
3 7 Vsee 
f a uu 4 “ os 6 " a ae transient response of an 
Fig. 7.01. Real frequency-response curve P,,(w) of 
5 Ge 41 active GS, 
From the curve it 
oc. follows that the transient 
response of a GS during a 
unit step input along the 
axis of stabilization con- 
sists of damped oscillations. 
Sig. 7.22, Curve of transient response a(t) of a GS. HAveROH OF Shs vane tent 


response, i.e., control time ty 1s approximately 0,3 sec, which is fully acceptable. 


ont 
Besides the given method for calculations of a GS, in particular for estimating 

performance and selecting a series of parameters, we construct logarithmic amplitude 

tharactertstics of the GS [4]. Such a method is especially convenient during solution 


r problems of synthesis of GS's, i,e., during selection of its basic parameters. 


) Influence of Dry Friction Torque on the Frame Axis of a GS. 


Let us turn to consideration of a more complicated case, considering dry friction 
torque on the axis of stabilization of the frame; control of the stabilizing motor, 
also before, we assume to be linear. The presence of dry friction in the axis of 
stabilization, characterized by a nonlinear law of change of friction torque as a 
runetion of the angular velocity c of gyroframe rotation, affects the character of 
the transient response a(t), and under certain conditions it may cause stable periodic 

sci lations of the GS, i.e., its natural oscillations. Of greatest interest is 
‘nvestigation of natural oscillations of an active-type GS. For solution of this 


::0blem i is possible to uge the method of approximation, e.g., the method of 
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harmonic linearization of nonlinearities (144, 115], applied earlier (§ 6.3, Par. 3d). 
Being interested in natural oscillations of the GS with respect to angle a of 
gyroframe rotation, we write the differential equation of motion of the GS in operator 


form [p = a » using expression (7.2.79) of the transfer function of a closed-loop 


t 
GS system: 
(a,p* + a,p* + asp? + a,p* + ap + a))2 = 8:7) 
=z (bp* + 6,p* +-b,p =- 5g) f(t), oa 
where f,(t) — disturbance, applied to the axis of stabilization; 


Ror veer Be» Dos Sas dz ~ coefficients, determined by relationships (7.2.80). 

As f,(t) we take the dry friction torque on the axis of stabilization of the 
frame. Then, taking into account (7.2.34), for the case of a nonoscillating base 
(6 = O), we have 


AW = M,, =—K, signi. (Ta b.74) 


Substituting (7.3.71) in (7.3.70), we obtain a nonlinear differential equation 
for variable a 
(a,p* + ap' + o,p?-+ a,p* + a,p + a) = 
= — (byp* + bap" + bip + by) K, signa. 


For investigation of natural oscillations of a GS we use the method of harmonic 


(Tesige) 


linearization of nonlinearities [114, 115]; then we shall seek periodic solution for 


variable a, by analogy with (6.3.63), in the form 


c= a,sinw,!/, (ie get at) 
where Qoer and rer are amplitude and frequency of the sought periodic solution, 
In accordance with the method of harmonic linearization of a nonlinearities the 
assigned nonlinear function, for instance F(x, px) of variable x, is replaced by an 


expression of form 


Pls, px) max + © px, (7.3.74) 


where q and q! are coefficients of the harmonic linearization. 
In the considered case for nonlinear function Ky sign a, according to (7.3.74), 


we have [115, p. 226] 
K ,sign px = £ pa. (epi) 


Harmonic linearization of nonlinearities of form Ky signa (Fig. 2.21a), if 
we consider that friction torque for a = O instantly changes sign, is carried out 
just as for an ideal relay characteristic of correction (Fig. 2.18e). Then, by 


analogy with (6.3.64), for the coefficient of harmonic linearization q'(a___) we 
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per 


obtain 


a! (04) = St, (7.3.76) 


Substituting (7.3.76) in (7.3.75), we have 


sant Chek. TT.) 


“1d equation (7.3.72) will take form 
(ap? + agp! + ayp* + ap" -+ a,p + a,)2 = 
—— aot + bat bp + ba Se 


fare (ect a tie oe (a bike) ps + 


4 
+(4+62% ante) + (a + by ne -) p+ a Ja =O. 
The corresponding characteristic equation will be 


a, +.(a, + 6, andy) + (as +b, AMe =) d? + 
+ (a+b ele) ttn race, ey 


Replacing A by jw, we rewrite (7.3.79) in the following manner: 
: 4 
a,jut + (a, + bs cant) — (0 tox canes) in? — 
o ue 


“pine tn iave 


To find a periodic solution of equation (7.3.72), presenting equation (7.3.80) 





(7.34.20) 


.n the form 


X (w) + ¥ (v) = 9, (are 
it is necessary that by virtue of the Mikhaylov criterion [114] for w = Over and 
a= @ conditions X(w) = O and Y(w) = O are simultaneously satisfied (the Mikhaylov 


per 
surve should pass through the origin of coordinates), This gives two equations* 


X(o,, 6,) = 0, Y(,, a,) = 0, (Tate SO) 


rrom which we determined unknown frequency er and amplitude Boer of the sought 


pertodic solution of the considered equation, 


Separating in (7.3.80) the real and imaginary part, we have 





Xo) = (04 + bs zaass) et (21 +5 za, 4Ky Let + a, Gorn 


Y¥ («)= ayu' — (a, + by ata? + (a =. byt) w 


“Equoitties (7.3.82) follow obviously from equation (7.3.81) by force of 
Ki-wn , Properties of complex numbers, 


from which, according to (7.3.82), we obtain two equations for determination of 


frequency w and amplitude a 


per per’ 


ao! + at — o—a,u? — 6, tw, +a, = 0 Sih, 


4K 4K 
G05 — a,0, — 6, = wf + 4,0, + 6, pe 0 


These equations also permit us to determine the dependence of amplitude and 
frequency of the periodic solution on each parameter of the system with constant 
values of other parameters. 

Natural oscillations correspond to a stable periodic solution. Therefore, 


determining er and Qner’ it is necessary to check stability of the corresponding 


periodic solution (7.3.73). For this we use, e.g., condition of stability (6.3.79), 


in which partial derivatives ox ; gy ... are found from equations (7.3.84) 
& oer fer 


by substituting in the latter values of coefficients Bos sees ac» Dos yan d, from 
(7.2.80). Solution of this problem, carried out by the same method as is used in 
§ 6.3, Par, 3d, can be carried out by the reader independently. 

However, in not all cases does dry friction in the axis of stabilization cause 
atable periodic motions, i.,e., natural oscillation of the GS. Consider a gyrostabi- 


lizer, for which time constants Tot and Tamp of the control networks are negligible. 


In this case, according to (T2890) for coefficients Bos sees 8, and Do» Severs b, we 


have the following relationship (liquid friction torques are not considered): 


Oy = Hm, a= 4H"; a,= 2), ni a= 2, 1; 
a, =0; a, = 0; | (7.3.85) 
= 0; bm 2d. os ng = 0; 6,=0 


Substituting (7.3.85) in (7.3.84), we obtain equations 


—2/,. ator — 2) ey + 2Hm = 0 
(7.3.86) 
—W. le aire =0 


r.8 4 @. 
from which we find the frequency 


2H 
e, = (7 3s OF) 
J, ol, 


and amplitude 





yf 
ly (7,288) 


of periodic solution (7.3.73); here Oper coincides with the frequency v of nutation 
oscillations of a free GS [see (7.3.9)]. Using condition (6.3.79), it is easy to 


show that in this case (for Eee = ae = 0) the found periodic solution (7.3.73) is 


Pp 
unstable, i.e., natural oscillation of the GS are absent. Here, the presence of dry 
friction in the axis of the frame will promote damping of natural nutation oscillations 
of the GS. From the given example it follows that dry friction in the axis of stabi- 


lization does not under all conditions lead to natural oscillations of a GS. 


c) Influence of a Nonlinear (Relay) Law of Control of the Stabilizing Motor. 


In order to analyze the influence of a nonlinear law of control of the stabi- 
lizing motoy, we assume that the signal pickoff (Fig. 7.2) is a compenent with an 
ideal relay characteristic (Fig. 7.23), 1.e., voltage taken from it is expressed by 


nonlinear relationship 
U = —U,f (3). (7.3.89) 


where Vg — d-c voltage at output of the signal pickoff, and nonlinear function f(Bp), 


by analogy with (2.3.18), has the form 
when 
fG=|t a8 
— 1 when 3<0. 
Voltage U from the signal pickoff enters the amplifier (Fig. 7.2). The differ- 


(7.30) 


ential equation of the amplifier (7.2.51) upon replacement in it of U by relationship 
(7.3.89) will be 


T,U, + U, = —kU, f (3), 


or, if we disregard the time constant Tamp of amplifier, 


Uy + kU f(A) =0.. es 
If we disregard time constants of the control networks and do not consider 
friction in the suspension with a nonlinear law of control of the stabilizing motor, 
equations of the GS are determined by system (7.3.12) on the condition of replacement 


in it of the third equation by expression (7.3.91); then 
1a +2Hb—Ki =0 


2J, ,§—2Ha =0 
(Taos 92) 
i+bi—U,=0 
Ia + 2H8 + bKi + ekKU,f (3) = 0 
(Te3-93) 


QJ, §—2Hz = 0 
6 


eo ee AEM, rey ae 


am e— [Ucon cask ds (76) 
Disrcgarding, with a small value of interval of time t, changes of K and 9, we 
obtain 
a = a, — Ut cos; cos K, (7.4.7) 
and error of the GS, in this case due to rotation of the earth, will be 
a a —Utcos¢cosK, (7.028) 


i.e,, we have the velocity of the error GS.* 
With enother location of the axis of stabilization of the frame in sc" may include 
the vehicle velocity. Thus, if the axis of stabilization coincides with Of, instead 


of (7.4.5) we have 
t 
een | Gee CF ie 


According to (1.2.32) Ue = -U cos o sin K - Y and, by analogy with (7.4.8), 

for constant o, K and v, we have: 
af m (Uicos 9 sin K + zt (7.4.10) 

To eliminate thes velocity errors of a GS, i.e., to maintain the stabilized 
vehicle ‘n constant position, e.g., with respect to the plane of the horizon, it is 
necessary to introduce correction, 

Above we considered the influence on a GS of induced angular velocity Uys AS 
for the angular velocity Up of rotation of the system of reference Of nf around axis 
Of, or the axis of precession 0,x, (Fig. 7.2), on the basis of (7.2.48) it follaws 
that a two-gyro stabilizer is insensitive to it. A single-gyro stabilizer, as can 
be seen from (7.2.19), is sensitive to angular velocity Up» the presence of which 
causes t stabilic.ng motor to switch on; this ensures perpendicularity of axis Oz 
of the gyroscope (Fig. 7.2) to the plane of the frame during its turns about axis Or. 

Without correction error of the GS will also be influenced by disturbing moments 


along the axis of precession, for instance, friction torques, 


3, Errors of a GS with Correction 


To eliminate errors of the GS, considered in Par. 2, and also other position 


“The term "velocity error" of a GS, as for a free astatic gyroscope, is conven- 
tional, since this error 1s a consequence of "visible" drift of a GS without a correc- 
tor in reference to the earth's coordinate system, 1.e., a basic property of a free 
gyroscope, 
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errors of the frame there is applied a system of horizontal correction, which is 
based on use of pendular correction, analogous to that applied in a vertical gyro or 
! that carried out by means of shifting of the centers of gravity of gyroscopes 
relat‘ se to their geometric centers in the equatorial plane (§ 7.2, Par 2b). However, 
even with this horizontal correction there can occur (depending upon the character- 
istic of the applied correction) GS errors both due to rotation of the earth and 
vehicle motion, and also to disturbing torques about the axis of precession. 

To determine these errors we consider the case when in the GS there is applied 
correction of pendular type. Considering the finding of error in coordinate a, i.e., 
{n the angle of rotation of the frame, w2 use the second equation of system (7.2.42), 


ret -cting in it inertial term 2J. . B (since, by analogy with the preceding, for 
de 

detecting steady-state moticn of a frame it 1s possible to limit oneself to analysis 

1’ dts basic precessional motion). Replacing in (7.2.42) the liquid friction torque 


nf by the dry friction torque Bs sign & [see (7.2.33)], we have 
2H (a+u,)+Sa= 1%, (t) + K,stenb + f,(d. (7 Aa) 


Considering designations, analogous to (2.3.5) and (6.2.12), we rewrite (7.4.11) 


‘n the form 


Ct yt = — uy + yy, (t) +A K,stenh + hfe (t), ee tates 
where 
S, 
- 3 (Cia 


‘5 the srecific velocity of horizontal correction, and coefficient Ky is determined 
ny relationship 


i 
h=o- (7.4.14) 


From equation (7.4.12) it follows that disturbances from oscillations of the 
rrecting pendulum x4 (t) affect the frame through the correction system, in distinc- 
‘fon from friction torques Ky sign & and other disturbing torques f(t) on the axis of 

“recession, which affect motion of the frame directly. 


Introducing, by analogy with (6.2.12), the time constant of correction, 


ea (7.4.15) 
T a 
we rewrite equation (7.4.12) itn the form 
Tatas —Tu, + 4,(t) +4,7K,sign3 + AT Sf, (0). (7.4.1") 


Let us find the transfer functions or the GS on coordinate a with respect to 


Leturh: x(t) on the part of the correcting pendulum and with respect to 
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eg =: » he, ameoos adh a . 


disturbances f(t), directly influencing motion of the frame. 
According to (7.4.16) we have 


07 (3) = 20 





ni) = Ts+1' (7.4.17) 
a e(s) ies kT 
Sal) hh) =o Ts 41" (7.4.18) 


1.e., in this case the frame is considered an aperiodic network, 

Let us note that in obtaining expressions (7.4.17) and (7.4.18) we did not 
consider the amplifier time constant T amp and the electromagnetic time constant of 
the stabilizing motor Tae? which, as will be shown later, sare small as compared to 
the time ccnstant of correction T. Furthermore, we did not consider inertial terms. 
Expression (7.4.18) can be directly obtained from general formula (7.2.78), if in it 
we set Jee = 0, do not take into account liquid torques in the suspension axes 
(n, = ny = 0), and do not consider work of a stabilizing motor (K = 0), 

Comparing formulas (7.4.17) and (7.4.18) with expressions (6.2.16), we see that 
transients and static errors the frame on coordinate a (if we consider motion of the 
frame only under the influence of correction) will be the same as for a gyro vertical 
with a linear characteristic of correction (§§ 6.3 and 6.4), Therefore, we only give 
certain formulas for static errors of the GS. 


To determine static errors due to rotation of earth and vehicle motion will 


assume in (7,4,16) that X4 * Ky - fy = 0; then 
Te+a=—Tu,, (7.4.19) 


from which for static error we have 


a — Tu. (7.4.20) 


If the axis of the frame is set parallel to the longitudinal a:is of the ship, 


then for the case considered in Par, 2, Uy = U cos @ cos K, and 


et, = — TU cos; cos K. (7.4.21) 


In formula (7.4.20) for static error of a GS due to rotation of earth and 
vehicle motion we did not consider error Xq Seat of the correcting-pendulum, caused 
by the same factors, Taking into account Xq ,.,; according to (7.4.16), instead of 


equation (7.4.19), we obtain 
Tatse—Ta + tiep (7.4.22) 
whence 


ac = — Tu. + Foe: (7.4,23) 
Wn 


Expressions for X4a¢,; were given in § 4.5. 


We shall determine static error of a GS due to dry friction torques in the axis 


of precession, Considering in (7.4.16) that uy = 0, x4 * @; f, = C, we have 


Ti 4-4 =k, TK, sign (7.4.24) 
or, considering designation (6.3.19), 
Ta + 2 = v7 sign3; (7.4.25) 
tie last equation, by analogy with (6.3.21), we rewrite in form 
Tata=+ yl, (7.4.26) 
from which we find static error due to friction 
ar = + aT. (i Ae7) 
Analogously we can determine static errors of the GS due to other disturbances 
f.(t) to the axis of precession. Furthermore, with accelerations of the vehicle the 
sorrecting-penciulum will have deflections X4(t), which through the system of correc- 
tforn will also cause corresponding static errors of the GS, 
Example 7.9: Determine static errors of a GS due to rotation of tne earth and 
Triction in the axis of precession, Magnitude of the friction torque Ky = [Mp | = 
= * gecams; course of ship K = 0°; latitude 9 = eo. Parameters of the GS are taken 
from example 7.4. Horizontal correction of the GS has a mixed characteristic (Fig. 
'.48t)3; range of the linear section of correction from -§ to +% is 0.5°, tle,, angle 
Fapil se 0, 25°; maximum value L, of the modulus of the moment of correction on a constant 
section of characteristic Ly = 96 g-cm, 
Solution: 1, Steepness Ss of the proportional section of the correction 


characteristic we determine by formula (2.3.14): 


L, 96.87,3 
= os oo 22 aon/red, 
* @ 0,25 ay J 


2. By formula (7.4.13) we calculate specific velocity of correction 


S, 22000 


fy = — =o = 0,05 Lfseo. 


3H 4-108 
3, According to (7.4.15) we find the time constant of correction T: 
I i 


T es — ow ——— = 2 100. 


0,05 
4, Using (7.4.21), we calculate static error of the GS due to 


rotation of the earth: 
ef, = — TU cos¢ cos K = — 20-7,29- 10-8. 1.1 = — 1,458-1073 naa, = — 5’, 
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oe eR pe ae eee - + es — - 


5. By formula (6.3.19) we find coefficient Ts} 


K § 
an ———— gs | = 8 sec. 
we oH - 44.10" 014-10—° 1/s00 


6. According to (7.4.27) we find static error of the GS from friction 
along the axis of precession: 
oF oe + HT a 1,14 10- 5.20 mm ¢ 22,8-10-5 ras, = + 08. 


From example 7.9 it follows that error aves can be substantial; since this 


error is systematic, in principle it can be compensated (§ 6.4, Par, 2b). The time 
constant of correction T considerably exceeds time constants cat and Temp (example 
7.1) of the GS control network. 
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§ 7s5. Dynamic Errors of. a.Gs 


1. General Characterization of Dynamic Errors of a GS 
Acreuracy of an active-type GS ts found by means of investigation of its error 
‘n ivnamics under concitions of continuously varying external disturbances, which 
normally have a random nature. Therefore, dynamic errors of a GS are random fiunetions 
of time, for analysis of which it 1s necessary to apply probability methods. Conse- 
quently, calculation of dynamic errors of a GS should be reduced to determination of 
thety probabiltty characteristics. 
)f greatest interest is finding of errors of the GS with respect to coordire ‘« 
a, I.e., in the angle of rotation of the gyroframe about its axis of stabilization, 
However, Por complete characterizaticn of the behavior of a GS in dynamics it is 
aiso \.seful to determine possible values of angle B of rotation of the gyroscope 
stout the axis of precession, 
rynamic errors of a GS basically include the same errors as for astatic gyro- 
‘ropes of readout type with correction. If we take into account mainly disturbances 
along the axis of stabilization, then for the case considered earlier of location 
of it parallel to the longitudinal axis of e ship, subject to rolling, as such dis- 
‘.rbances one should consider: 1) moments of inertia of the armature of the stabi- 
Lizing motor during rolling of it through gear transmission (Fig. 7.2) by the frame 
caring rolling of the ship; 2) friction torques in the axis of stabilization; 3) 
resisting torq.es (damping), zaused by counter emf induced in the motor armature 
ring rotation of the motor stator together with the deck of the ship during its 
rolling; 4) torques, transmitted to the frame through the system of horizontal 
rreeation and caused by rolling disturbances on the correcting pendulum, 
“alc.lation of dynamic errors of a GS from the above-indicated disturbances we 
ypinet in a linear plan, considering the law of control of the stabilizing motor to 
te linear, eonsidering liquid friction torques in the suspension axes and taking a 
‘tnear characteristic of the scheme of horizontal correction of the GS. When neces- 
sary we can find dynamic errors of a GS taking into account possible nonlinearities 


uy the same methods as were used in Chapters 5 and 6, 


2. Errors of a GS Without a Corrector 
Let us first determine errors of GS which has no corrector, in conditions of 
rren.. ar rolling of the ship; here we shall consider deflections a of the frame with 
-am tt to the axis of stabilization, and also angles 8 of rotation of the gyroscope 


out the axis of precession. Such errors of a GS we shall find during disturbances, 


7 


eo 


of indicated above in Par. 1 by figures 1-3. 
During calculation of probability curves of errors a and B in dynamics we dis- 


regard small time constants Taek and Tat of GS control networks (example 7.1), since 


P 
they usually very insignificantly affect forced oscillations of the GS. Furthermore, 
we shall not consider liquid friction torques in the axes of precession (n, =.) 

To determine probability curves of errors a and 6 in dynamics we use the general 
equations of motion (7.2.69) of a GS on an oscillating base, considering in them, 
in accordance with what was said above, that no ™ _ = O, So = O, Tot = Tamp = O, 


a O, tf, = fo = O, Then one can present these equations in form 


1a + 2H} +na— Kiet +n 


2J, }—2H2 =0 
d— 2H =0 eens 
U, + 5,8 =0 
i+h—WJ, = 
Designating, by analogy with (753440) 3 
nun, +6K, m=SeKk, (7.5.2) 
we rewrite (7.5.1) in form 
Ja + 2H3 + na + mi = t6 +8 
(755) 


J, §—2Hi=0 
After very simple transformations we present equations (7.5.3) in operational 
form (: = &} 
eal P+ 2d, apt + 4H%p + 2Hm) 2 = 
= (24, ,tp + 2J,, apt) 8 Res 
(2, fp" + 24, np* + 4H%p + 2H) 3 = (2Hip? + 2Hnp) 6 


(2/ 


Applying to (7.5.4) the Laplace transform, we obtain expressions of transfer 


functions ®. ,(8), and o, ,(8) of the GS in form 
a,@ B,@ 


o ju 2 ey. (7.5.5) 
Oh OG) My hah + 2, ast Ais + Bm * 


® (5) =x 20) 8H (if + ns) (75.6) 
BOO) 8, hte 24, ast + Hs + Hm 


Let us note that we can obtain formula (7.5.5) from the general expression 
(7.2,89) of transfer function , g(8)> if in it we assume for the considered condi- 
s 
tion n, + bK =n, So = O, Ny ™ 0, 
By analogy with (7.3.25) we introduce designations 
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2, sl, 2), a [ie 
The RT = = =r] (7.5.7) 


Then we can present (7.5.5) and (7.5.6) in form 





The ass 4 av) 
© (s es I, ‘ae (FO. 8) 
ue r v4.7, wts+—— : 
at 9H 
A st +0) 
2H 
0,,4(s) = ———24#@_ (7.5.9) 





Teh ter, sitet 


We recail (§ 7.3, Par. 2b) that T — time constant of gyroscopes and the 


mot.g 
stabilizing motor, 1.,e., the reciprocal of the frequency v [see (7.3.9)] of natural 
nutational oscillations of a free GS. 

Let us find mathematical expectation a and B of errors of the GS. By analogy 


with (4,6,4135) we have 
a=, (fo) | - 8 (7.5.10) 
F=o, ,(/o)|,- 8, (7.5.41) 
where >, 9 (Ja) and 9 (Jw) — gain-phase responses of the GS, determined by means of 
replacement in (7.5.8) and (7.5.9) of s by ju. 
Since 6 = 0 [see (2.1.34) ], 


e=f=0. (7.5.48) 


Let us note that the same result is obtained when 6 # 0, since, according to 
18) wd Cho. S) 5 (I) | eo =O, eq g( JH) | ym = 0, 1.e,, a GS without a cor- 
reator constitutes with respect to rolling disturbance 6(t) an astatic system. 

Let us turn to determination of uispersions D[a], D[®] of random functions a(t), 
a(t); for this ditch we first find expressions of their spectral densities S,(w) and 
git). Ry analogy with (7.6.47) we have 

+ (2 
S,(©) =|, , (ir) |S, (), (7.5.13) 
2 
S,(0) =|, Uo) ?Sy(o), 


where S,{w) — spectral density of angle of roll of the ship. 


(7.5.44) 


As an example we give the final expression for S,(@). According to (7.5.8) we 


vind the relationship for a, (Je) | 


|, 0G) = 
Tas ens ptat (7.5.45) 
' : 


I a aN ea 


{ 16 2 3 2 3 
Ty — 27; , (I — 2s (IGT, mane i 
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in which Me and be are defined in coefficients (7.5.33) of general relationships 
(7.5.26) ana (729:2T). 
For the mean quadratic value op of angle 6 we have 
= D[p} . 

Example 7.12: Calculate the mean quadratic On and maximum Bn value of the angle 
of deflection of gyroscope with respect to the axis of precession for a GS, working 
in conditions of irregular rolling of a ship. Parameters of the GS and conditions 
of rolling are the same as in example 7.11, 

Solution: 1. By Yormulas (7.5.34), (7.5.26), (7.5.27), and (7.5.35) we fina 
dispersion D[B]: 


M, 
Dp} = —* = 0,1408. 
9a, 4, 


2. We determine the mean quadratic value Op of the angle of deflec- 


tion of the gyroscope: 


a= V Dip} = V 0,1408 =: 0,3752 radianss 245° 


3. For 2 = 3.3 (see example 7.11) we calculate the maximum value £.: 


by m 16, — 3,3-21,5 = 70,95° 
The obtained value of Ba considerably exceeds quantities encountered in practice. 
This is connected with the fact that parameters of the GS adopted in the example are 
not the optimum one, corresponding to a real stabilizer. 
An analysis of errors of a GS in conditions of irregular rolling of a ship, 


carried out by methods, close to those used above, is given in [130]. 


3, Errors of a GS with a Corrector 

To determine dynamic errors of a GS with 3 corrector, besides the disturbances 
on the frame o* the stabilizer in conditions of irregular rolling of ship considered 
in Par, 2, it is necessary also to take into account torques, transmitted to the 
frame through the system of horizontal correction and caused by rolling disturbances 
to the correcting-pendulum, or torques, caused by displacements of the centers of 
gravity of gyroscopes during use of other type of horizontal correction for the GS 
(§ 7.2, Par. 2b). Subsequently, we shall consider a scheme of horizontal correction 
of a GS using a correcting-pendulum, and we shall limit ourselves to determining 
error of the GS in coordinate a, i.e., in the angle of rotation of the gyroframe, 

To find probability curves for error a in dynamics we use the general equations 
of motion (7.2.69) of a GS on an oscillating base. With the same assumptions as 


were shown in Par, 2, but for S, # O (the GS is equipped with horizontal correction), 
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disregarding time constant T of the correcting-pendulum, it is possible to pre- 


pend 


sent these equations in form 


lat 2Hit+ni—Ki=t6i ns 
2s, 8 —2Hz —Sa=—Sy, 
1, =— Azo (7.5.35) 
U,+S3=0 
i+bs—eU, = o4 


Introducing designations (7.5.2), we obtain 


ee (7.5.36) 


2), , B—2Ha —S,2 = k25,8 
from which it is easy to find the equation for coordinate a, which in operational 


form we can present as follows: 


[24.. ofep' + 24,, no" + AH'p' + 2H (S, + m)p + mS:] a= 


m (2/, toi + (27, an — 2Hk2S,) p'—kzmS,p"| 6. fats ar 


Applying the Laplace transform to (7.5.37), we obtain the expression of the 


transfer function of the GS, %, gS) in form 
’ 


2J,, bs + (24, .n — 2HkzS,) s* — hemS,st 


® ,(s)= 
«0 (8) 24, gf 88 + 2d, yas + 4H7s’ + 2H (Sp +m)s+ mS, | 


Let us note that (7.5.38) can be obtained from the more general expression 


Pe ere st 


(7? @, 82), if in dt we set n, = 0 and consider designations (7.5.2). Transfer funet ior 
.3°) differs from (7.5.5) by the fact that in it there 1s considered horizontal 
‘rrection of the GS. Actually, considering in (7.5.38) Sy = O, we obtain relation- 

Bl 67x GaSe). 

Ry anelogy with (7.5.10), we find that also with correction mathematical expec- 
ration a=. ‘This is valid for the given case, when the mean value of the angle of 
‘Tsplacement @4 of the correcting-pend:tum in the plane of the frame is taken equal 
Lo Zero, 

Spectral density 8, () of random function a(t) will be determined by exp-zession 

0,43), if in it as the gain-phase response 9 (Jo) we use (7.5.38), replacing 


s by gw. For dispersion D{a] we have relationship (7.5.19) 


D{a|= ats, Gdn af [%,, (jn) |? S, (v) do, 


R3 


This integral can be calculated by the same method as was applied earlier 
(Par, 2) in calculating dispersion of random motions of the GS, Letting the reader 
determine D[a] independently in the form of an exercise, we shall limit ourselves to 
consideration of random motions of a GS with a corrector, proceeding from precession 
theory. Eliminating in the second equation of (7.5.36) the inertial term 23 6 Bs we 
obtain the following differential equation for the angle ay of defleztion of the 


frame due to rolling disturbance of the ship on the correcting pendulum: 


: oe 2 iG 
2Ha, + S,2, =— S,f26, (7.5.40) 

wh'ch permits us in the framework of precession theory to find in the first approxi- 

mation the influence of random motions of the pendulum on deflections of the frame. 


Considering the third equation of system (7.5.35), we rewrite (7.5.40) in form 


2Ha, + Sa, = Syy, (¢), (7.5.44) 
where 
X(t) =—hz28(¢) (7.54) 


1s a random function, characterizing oscillations of the correcting pendulum in the 
plane of a rib of a ship during rolling. 
Taking into account designations (7.4.13), analogously to (7.4.15), we present 


(7.5.41) in the following manner: 


Ta, +0, = 7, (4), (7.5.44) 
where T — time constant of horizontal correction of the GS. 
Let us note that equation (7.5.43) 18 analogous to (7.4.16), if in the latter we 


set Mae OC, Ky = O, f, = O, 1.e., consider only motion of the gyroframe under the 


2 
influence of disturbances of the correcting pendulum during rolling. 
Let us determine the probability curves of random motions a,(t) of the GS. Since 


2 = 0}. then x, = 0; then, according to (7.5.43), upon completion of the transient 


response, 
«, = 0, (7.5, 44) 
To find dispersion D[a, ] it is necessary to know transfer function ee x f(s) in 

LOSS, 


coordinate a, with respect to disturbance x, (t). Proceeding from (7.5.43), by 


analogy with (7.4.17), we have 


@. . (s) (755.95) 


1 
oye ™ Ts+1" 


1.e., in this case the GS is considered an aperiodic network. 
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The corresponding gain-phase response oy jw) will be 


axae! 


! ’ Z 
®,, Ue) = (7.5.46) 


Apectral density S| (») of random function a,(t) will be determined by relation- 
a 





ship 
oi? 
S. (w) =|, , (jv) [S, (©). 
2 (0) = 1%... 2, Godly (7.5.47) 
For |? (mm) 1®, according to (7.5.46), we nave formula 
4 9X4 
3 1 G 
"== —————, Netees 8 
19, Gad a (7.5.48) 
Spectrel density By (w), considering (7.5.42) and (2.41.84), we can present in 
ae 
form 
S,,(o) = h72°S {w) = BP2tetS (ws) (7.5.49) 


or; Beconding to (7.1.55) aiid (248256), 
2A ou. 7267.44 
S, @) = — ———., (7 6050) 
oe + Jaw + 6) 
Where a, and vf are determined by relationships (7.5.17). 
Substituting (7.5.48) and (7.5.50) in (7.5.47), we obtain 
2,252 4 
Soe eee (7.5.54) 
Tet+1 8 o! + 2aye? + of 





Let us find the expression for dispersion Dia, ]: 


D(a] = 2f S, (w)do (Fo 5?) 
or, taking inte aécount (7.5.51) 
i 1 Bw 
2 {a,] = — ————— ———_+—— du, {7 6 E32) 
| li | Te? + 1 wo + 2,07 + of, aoe 
where 
B, = 1Ayp Jz", (7.5.54) 


b4 is replaced by b5, and, accordirg to Cr ape ltyy 


P' 
S$ 8 pos 
6 = py +2). Te os we 

Determinetion of Dia, ] can be reduced to calculation of a tabular integral of 


“orm (4.6.71). For this we present (7.5.53) in the following manner: 
| 





fees en 
D{a J= — j du. 
= —« KTj~ + 1) («7 — 24,j0 — 62) (7.5.56) 


Integral (7.5.56) can be reduced to form (4.6.71), 1f in (7.5.56) we consider 


RD 


'- - tee ee 8 a. TT ee ee ee 


the numerator (multiplied by Jj) equal to G(w) » and the term in the denominator of 


this e»presston under the sign of the modulus, equal to H,(). Then, in accordance 


with (4.6.72) and (7.5.56), we have for coefficients a, ... and by) ... the following 
formulas: 
a, = 7); b = By 
a, =—(2,+6,7)j; bs =0 
: aaa) 
a,=—b,,; 


Considering the known expression of integral I, (153] in coefficients Ags eens Oa 


and bos ..+, Do, we obtain a formula for D{a, ] in form 


ES — Seti 
Didi ee (7.5.58) 


2a (6483 — 2,03) 


Substituting (7.5.57) in (7.5.58) and taking into account (7.5.54) and (7.5.55), 


Dey) = Ate oS +) [ia + (+8) 7] 


we finally obtain 


cE 
T fir?+ (14n7)'] eae) 
For the mean quadratic value of error of the GS we have 
= V Dia]. (7.5.60) 
Example 7.13: Calculate the mean quadratic value o. of error of a GS with 


a 
horizontal correction, resulting from disturbances from mitine of the ship on the 
correcting-penduium, for the initial data of examples 7.1, 7.2 and 7.10; coeffictent 
k = 1/g@ = 0,102 sec’/m, z= -1 m; the time constant of correction T = 20 sec, 
(example 7.9). Determine also maximum error han? assuming that the probability Q, 
that the current angle ay will exceed the limit 4m is no greater than 0.1%, 
Solution: 41. By formula (7.5.59) we find dispersion Dia, }: 
D{e,} = 0,1731.10-®. 


2. According to (7.5.60), we determine the mean quadratic error iy St 
4 
the GS: 


4, = VD [a1] = V0,1731-10-" = 0,4161-10-> radians = 1.4". 
3. For Q = 0.1% by Table 1 (§ 4.6, Par. 10) we find z = 3,3; by 
analogy with (4.6.87), we calculate the maximum value of GS error (a, = O): 


Sig 20, = 39,3-1,4 = 46! 
From example 7,13 it follows that error a4 of the GS, caused by disturbances 


of the correcting-pendulum during rolling, 1s comparatively small. This circumstance 
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{s connected with the great angular momentum of gyroscopes, usually applied in active 


95's, which causes a sizeable time constant T for correction. 


4, Certain Remarks 
Above we cons‘dered dynamic errors of a GS under the influence of random disturb- 

ances, Sometimes it is necessary to find errors cf a GS under disturbances, fairly 
close to sinusoidal, In this case they can te determined by methods developed in 
ea:tomatic control theory; here, they used expressions cf transfer functions of the 

7° with respect to disturbances, which were obtained earlier. Thus, for instance, 
uring determination of error a of a GS without a ccrrector arising from rolling of 

a ship, varying by sine wave law @ = 95 sin wt, we obtain, on the brsis of known 


relationships of automatic control theory [107], 


a(t) = C,8(t)+C,6(¢) + 20 4... 4 Smet ate) (7.5.62) 
; 2! (m — 1)! ; 
where Coe Cys ee ea are the so-called coefficients of errors, which, in the 


sonsidered case of finding errors of a GS from rclling, are expressed through deriv- 


atives of the transfer function a (8) of the GS by relationships of form [107] 
’ 


o= [Pe] (7.5.62) 
fe, 


where Da?) is determined by formula (7.5.5). 
When we only know limits of change of the external disturbances, but it is 
{mposstble to make any assumptions about their actual. law of change, we are limited 
‘o -alculating the maximum (accumulated) deflection o*% the GS, Such problems are 
considered by Ya. N. Roytenberg [132] and N. T. Kuzovkov [80a]; solution of these 
.roblems is based on the method of calculating maximum possible deflection (accumulated 
‘ofleetion) occurring with the most unfavorab’e law of change of external disturban:es 
limited in modulos, offered by B. V. Bulgakov [19]. Those wishing to become acquainted 
with methods of calculation of deflection of a GS for external disturbances 
Limited in modulus are directed to the indicated works. 
An analysis of errors of a GS which possesses elastic compliance of elements 


curing nonfulfillment of the condition of equal rigidity (§ 5.7, Par. 4), in condi- 


-tons of vibrations of the base was made by E. I. Sliv [135]. 
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§ 7.6. Application of Active-Type GS's 


1. General Remarks 

Active GS's, the theory of which was expounded in the preceding sections, are 
widely applied in different GD's on ships and aircraft. They are used for direct 
stabilization of separate instruments and devices. Certain types of directional 
gyroscopes, vertical gyros and combined devices, directional gyrohorizons (direc- 
tional gyroverticals) operate on the principle of active gyroscopic stabilization, 
In these devices there are applied single, double, and triple-axis active GS's and 
are correspondingly one, two or three gyro-frames with one or two gyros each. 

Single-axis GS's can be used as directional gyroscopes or indicators of one of 
the two angles of deflection of a vehicle with respect to the plane of the horizon, 
and also tor direct stabilization relative to one axis of instruments and devices 
connected to them, Doubie-axis GS's can be used as a gyro vertical or for direct 
stabilization of a certain platform with respect to the plane of the horizon. Triple- 
axis GS's can te applied for determination of three angles of rotation of a vehicle 
atout its center of gravity, 1.e., as a directional gyrohorizons and also for direct 
statilization of a plane with respect to the plane of the horizon and in heading. 

As examples of GS's we shall briefly consider directional gyroscopes, gyro- 


verticals and directional gyroverticals of active type. 


2. Directional Gyro of Active-Type 


a) Schematic of the Instrument. 

A directional gyroscope of active type has the same function as the readout DG 
(§ 5.4). As was shown earlier, in an active-type DG there is used a single-axis GS 
with one or two gyros. During analysis of a DG of readout type it was found that for 
decrease of errors it is advisable to set the DG on a base stabilized with respect 
to the plane of the horizon; this is also usually done in DG's of active type. 
However, it is possible to indicate a series, e.g., of aircraft devices [1411], in 
which the DG is placed on a mounting, rigidly joined with the aircraft. 

In Fig. 7.25 is a schematic of a DG consisting of a one-gyro active GS, analo- 
gous to that shown in Fig. 7.1. If such a DG is fixed on a mounting, rigidly joined 
with the vehicle (ship, aircraft), then as the signal pickoff SP there usually is 
used a physical pendulum with a pickoff (contact attachment, potentiometer, inductive 
pickoff), which through amplifier Amp switches on stabilizing motor SM. With 


{nstallation of a DG on a base stabilized with respect to the plane of the horizon, 
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application of a physical 
pendulum becomes unnecessary 
and the signal pickoff can 

be a sensor, fixing deflection 
of the axis of the gyroscope 
from the perpendicular to 

the plane of the frame, It 

1s necessary to note that an 
active-type DG can also ie 
equipped with a system of 


azimuth correction, similar 





Wig. 7.25. Schematic Fig. 7.26. Schematic of a to that applied in DG of 


of a DG (one-gyro GS), DG (two-gyro GS). readout type (Fig. 5.1). 


™n Fig. 7.2 is a schematic of a DG, consisting of a two-gyro active GS, analo- 
sous to that shown in Fig. 7.2. Instead of an anti-parallelogram for such a DG axes 
of precession of the gyroscopes are connected by gear quadrants. The two-gyro DC, 
ss compared to the single-gyro, possesses the advantage of a two-gyro active GS, 


shown earlter. 


) Certein Problems of Theory. 
The theory of a single-axis active GS, applied in a DG, was considered in detail 


in the preceding sections of the present chapter. A number of propositions of the 
‘theory of readout DG's (Chapter 5) are valid also for active DG's; therefore, here we 
shall only consider certain problems of the theory of active DG's, 

Whon the DG 1s located directly on a rolling ship and during work of horizontal 
rorreetion, the axis of the gyroscope acquires accumulated azimuth deflection (§ 5.7, 
Par. ° ), the magnitude of which may be considerable (example 5.20). If, however, a 
DG of readout type or one based on a one-gyro active GS is set on a base, statilized 
with respect to the vlane of horizon, the shown effect of azimuth drift of the axis 
of the gyroscope does not completely disappear; here, gyro drift will be caused hy 
errors of stabilization of the base. It is interesting to find the magnitude of 
azimuth crift of a DG, caused by random errors of stabilization of the base. 

Let us assume that a one-gyro active DG (Fig. 7.25) is fixed on a plane, assigned 
“y 8 gyrovertical and stabilized with respect to the plane of the horizon, In the 

{4+tn] moment axis Oz of the gyroscope (Fig. 7.27) forms angle ao with the spin 


axis of the outer gimbal of the platform suspension, coinciding with the longitudinal 


8Y 


wR ous : Mae es es foe igre, = 


oy tw, 
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axis O& of the ship. Consequently, we shall be 
interested in azimuth drift of axis Oz of gyroscope 
relative to ita initial direction, determined by 
angle Ao» which is not small, 

During solution of the problem at hand we shall 
limit ourselves to consideration of the particuiar 
case when the gyrovertical, and consequently also 


the stabilized plane have error in the plane of the 





ship's ribs, characterized by random function y(t) 


Fig. 7.27. Determining with mathematical expectation y = 0. Correlation 


azimuth drift of a DG, 
function K (1) of random function y(t) is letcrmined 


by relationship 
oe : 
K, (2) = ofe-#'1(cos)s + £ sind] =|), (7.6.4) 
where 04 — dispersion of error of the gyrovertical (plane); 


u - coefficient of irregularity of error; 


+ — predominant frequency of change of error, taken subsequently as equal to 
the frequency of natural rolling of the ship, 


To show the accumulated azimuth drift of the axis of the DG, caused by errors of 
platform stabilization, the influence of which appears during work of the unloading 
system of the DG, we shall limit ourselves to investigation of the basic precesstional 


motion, using, by analogy with (5.7.129), shortened equations 
Hg,=M,; —Hp,=M,.. (7.6.2) 


When determining P4 and q, one should consider the induced angular velocity 7 
of oscillations of the platform, stabilized from the gyrovertical, and also compo- 
nents a and B of the angular velocity of motion of the gyroscope with respect to 


this plane; according to Fig. 7.27 we have 


pmb isin ta) (7.6.3) 
% = @c0s B — x cos (2, -+ a) sing 


Considering angles a anc 6 small, we obtain* 


teen a 


“= a— cosa, 


*RBy analo with the solution of the corresponding problem for a readout DG 
(§ 5.7, Par. 6) during determination of & for a DG of power type we shall limit our- 
selves to investigation of equations of the first approximation, which are obtained 
on the assumption that a, >> a. 
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Introduce (7.6.4) in (7.6.2); then 
H(2—qcos, ) == M,, ees 

. 1Leeae 

—H(—$—jisina,) = M, 
As also in exam!ning the analogous question for a DG of readout type (§ 5.7, 
rar, '), we take M, = 0, and in M,, we consider only stabilizing torque M,, applied 
4 ol 
ty the stabilizing motor, Then for Mes considering that in an active DG, fixed on 


a statilized platform, without a correcting, pendulum, for a linear law of control of 


the stabilizing motor we obtain 
M = M =— §3, (7 6.) 
vn ¢€ ‘ 


Tntroducing (7.6.6) in (7.6.5) and considering M, = C, we have: 
al 


= Acosa, 
b+7sino,= —53 
H 
Considering (2.3.5) and (2.3.7), ve rewrite (7.6.7) in form 
@ = 78C0S % 
TB +8 =— Ty sing 
where T is the time constant of correction, 
Let us present the error of platform stabilization, i.e., disturbance y(t), in 


‘he form of a spectral expansion; by analogy with (4,6,.149), we have 
= f eP'do, (). (7.6.9) 


Introducing (7.6.9) in the second equation of (7.6.8), we obtain upon completion 
of the transient response a steady~state solution of this equation in the forn 


B(t) = f W (iw) e*" dD (w), (7,610) 


-—o@ 
were W(dm) 48 the gain-phase response of a DG with a system of active unloading. 


According to the second equation of (7.6.8), for transfer function W(s) we have 








w(t) TS (iaecdas) 
FO a Tet 
From which TI 
W (je) = — ——""— sing,; 
ney) Cited?) 


wpstinuting (7.6.12) in (7.6.10), we obtain 


pio=— | seg r tnve dO, Co (7.6.13) 


Tio + 
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Fe ee ae ent ee et ee ae = 


Let us consider now the first equation of system (6.6,8), 
We are interested in "system" drift of the DG in azimuth, the rate of which a 


is the mathematical expectation of random function a(t). Applying to (7.6.14) the 


operation of mathematical expectation, we obtain 


e T ' 
€ = PCOS 25, (7.6.45) 
Let us present y(t) in the form of a spectral expansion:* 


Uh= f P'd; (w). (7.6.16) 


Let us find yB; considering (7.6.13) and (7.6.16), we have 





1(H8()) = —{ J ede: (w ) ty sins, ef! ap (%)s (7.6.17) 


where magnitude dO, () 4s complex-conjugate with do, (w). 


But, by (4.6,150) 
dO; (0) d9, («,) = S;,(v)3(w —0,) da do, (7.18) 


where S, (w) — mutual spectral density of random functions y(t) and y(t); 


ay 
6(w - w,) — delta-function. 
Then, instead of (7.6.17), considering also expressions of type (4,6.151), we 
obtain 


ToR=— f Be The 7 sin 2,5. (w) du. (7H.49) 


To determine S./(w) we first find the cross-correlation function Ky). By 


analogy with (2.1.86), considering (2.1.67), we have** 


" OaU) 
K.Q=4 “ie el sin ds. t 


*Let us note that y(t), instead of by (7.6.16), can be presented in the form 
()= j e*! judd (w); then, instead of (7.6.19), we obtain 7(t) §(t) = 5 Fea sina,S,(w)dw 
-e @ 
and then porns (7.6.24), which is found from expansion (7.6, 16), Application of 


formula (7.6.16) has as its purpose demonstration of how the mutual spectral density 
S4,,(w) 1s determined. 





**In writing formula (7.6.20) we considered, for instance, that Ke (-t) = K gant) 
[153], and the He labtonshl pene for Kgl *) (with correction in (2,1,87)]has the form 
‘a ee OP 


ne 
K 37) = -Ay—e"# w/t sin At, where A = a 
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Substituting (7.6.20) 41 (2.1.42), efter transformations we obtain an expression 


for S. (w) in tne form 


Vy 
S, (0) = Set [ett o+h ei (7.6.24) 


Be +(et ie wee ae] 
Introducing (7.6.21) in (7.6.19), we find 
—— t e? (u? + 2? This 
Fw =— [ AEs") | Tear inex 


i ee Se eae a (7.6.22) 
f$(otd? pt (e—))| 
“sing for calculation of the obtained integral methods of the theory of residues, 


we have 
_ me ot (fu? 2 eg 
7 (4)B (t) oj (»? +") sing ep (TaGges}) 
Substituting (7.6.23) in (7.6.15), we finally obtain 
7 1. r 
Qu — 2 : 
3 af (p* td Vf aateee re ea sin 2. (7.6.24) 


Let us note that formula (7.6.24) has generally the same form as the expression 
for "system" drift of a readout DG during rolling of a ship, determined by relation- 
snip (5.7.149), The basic difference is that in the considered case the a 1s prom 
portion to the dispersion Diy] = on of error of stabilization of the GV platform, 
on which is the DG fixed, whereas for a DG, placed directly on a rolling ship, a is 
proportional to dispersion D[@] of the angle of roll of the ship. In both cases 
the maximum drift rate of the DG axis in azimuth occurs at a, = 45°, 

Example 7.142 Calculate the mathematical expectation a of azimuth drift of a 
DG of active type with a linear law of control of the stabilizing motor, fixed on a 
syrovertical platform, stabilized with respect to the plane of the horizon. In the 
initial moment the axis of the gyroscope forms an angle G = 45° with the spin axis 
of the outer gimbal of the platform suspension, coinciding with the longitudinal axis 
of the snip; the mean quadratic value of error of the gyrovertica: os = 10'; the 
coefficient of irregularity of error py = 0,4 1/sec; predominant frequency of change 
oe error } = 0,42 1/sec; the time constant of correction T = 0,1 sec. 


Solution: By formula (7.6.24) we fi-7 a: 





2 2 8 
c= — e+) sin 22, =0,5-0,8462: 1075 (0,01 +.0,1764)x 
+4 ( Ieee wae ) 
x 6.1 10,0718: 107% ran/sec 
-(1+0,1-0,1) + 0,1764.0,01 
= 0,016 angular rin/min 
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a i ee 


we 


From example 7.14 1t follows that a is minute and considerably less than the 
value of a, which occurs for a DG, fixed directly on a rolling ship (example 5.20). 
Consequently, from the considered point of view positioning of the DG, on a base 
stabilized with respect to the plane of the horizon, is very advisable. 

There arises the question of the possibility of total elimination of DG drift 
a caused by oscillations of the base. It has been shown [104] that this can be 
carried out by application in the DG of a two-gyro stabilizer, Actually, in reference 
to a two-gyro GS for components of angular velocities of the first and second gyros. 


instead of (7.6.4), we obtain 


P= —B — zsIn2,; oS Crit, 25) 
Been) 


Pi=—$ + ysina,; q) = 2+ 78cos2, 
For My = M,, by analogy with (7.6.6), we have 
a 
M, = M, = — $3. (Tebx ee.) 


Substituting (7.6.25) and (7.6.26) in (7.6.2) and considering that both gyro- 


scopes are connected by a coupling, we find the equatior.s of motion of a two-gyro DG 


( 8) 2Ha = 0 


TB + B= 0 


iiffering from equations (7.6.8) of a one-gyro DG, 


er) 


From the first equation of (7.6.27) it follows that A= © q.e.d, 


3, Gyroverticals of Active Type 


a) Schematic of the Instrument. 

A GV of active type in principle is designed for the same purposes, as a GV of 
readout type (§ €.1, Par. 1). As shown in Par, 1 of this section, an active GV is 
based on use of a double~axis GS, 

Depending upon the number of applied gyroscopes we distinguish two-gyros and 
four-gyro GV's, Jn Fig. 7.28 is a schematic of a two-gyro active CV [17,165]. 
Stabilized platform P, consisting cf the inner gimbal of a Cardan suspension, is 
fixed in the outer gimbal ring R, whose spin axis is directed parallels, for instance, 
to the longitudinal axis of the vehicle, On platform P there are located two one- 
gyro frames with gyroscopes Gyro, and Gyro. Or the axes of precession of the gyros 
there are fixed signal pickoffs SP4 and SP5, which through amplifiers Amp and Amp, 
control, correspondingly, stabilizing motors SM, and SM,» connected by mechanical 


transmissions with axes of the gimbals of the GV suspension. Consequently, disturbing 
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torques to the shown axes are 
compensated by torques, 
applied by the stabilizing 
motors, To keep platform P 

in a horizontal posttion tnere 
is applied a system of pendu- 
lar correcticn; here pendu- 
lums Pend, and rend,, fixing 
deflections of the platform 


from the horizontal plane, 





control torquers TQ, and TQ.5s 


Fig. 7.°8 Schematic of a two-gyro active GV. 


fixed on the axes of preces- 
ston of gyroscopes Gyro, and Gyron; the principle of action of correction we assume 
ts known. Angles of deflections of the vehicle relative to the horizontal plane are 
removed in the form of corresponding voltages from potentiometers Pot, and Pot. 

Since the considerea GV is a combination of two one-gyro activated frames, then 
with the horizontal location of axes of the gyroscopes shown in Fig. 7.28 work of the 
system of active-type stabilization will be influenced by rotation of the vehicle 
about the vertical axis, for instance, turn of the aircraft, This deficiency can 
be partialiy eliminated by setting in the two-gyro active GV axes of gyroscopes in 
vartical position [17, Fig. 468]; however, even in this case during deflection of 
she axes or the gyroscopes from vertical position the influence e.g., turn of the 
atrcraft on work of the GV will appear, This deficiency of a two-gyro vertical with 
active stabilization is removed in a four-gyro active GV, 

In Fig. 7.29 18 a schematic of a four-gyro active GV, developed and investigated 
‘n detail by B. V. Bulgakov and Ya. N, Roytenberg [22, 20]. The arrangement of this 
‘Y alffers from the two-gyro GV (Fig. 7.28) by the fact that on stabilized platform 
r there are placed two gyroframes, each of which consists of twce gyros Gyro, and 
Ltn, and ay ues and Gyro), and axes of precession of the gyroscopes are connected, 
correspondingly, anti-parallelograms (couplings) Ay and Ay. On the axes of precession 
of gyroscopes Gyro, and Gyro, there are fixed signal pickoffs SP, ana SPo» which 
"hroign amplifiers Amp, and Amp, control stabilizing mctors SM, and SM... The system 
if correction for platform P with respect to the horizontal plane consists of pendula 

ae and Fend, 
recession of gyroscopes Gyro, and Gyro,. Angles of deflections of the vehicle with 


and torquers TQ, and TQ, controlled by them, fixed on the axes of 


‘ spect to the hortzontal plane are removed in the form of corresponding voltages 
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i ame gt 
1 





from potentiometers or other pick- 
offs, located on the axes of the 
Cardan suspension of the GV (these 
are not shown in Fig. 7.29). 

The four-gyro active vertical 


has essential merits in comparison 


7 
a 
' 
t 
' 
i 
i 
' 
1 
' 
' 


with the two-gyro vertical. In it 
in principle one can convensate 
ballistic deviations, caused by 
vehicle accelerations. The four- 
gyro vertical possesses the same 
known advantages during work on an 
oscillating base, 

The given schematics do not 
exhaust possible variants of active 
GV's, Of the four-gyro GV's one 
should, in particular, indicate the so-called multigyrovertical [127, 135, 169], 

The fundamental distinction of this GV is that to give it selectivity with respect 

to the vertical in it, instead of a correctior system consisting of pendula and torque 
devices (Fig. 7.29), there 1s carried displacement of the center of gravity of the 
whole system (Cardan suspension and gyroscopes) with respect to the point of suspen- 
sion and, besides, there is introducec elastic linkage of the gyroscopes with the 
platform. Thus, the considered GV is a spherical pendulum, t.e., belongs to gyro- 
pendulum verticals (Chapter 411). 

Let us turn to consideration of certain problems of the theory of active GV's, 
Here, for generality we shall consider the four-gyrovertical whose schematic is 


Shown in Fig. 7.29. 


b) Elements of the Theory of a Four-Gyro Active GV. 
Equations of motion. To define the position of the GV we select as system of 


reference of axes Cfnt (Fig. 1.6), which we assume are connected with the path of 
the vehicle, e.g., of a ship. Resal's axes OxX4¥42 we connect with the platform of 
the GV, and point E may be called the vertex of the platform. The position of axes 
OX, 425 1.e,, of the platform, with respect to axes Ofnf is determined by angles 
a and B, where a is the angle of turn of external Cardan ring R (Fig. 7.29), and B 


1s the angle of rotation of platform P. Transformations of axes OX4¥ 42 to OF nf 
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Is characterized in the case of small a and B by matrix (1.1.31). With the housings 
of gyroscopes Gyro, -Gyroy (Fig. 7.30) we connect, respectively, axes O,Xs¥ 424 

‘Ved; oy % Se Position of gyroscopes Gyro, and Gyro, with respect to the plat- 
form, Wen, “Of axes Ox, Y42 (Fig. 7.30), is determined by the angle 5 of rotation of 
these gyroscopes about their axes of precession O24 and OnZo. Likewise the position 


of gyroscope Gyro, and Gyroy with respect to the platform is determined by the angle 


v of rotation of them about axes of precession 0,25 and OyZy- Angles a, B, &, y one 


should take ac generalized coordinates, 


Moticn of the considered system 
will be described by four equations: 
two of them characterize motion of 
the platform with respect to axes 
of the Cardan suspension, and the 
other two characterize motion of 
gyroscopes Gyro, and Gyro, Gyro, 
and Gyro, about their axes of pre- 
cession with respect to the platform 
of the GV. 

Equations of motion of the GV 





4g. 7,20, Composing equations for a four- can be presented in the form of condi- 


pyro active GV, tions of equilibrium between applied 


‘orques, gyrotorques and moments of forces of inertia (as this was done for a four- 


Fyre ertigal (127) }; é 
fa = M,, + M, B 


1,6 =-—M,—M,, 
J,,8=M,+M!, UONGee 
4. ct = M,.+ Me, 


where Ll, s2 I. and i, — moments of inertia of the platform with all connected 
oa \ 1 components with respect to axes Oy, and Ox,, respectively; 
1 4 

Je Bn moment of inertia of gyroscopes Gyro, and Gyro, with 
1 respect to axes 0424 and On2 03 

J — moment of inertia of gyroscopes Gyro, and Gyro), with 
B. ¥ respect to axes 0,2, and 0,2); 
373 4? 4 

Mew 50M 3 Me » M. — projections of torques, applied to systems on corresponding 
gid V4 1 oi axes; 


we 
ee 
WwW 


-— projections on axis O4Z4 and O574 of gyro torque of gyro 
pair I, Gyro, and Gyro, and, accordingly of pair II, Gyro, 
and Gyro). : 
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Free te oe nt - pes 5, ea — es ae - 


‘ 
See ee ee eee 


eh a 


Let us give expression of torques in equations (7.6.28), 


As torques M »=M 
and My 


¥4 
about the suspension axes we consider torques M, and Me » applied by stab- 
4 2 
1lizing motors, and disturbing torques f,(t) and fo(t); we have 


M, = MoM, +f) (7.0,20) 
M, = M, +f, (0) 
Considering tre law of control of the stabilizing motor to bre linear, and 
disregarding time constants of control networks, we have for My 


and My the following 
1 2 
expressions: 


where S4 — steepness of the static characteristic of the SM. 
Substituting (7.6.30) in (7.6.29), we obtain 


M, = —S8+f,(4 pee 
M,=—Saxth - eae 


On axes ot precession o- the gyroscopes we take into account only correcting 
torques M, Z and Ma 


(7.6. 30) 


mt applied by torque devices, i.e., 
2 


M, = M,,3 M, = M,,. (7./. 30) 


Considering deflections of correcting pendulums during change of velocity and 


heading of the ship, by analogy with (2.3.66), we have 


M,,— M,,,=5,(0+ 28); M,,=M,,.= -8,(3—2) (= 239) 


a steepness of the characteristic of correction; 


, 
where §S 


ey velocity and acceleratizn of motion of the ship; 


tl ea angular velocity of circulation of the ship. 


Signs in formulas (7.6.33) are selected in such a manner that for v = 0, w 


eire — 
= © the GV platform, under the influence of the work of correction returns to the 


vertical. 


— 
For gyro torque Me of the system, by analogy with (1.3.34), we have 


H,- Hx, 


(7.&. 34) 
where Hy — natural angular momentum of the i-th gyroscope; 
=> 
Q, -— its absolute angular velocity. 
Then 
4 
M = (My 24 — uP y,) 
mf (7.6.35) 


4 
My = 3 (HP Ma 
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“1 the case of small f and y, according to Fig. 7.30 on the condition Hy = H 


(i 2a, 2, 3S *),. for projections of H, on axes OX, V4? we obtain 


H,, =H, Hy, =H HW, =0 
A, = —H; Hy, = He; H,,=0 
Hy, = Hy Hy =H; Hy, =0 
AL = Hy Hy 3H, Hy =0 


(Talat!) 


Let us find projections of absolute angular velocities of gyroscopes on axes 


Kyv4%, considering matrix Cia) e 


Q,=—b+ 4,-4.1; 2,=—itu—use 
2,.aa+ u—uP, 2 =a+u,—u.9 
2-64 wrtu3stu; Ce—ttur4 a8 + u. 
27 —p+u, — 4.3; = —B+u,—u.a 
Q, atu, —u,3; 2, matu—ua 
Qe rtust ub +a; Qo — T+ ue tus tu, 
ahere Ug, Ul, lip — projectinns on axes Ofnt of induced angular velocity U of the 


reference system, caused by rotation of earth and motion of the ship, 
Substituting (7.6.36), (7.6.37), and (7.6.35) and removing terms of the second 


and higher orders of smallness relative to the coordinates and their derivatives, we 


iain M,,, = 2Heu, — 2H; 
tee han 
M,, = — 2Hyu,— 2He (7238) 
L t us find the vrojection Me > of the gyro torque of gyroscopes Gyro, and Gyre, , 
ani also profection wil of the ae torque of gyroscopes Gyro, and Gyro,. Since 


Ezz 


axes of precession of these gyroscopes are connected by anti-parallelograms, 


' 
M7 AM, — M.,,, (1.6629) 


ME Ma Me, 
Determining the shown gyrotorques by method mentioned above, we have 
M,,, = 2H (2 +4, — 4.3) 
Mi — 2H (3 eb u.a) 


We Simei tute (7.6952), (7.6.23), (76:38), and (7.6.40) In (7.6.28)y we have 


(7.6 49) 


se Rn ne gt, ER  - , a - 


fa = — SE + f(t) — Hu, — 2H 
1B = Sj —f,(0) — 2Hiw, + 2Hj 


4,58=S,(0+ S) +24 (i +4, —u8) (7.6.44) 


4 i=—S(9— FG) — 2-4 + ua) 


If we do not consider small nutation oscillations of the GV, in equations 


(7.6.41) 1t 18 possible to reject the inertial terms; then 
i 1 
b4 Stature tf 


> i+ Fy—ad= S60 are 
b+ supe —u— Ss 


b+ Sptucmy gh. o 


Introducing the specific rates of correction u, and xn, [see (2.3.5)] and coef- 


ficient k, [see (7.4.14)], 


not, mm, hes, (7.6.43) 
we rewrite (7.6.42) in form 
beast uk fd) 
THay—us=kf,') 
it yp uf = 4 (7.6.44) 
ftuptuemu, ++ 


For the considered case, when axes O&nC of the reference system are connected 


with the path of the ship, quantities Ugs une ad are determined by relationships 
and considering 


(1.2.32) and (1.2.33), Replacing in the latter K = -w,_., 


Vv 
[iirc Le [wir o. + = ten |, we have 


. . 
a, = —Ucose sink — — 
; (7.6.45) 


u, = Ucos pcos K 


ame, 
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Tn formulas (7.0.44) instead of Hy and Ao it 1s possihie to introduce the 


corresponding time constants of correction [see (2.3.;)] 


oll I 
Tae ==: Ce 


Then, also considering (7.6.45) (we omit subscript "cire"), we rewrite equations 


(7.6.44) in form 


T8484 707 =&7,f,(0) 
T+ 1—T,o3 = kT, f, (4 
Ta + 0— Tyo) =—T,U cos cos K — (7.6.47) 


TH+B-+ Tye =—T,(Ucosz sink + 2) + 


from which 1t follows that the first two equations, characterizing motion of gyro- 
ssopes with respect to the platform, can be integrated independently of the other 
*wo equations, which determine motion of the stabilized GV platform, 

System of shortened equations (7.6.47) can also be composed very simply by the 
method, developed by D, R. Merkin (§ 4.6, Par. 5); application of this method to 
composition of shortened equations of motion of a four-gyrovertical shown in his 
book [9C, p. 2:4]. It 18 necessary to heed the note [90, p. 24::] about the fact that 
obtaining analogous equations of motion of a four-gyrovertical from complete equa- 
tions (7.'.44) becomes valid, if in the latter we consider dissipative forces (for 
instance, liquid friction torques), thanks to which the system becomes stable and 
{ts nutational oscillations are damped, and considerably faster than the basic 
:recessional motion, After we shift from the system of complete equations (7.¢.41) 
Allowing for dissipative forces to shorten equations (7.8.47), in the latter, during 
study of she basic precessional motion dissipative forces can be ignored, 

Mode of setting the GV and its static errors due to rotation of the earth and 
cenicle motion, Let us consider the case of motion of ship with constant speed and 
nradings; then, considering in the last two equations of system (7.6.47) v = 0, w=%, 


vw? Obtain equations 


T,2 + @ =—T,U cos > cos K 


TA + B=—T,(Ucos zsink + -—) (7.6.48) 


which coinetde, if we consider (7.6.45), with equations (6.4.5) of a readout GV which 
“s a linear characteristic of correction, or with equation (7.4.49) of an active GS 
with rocndular corrector, 


Integrating (7.6.48) for m = const and K = const, we obtain 
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sa IE ee ee ke at 2: he 
= . weve TL - Poe ae Coy eee : ie ee - 


ree 


Me. 


amet, + (aE) e 


j (7.6.49) 
ih 
where Pm Ft (Fe 
ef, =— 7,U cos 7 cos K; Be =—T, (Ucos ¢sin K + 3): (75250) 


Quantities avel ana ave » by analogy with (6.4.7) or with (7.4.21), represent 
stat stat 

static errors of an active GV from rotation of the earth and motion of the ship, 

normally called velocity errors. Calculation of these errors by formula (7.f.50) 

is given in example 6,4. From (7.6.49) 1t follows that motion of vertex E (Fig. 1./ ) 

of the stabilized platform of the GV toward the vertical 1s accomplished by aperiodic 


law. ‘Ipon completion of the transient response, according to (7.6.49), 
emo bm Bi. (7.6.52) 


1.e., vertex E of the platform will be deflected from the vertical the shown magni- 
y vel . fet 

tudes and the modulus of this deflection is equal to Ostat + Bota . Compen- 

sation of velocity errors of a GV is possible by means of eliminating from readings 


vel 
stat’ 


vel 


shat determined by formulas (7.6,.5C, by a suitable 


the latter quantities a and 6 
computer, 

(sing the first two equations of system (7.6.47), one can determine the regime 
of irstallation of the gyroscopes with respect to the platform, When w = 0, f,(t) = 


= f5(t) = O we have 
TA+s=0, My +1=0, (7.6.52) 


from which 
t 


é 
Beate, ere ", (7. .53) 
1.e., we obtain the same aperiodic law of motion of the gyroscopes relative to their 
axes of precession, 

Ballistic errors Of a GV and their compensation. Above we considered velocity 
errors of a GV without accelerations of the ship (v = O, w= 0). During change of 
course and velocity of a ship, besides velocity errors, the instrument also has 
so-called ballistic errors (§ €.4, Par. 3). We shall use detailea investigations of 
ballistic err-rs available in the literature [20, 22, 132, 127] in a brief account 
here of the question. in the creation of GV schemes one of important problems is 
ensuring in the instrument conditions of compensation of ballistic errors, i.e., its 
undisturtability by vehicle accelerations. Without realization of this condition 


it 1s impossible to create a precision GV. 
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we shall first give the general relationship for ballistic errors of the con- 


sidered GV. For this we use the last two equations of system (7..44); considering 


(7.6.45) and dropping subscript "sirc,’ we have 


@ + x42 — 03 =— Ucos; cos K — 1,7 
0 (7.6.54 
b+ x8 + or =—Ucos sink — +7 ) 


Following henceforth the calculattons of Ya. N. Roytenberg [132], taking into 
account (7,f,50), and (7.€.4€), and introducing designations (fer v # const and K # 


vel vel 


; ‘ vel vel 
# const we replace Ontat? Peak by a » B ) 


aa—a, B= a— BF, (74353) 


we rewrite equation (7.6.54) in form 


€, + x42, — 08, -—14 > 
: (7.6.56) 
Bit mth + 09, = px, —2 
wnere 
¥. 
Peat Pair 
van £ 
y R (7.658) 


Quantity 1, according to (4.5.16), represents the frequency of oscillations of 
a simple pendulum, whose length is equal to the radius of the earth R. 

By analogy with (6.3.4) we introduce complex deflection z, of the vertex of the 
oV platform: 


2, = 0, + iP. (7.6.59) 


Multiplying the second equation of (7.6.56) by j = y-1. adding it to the first, 


and considering (7.6.59), we obtain 


2, + (4 + jo) 2, = fur (0), (726,00) 
where 
y(n 2, (G6 Gl) 
Integrating (7.6.60), we have 
oe 8 ta 
{rie —w-] fede (7 ge) 
4= 40) + Ie, e y(t) fe . 


In the expression obtained the first component characterizes motion of the GV, 


caused by initial defiections; this motion attenuates by aperiodic law. We write the 
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oa eS a 
Aa 2 sti 


Ase 


second component: 


t 8 
aff [oa wed] ed 
@ 


a] = jpx,e y (¢) dt. C7 heh S) 


It characterizes error of the GV due to accelerations of the ship, i.e., ballis- 
tic error. Such ballistic errors of a GV are investigated in great detail by B. V. 
Bulgakov [20]. 

Let us turn to finding the possibility of compensation of ballistic errors of a 
four-gyro vertical. We shall limit ourselves to a presentation of the method of 
compensation proposed by B. V. Bulgakov and Ya. N. Roytenberg [22]. 

The essence of this method ccnsists in connecting a correcting pendulum Pend, 
(Fig. 7.29) to torquer TQos which is connected to gyroscopes Gyro, and Gyros and 
correcting pendulum Pend, to torquer TQ,5 connected with gyroscopes Gyro, and Gyro,. 
Here, the first two equations of system (7.6.44) do not change. The second two 
equations will change, since in (7.6.33) M, ai and M, z.. will change places due to 
switching of correction; taking into account (7.6.45) ana (7.6.43) we give these 
equations form 


é— (ty + «)8 =— Ucos; cos K —¥, = 





(GES) 
b+ (45 + o)2=— Ucosg sin K——-— 4, = 
Introducing 
g=a+ ji, (7.6.65) 
we replace equations (7.6.64) by one equation, 
+ Isat 0)2=—U cos ge — le _ 6+ Joe) (1.6.4) 
z ; 
We designate 
(Gn87, 
Cu s—zr, (7 AG 
where 
W cos ge™ — © : 
SEAGS. 
= <= T, ((U cos ze" — 2) 7 ) 


is velocity error of the GV. 
Then, taking such into account (7.6.67) and (7.6.58), we rewrite (7.6.6) as 


follows: 


Je + jov). (7.6.69) 


of, |t 


Ce itaten— Flt 
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From this equation it follows that if the specific velocity of correction Xp = 
= Sei selected in such a manner that no © ty, equation (7.6.69) will become 
homogeneous, i.,e., the GV will be undisturbed by translational accelerations of the a 
ship and, consequently, does not have ballistic errors. Thus, the considered GV, 
which in its construction belongs to astatic systems, manifests :ndular properties, 


1,e,, behaves 68 a gyroscopic pendulum with a period of precession (for w = 0)* 
To 2 = 84,4 min 


Indeed, e.g., in the case of a fixed base (U = w= 0, v = 0) equations (7.6./4) 


have form 
e—xf=-0; A+x2=0. (76, 70) 


Replacing, 1n accordance with the above~indicated principle of compensation 


of ballistic errors, nu, by v, instead of (7.6.70), we obtain 
a—vix0, B+vz=0 
etve=0, f+ +3=0, 


or 


from which we have 


a= C, cos vt + C,sinvé (7.6.72) 


B = —C, sin vt + Cy cos vf 

were integration constant C4 and Cy are uetermined from the initial conditions. 

From (7.(.72) one can see that the GV accomplishes periodic oscillations with 
frequency v; the pericd of these oscillations, as was indicated above, is T = =r, 

Sonsequentiy, in the considered GV, by selecting the corresponding value of the 
parameter of correction it is possible in principle to ensure the condition of 
indisturbability of M. Schuler, i.e., compensate ballistic error of the instrument. 

The shown method of compensation of ballistic errors is one of the varieties of 
‘ne method of integral correction (see Chapter 11). It is possible also to provide 
jJamping of the shown precessional motion of a GV. For this [22] 1t is necessary that 
voltage fed to each of the torque devices (Fig. 7.29) is a linear combination of 


signals from both correcting penduiims, 


*Let us note that when w = const the GV accomplishes precessional oscillations 
with period T = =, since w>> v. However, here, the GV does not lose the property 
of undisturtability, because when No * ty equation (7.6.69) becomes homogeneous. 
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c) Certain Remarks. 

Above, we considered only individual questions of the theory of an active-type 
GV. More detailed investigations can be carried out with help of the general methods 
of analysis of active GS's, given in the preceding sections of this chapter. We 
shall indicate several works on the theory of active GV's. In the book of N. T. 
Kuzovkov [80b] are complete differential equations cf a double-axis gyrostabili.wed 
platform (active gyrovertical) composed with help of the method of A. Yu, Ishlinskly 
(§ 1.6, Par. 7), corresponding transfer functions and block diagrams of the system. 
Articles of the same author are devoted to investigation of a gyrostabilized plat- 
form with large angles of displacement [77] and to the motion of a gyrostabilized 
platform, in a Cardan suspension [78]. There are offered [158] severel GV schemes, 


built on the principle of active gyrostabilization. 


4, Triple-Axis GS 

In contemporary gyroscope technology a considerable place is occupied by so-called 
triple-axis active GS's, They are applied in gyroscopic device of combined type, 
intended for determination of three angles of rotation of a vehicle around its center 
of gravity, 1.e., the represented combination of a directionai gyroscope (gyroazimuth) 
and a gyrovertical (gyrohorizon), and therefore are called directional gyrohorizons. 
Furthermore, triple-axis GS's are used for direct stabilization of a certain plat- 
form with respect to the horizontal and in azimuth. 

In Fig. 7.31 1s a schematic of an active directional gyrohorizon [108, Fig. ITl. 
1%; 165; 47, p. 271). The instrument is a combination of three one-gyro activated 
frames, basic elements of 'nich are gyroscopes Gyro, , Gyroo, Gyros, fixed on platform 
P, stabilized relative to the hor‘zontal and azimuth. The latter 1s suspended in a 
Cardan suspension, consisting of outer OR and inner IR rings. On the axes of pre- 
cession of gyroscopes Gyro,, Gyro5, and Gyro, are fixed signal pickoffs SPy; SPos 
and SPas which through amplifiers Amp,» Ampy, and Amp, control stabilizing motors 
and Sm 


SM 5 SM respectively, which ensures realization in the instrument of the 


2? BY 
principle of active gyroscopic stabilization. In the considered scheme during rota- 
tion of the vehicle, e.g., the aircraft, around the vertical axis together with the 
latter moves the Cardan suspension, where platform P preserves a constant position 
in azimuth, Therefore, each of the signal pickoffs SP, aad SP, should simultaneously 
control both stabilizing motors SM, and SM,. For this, signals from pickoffs SP, 

and SP, enter amplifiers Amp, and Amp, through special distributor Dist, distributing 


these signals depending upon the angle of rotation of the aircraft. 
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The system of correction of platform P with respect to the horizontal plane 


consists of a two-component pendulum Pend (for instance, a liquid electrolytic level, 


Fie. 4.) and torquers TQ, and TQ, controlled by it, fixed on the axes of precession 


Cc: gg, roscopes Gyro, and Gyro,. Angles of roll y, pitch $ and yaw y of an aircraft 
are taken in the form of corresponding voltages from potentiometers Pot,, Potos and 


Pot, respectively. 


The considered active directional gyrohorizon possesses a series of basic merits 


as compared to readout DG's and GV's. One of them is that, in readings of angles of 


vew and rotations of the aircraft there are no gimbal and turning errors. 


The theory of triple-axis active GS's can be considered by the same methods as 


were applied above during the analysis of double-axis stabilizers. Let us note that 


for composition of differential equations of motion of such complex gyroscopic 
cevices, as a triple-axis GS, there is frequently applied the second method of 
Lagrange (€ 1.5). A. Yu. Ishlinskiy showed that composition of equations of motion 
of a co wplex gyroscopic devices can be comparatively simply carried out by means of 
successtve applicetion of the theorem of angular momentum to the whole mechanical 
system of the corresponding 
device and to its separate 


components. Application of 


equat'ons of motion of a 
triple-axis GS is given in 
his article [4]. Certain 


questions of the dynamics of 


development of the theory of 


triple-axis active GS's of 





“tg, 7,31. Schematic of a three-gyro GS (an active- importance is the question cf 


'ype directional gyrohorizon). 
cross connections between 


this method to composition of 


@ platform stabilized in space 


are considered in [2u]. During 


“hannels of stabilization. To account for this circumstance it is necessary to start 


“rom noniinear differential equations of motion of the GS, in which we take into 
xecount components (for instance, gyroscope torques), caused by these cross connec- 
‘ons, For incegration of such equations we usually apply the method of successive 


- proaimations, where corresponding solutions of the equations are presented in the 


rm of # ; rites expansion of power's of the small parameters in the equations, l.e. 


107 


en 


Ss SS TT Rage, = 


s 


ee 


ae ee ee em 


we use the method, applied by us during the analysis of the moticn of a physical 


pendulum on an oscillating base (§ 4.6, Par 12d). When accounting for cross connec- 


tions between channels of stabilization there is found systematic drift* of the GS 


platform relatively to its assigned position. 


*D. S. Pel'por and N. P., Sumarokov. Motion of a triple-axis gyroscopic stabi- 
lizer on an oscillating base. "News of higher educational institutions. Instrument- 
making," issue V, No. 2, 1962; B. I, Nazarov. On error of gyrostabilizers. "News 
of AS ot ''SSR," Dept. of Tech. Sci., Industrial Cybernetics, No, 2, 19° 3, 
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DIFFERENTIATING GYROSCOPES 


Designations Appearing in Cyrillic 


B= 
B= 
B= 
B = 
B= 
Br = 
BE m 


UT = 
Tr = 
om 
PK = 
TH = 
rpad = 


TC = 


DTA = 
TY = 


T.9 = 


dis = disturbing 

f = forced 

rest = restoring 
turn = turing 

AS = actuating screw: 
VG = vibrating gyro 
IR = inner ring 

& = gyroscope 

GR = gyrorotor 

N = nut 

GV = gyrovertical 
Osc = oscillator 

DG = directional gyro 
deg = cegrees 

GS = gyrostabilizer 
gt = gyrotachometer 
GT = gyrotachometer 
GTA = gyrotachoaccelerometer 
GD = gyroscopic device 
g.e = gyroequator 

d = damping, damped 


dyn = dynamic 
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ced 


oT = 
IM = 
AC = 
YC = 


HK =» 
ONT = 
Oc = 
n= 
Tl 
Il « 


Ta = 


pag = 


COK = 


CT =a 


ol = 


mot = motor 

D = damper 

Mot = motor 

D.fG = differentiating gyro 
TQ = Torquer 

SP = signal pickoff 
RTP = rate-of-tum pickoff 
del = delay 

I = indicator 

in = inertial 

C = carriage 

C = coil 

R = ring 

erit = critical 

r= rise 

OR = outer ring 

opt = optimum 

B = base 

par =» parameters 

Pl = plate 

Pot = potentiometer 
Pl = plate 

sp = spring 

Sp = spring 

adj = adjustment 

res =» resonance 

L = lever 

rad = radious 

Rod = rod (tine of tuning fork) 
sec = second 

stat = static 

fr = friction 

TR = torsion rod 
Amp, emp = amplifier 


PD = phase detectar 


1:9 


e = equator 


wo 
I 


3 EM = electromagnet 


A = arm = armature 


. 8.4. Function and Types of Differentiating Gyroscopes (Dif G's) 


In different systems of automatic adjustment and control gyroscopic devices 

intended for @etermining angular velocities and angular accelerations of a vehicle 
ure widely applied, Such devices belong to the class of differentiating gyroscopes 
\Dif Gis), Differentiating (§ 2.4, Par 1) 1s what we call a gyroscope, usually having 
two degrees of freedom, which differentiates the input signal.* In solving a numer 
st problems of automatic control of a vehicle (ship, aircraft), “or instance, for 

r alization of stabilization about its center of grevity, besides angular deflections 
; the vehicle 1t 1s necessary to determine angular velocities and, in certain cases, 
angular acceierations of deflections, Thus, for instance, for proper work of the 

yr ll damper of a ship besides the angle of roll @ it is necessary to know angular 
velocity eae change of this angle. Analogously, input data of an autopilot, carryinys 
ut automatic stabilization of an aircraft relative to its center of gravity, are 


‘rvsles y, ¢ ‘Ee, ov) S apelettiens wf the airereart, and also angular velorstiss 
’ ‘ d 


. . e ee 


+, *%, ) and in certain cases angular accelerations vs, $, yy. On the same aircraft 
the DIf G can te used as a turn indicator, i.e., as an instrument, indicating to the 
Ltlot the direction of angular velocity of turning of the aircraft relative to the 
‘ssigned direction of straight-line mcvement. 

Dit 3's, depending upon parameters determined by them are divided into gyroscopes 


'ntende: for measurement of angular velocities of a vehicle on gyroscopes intended 


tor simultaneous measurement of angular velocities and angular accelerations of a 


“Hicle,** Differentiating gyroscopes which ieternine an sular velocities of a 
titele are called gyrotachometers, rate-of-turn indicators, precession or rate 
and rate-of-turn pickoffs 3 subsequently we shall apply the term 





myr tachometer (GT), Differentiating gyroscopes, measuring angular velocities and 


“A differentiating gyroscope can be defined also as a gyroscope, reacting to 
‘YWrosvope torque., caused by rotation of a vehicle. 


**l'sually instruments of this type measure the sun of angular velocity an‘ 
' Ular acceleration of the venicle. 
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angular accelerations of a vehicle, we call gyrotachoaccelerometers, indicators of 
angular velocity and acceleration, damping or accelerating — rate gyroscopes; 
henceforth, we shall use the term gyrotachoaccelerometor (GTA). We shall consider 
GT's in most detail, since they are a very widespread type of gyroscopic device; 
we shall describe GTA's more briefly, as their application is less widespread. 

There exist gyroscopic devices, which determine the sum of the angular deflecti n 


of a vehicle and its angular velocity. Such gyroscopes, a variant of the GT, are 


called integrodifferentiating gyroscopes; they will be considerea in Chapter 9. 


§ 8.2. Gyroscopic Tachometers (GT's) 
1. Function and Types of GT's 

The gyrotachometer is a gyroscopic device used to determine angular velocity 
of the base (vehicle) on which it 1s mounted. One of the distinctive features of a 
GT is that it measures absolute angular velocity of the venicle, i.e., the derivative 
of the angle of rotation of it in ‘nertial space. Ccnsequently, fixed on a base 
which 1s motionless with respect to the earth, a GT in principle is able to measure 
the component of induced angular velocity of sidereal rotation of the earth; however, 
creation of a GT, possessing threshold sensitivity necessary for this, is a very 
complicated technical problem. GT's applied in practice are cruder instruments and 
can only determine relative angular velocity of a vehicle, many times larger than 
the angular velocity of rotation of the earth. 

We distinguish GT's, based on use of astatic gyruscyxpes with two and with three 
degrees of freedom; most widely applied are GT's of the first type. Usually a GT 
has one gyroscope, It 1s possible to create a GT with two gyroscopes like a two-gyro 
active GS (§ 7.1, Par. 2b), 

Resides GT's based on use of astatic gyroscopes, there exist GT's based on 
devices, containing vibrating components; such instruments have acquired the name of 
gyrotachometers of vibration type or vibratory gyros (VG's) in view of the possibility 
of applying them not only as differentiating gyroscopes. Brief information on VG's 
will be given in § 8.4 of this chapter. 

Gyrotachometers normally applied are of two types: 1) direct-reading GT's for 
which the measured angulazt velocity of the vehicle is fixed in the form of the angle 
of rotation of the instrument frame (gimbal ring) relative to ite initiel position; 
2) GT's "with zero-drive" of the gyroscope axis (frame of the instrument), in which 
measurement of angular velocity of the vehicle is carried out by means of compensating 


the gyroscopic torque (caused by rotation of the vehicle) by a certain artificially 
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ereate | turgque, which ensures retention of the gyroscope axis near the zero position, 


«. Schematic of a GT, Basic Kelationships 
The schematic of a GT 1s shown In Fig. 8.1. The basic element of the instrument 
is an astatic rate gyroscope; 
the gyrorotor is fixed in gimbal 
ring Kk, which 1s sometimes called 
the frame of the instrument; 
rotation of the ring 1s limited 
by spring Sp, necessary for 
creation of a restoring torque. 
Quenching of natural oscillations 


of gyroscope is carried out by 





damper D. Readings of the in- 
‘ii al. SemeMat ie of BGT, strument, proportional to the 
angle of rotation of the frame 
about axis vn (vy), are taken 
ju th form of voltage from potentiometer Pot. Axes O€ 0 are connected with the 
oftiels (ehip, alreraft)} dais Ox,y*, combined in their initial position (when » = O) 
‘.th 0&8 ,C, are connected with the frame of instrument and in this case are Resal's 
wale ($22), Ais oe (ox) for the postition of the gyroscope aki# in Fig. 8.4 ie the 
svasuring, input axis, or the axis of sensitivity, since in this case the GT is 
tnt ended for determination of component ie of the angular velocity Z of rotation of 
the vehtcio; axis =; (vy) 1s called the output axis, since the angle 6 of rotation 
‘he Vraine about this axis 1s proportional, as will be shown below, to the mea- 
Jered angular velocity Dee 
Let us derive the basic relationship for a GT, establishing the functional 
“nection between input variable p(t) and the output variable p(t). During rotat!on 
tothe vehicie ebout axis OC with angular velocity Dips axis Oz of the gyroscope witli 
‘iange its position with the same velocity Des which it is possible to consider the 
sngular velocity of forced precession, Due to this motion of axis 02 of the 
ryroscope there appears gyroscopic torque M,, directed along axis 0O:, (Oy), which, 
uccording to Foucault's rule, drives the gyro axis to coincide with axis Oy. Gyro- 


pict torque Mi» by analogy with (255. 38:5 is determined by relationship 


M= H Xo, (8.2.1) 
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where Hf — natural angular momentum of the gyroscope; 
—>- 
CO — unit vector of axis OC, 


The magnitude of the gyroscopic torque is 
A _ ; 
M, = Ho, sin (F, ce) = Hu, sin (90° — §) = Hw, cos 2. (S252) 


If angle p of rotation of the frame is limited to a sufficiently small value, 


measured normally be a quantity of several degrees, then (8.2.2) can be approximately 


written in form 
M, = He,. (8.253) 


Thus, for small angles 6 gyroscopic torque Me 1s proportional to the component 
of engular velocity ®y measured by the instrument, f.e., M, can be considered the 
input variable. 

The spring counteracts rotation of the instrument frame, introducing torqu> Mii 9 
which seeks to return the frame to it~ initial position, i.e., in this case is a 


restoring (position) torque. This torque is determined by relationship (2.3.32), 


1L.e., 
M,, =—03, (8.2.4) 


where c — stiffness coefficient of the spring, equal to the torque created by the 
spring upon deflection of the gyroscope angle 6 of one radian. 


To determine quantity c we introduce coefficient Cy of linear spring force of 
the spring; linear strain of the spring upon rotation of the frame angle 6 will be 
Ly sin p *= Lb, where Ly 
by the spring will be expressed by relationship Cylah consequently, torque of the 


— arm of the lever (Fig. 8.1); then the force developed 


spring will be 


M,, = —¢, 0p. 


Comparing this expression with (8.2.4), we have 


e=e,f. (8.2.5) 


In deriving the basic relationship characterizing work of a GT we shall not 
take into account. the equatorial component of angular momentum of the gyrosccpe, 


inertia of the frame, the damping torque, and also different disturbing torque, and 
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w: Shall use one of the shortened «quations (1.6.30) of a gyroscope in D'Alembert's 
Sti ‘Considering the second of these equations in projections on oxis vy (big. 8.1) 
-*) uate for syrescoplée turque expreseiin (5.2.5) andy a8 the external t rque, the 


borg’ Mics created by the spring [see (8.2.4)], we obtain 


M, + My, = 0 (8.2.6) 
wr 
He, — 3 = 0, 
Yeon which we find basic relattonship 
H 5 
p= =o, (8.2.7) 


thurectericing work of the GT.* 

From (8.2.7) it follows that angle p of rotation of the frame is proportional 
tc the measured angular velocity ap of the vehicle. 

This formula explains why the considered gyroscope is called differentiating. 
Inueed, if by a we designate the angle of rotation cf the vehicle about axis 0¢€ with 


onmular velocity Dp = a, then we can write (3.2.7) in form 
H - 
rae 


r in operational form ( ~<a) 


pm ips, (8.2.8) 


“rom which it follcws that the output variable — angle » — is proportional to the 
‘rot derivative of the input variable — the angle a of rotation of the gyroscope 
“tout measuring axis OC, 1i.e., the GT is a differentiator. 

é& cher epproach is possible in principle, when as the input signal we take the 
Ngular velocity mes Here, if we du not consider the series factors mentioned above, 
we can consider the GT as an amplifying network with gain factor Z [see (8.2.7)], 
{.e., the functional dependence between input variable 4 and output variable f in 
“he first approximation has the form of a simple linear dependence. 

Above we said that the restoring torque is created in the GT by a spring. A 

viotency of the application of the spring is the instability of readings of the 


“Dotailed explanation of physical processes occurring in a GT 1s given in the 
 f 7, ¢, Fridlender and M. S. Kozlov [65]. 
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instrument, e.g., during change of the temperature regime. However, springs, dve to 
simplicity of construction, have had very wide application in GT's, 

Sometimes, instead of a spring for creating the restoring torque in a GT, we 
apply torsion rods or electrical springs. As a torsion rod we use a steel rod of 
round or rectangular section; one end of the torsion rod is rigidly fastened to the 
GT fame, and other is fastened to the instrument housing. The torsion rod works 
on tersion and creates here a restoring torque. Besides this, the torsion plays 
the roie of one of semiaxes of the GT frame, When we use a torsion rod the angles 
of rotation of the frame are minute, that which decreases the sensitivity of the 
instrument, Torsion rods are applied in certain types of floating differentiating 
gyroscopes (Per. 7). 

To show the advantages of an electrical spring we shall consider the question 
of the peculiarities of taking from potentiometer Pot (Fig. 8.2) of a gyrotachometer 
an output signal in the form 
of voltage U, proportional to 


angle #6 of rotation of the 






GT frame [171]. Let us des- 
ignate by Uo the voltage of 
the supply source, which corre- 


sponds to a certain angle by 





meme meme 
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hte of rotation of the cursor of 
ict | the potentiometer, The maximum 
; ! 4 i voltage removed from the 

ty aa saa potentiometer, relative to its 
eda sedan seine, vt be 0, = 


Fig. 8.2. Schematic of a GT with an electrical ee OR Er at nee user Saat 
Prine angle the voltage from the 
potentiometer will change by 
: U 
magnitude = . With turn of the GT frame angle 6 from the potentiometer there will 
0 


be taken voltage 


Un ste. (8.2.9) 


Substituting here (8.2.7), we obtain 


vat oy (6.2.10) 
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Thus, voltage taken from the putentiometer is proportional to the angular 
velocity we of the vehicle, measured by the instrument. From (8.2.10) it follows 
that fluctuation of feed voltage Uy leads to a corresponding change of output voltage 
U, and consequentiy, to error tin measurement by the Instrument of angular velocity 
oh ee 

When using in the GT an electrical spring accuracy of the GT does not depend 
on fluctuation of feed voltage Uys this 1s one of its essential advantages. In the 
schematic of a GT shown in Fig. 8.2 the electrical spring consists of coil C connect«:: 
to frame GT and permanent magnet M; to coil C there is fed voltage U, taken from 
the GT potentiometer. With turn of the instrument freme coil C will shift in the 
field of permanent magnet M; interaction of this field with coil current creates a 


restoring torque M, determined by relationship 


p’ 


M,, = —mU, (82,44) 


where m — constant proportionality factor. 
Substituting (8.2.3) and (8.2.11) in (8.2.6), we fina 
U= fo, (8.2.12) 
id.e., voltage U, taken from the potentiometer, will be proportional to the measured 
angular v2locity aa of the vehicle and does not depend, as in the case of a mechan- 
ical-spring, on the feed voltage U, [see (8.2.10)]. 

Another merit of the electrical spring is that with it there disappears the 
necessity of having a special damper, since it itself creates a damping torque. 
Furthermore, application of an electrical spring permits easy tuning of the instru- 
ment by means of introduction of an adjusting resistance in its circuit. 

Let us consider the problem of quenching natural oscillations of the aT frame. 
Usually for this we apply a pneumatic damper (D in Fig. 8.1), which introduces 4 
damping torque Ma» determined by relationship (2.3.33), 1.e., 


M, = -- 63, (6.2.13) 


where b — damping factor, equal to the torque, created by damper, when ar sular 
velocity 6 is 1 radian/sec. 


Let us find the expression for coefficient b [17]. Velocity of the piston 


with respect to the cylinder of the damper will be equal tc Lops where Li - a lever 
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# arm ( Fig. 8.1); then for the force developed by the damper we have relationship 


alols where a — specific force of damping, i.e., the force developed with movement 
of the piston with a velocity of 1 cm/sec; consequently, the damping torque will 
- be M, = ~al Sp. Comparing this expression with (8,2,13), we find for coefficient b 


the following relationship: 
} 
b= al. (8.2.14) 


Pneumatic dampers applied in GT's have these essential deficiencies: they 
lower sensitivity of the instrument due to increase of frictional resistance; they 
“hamper balancing of the mobile part of the instrument; the damping factor when a 
GT 1s set, for instance, on an aircraft varies with change of altitude. 

In GT's there are also applied liquid dampers, for instance in the floating 
differentiating gyroscope (Par. 7). 

Let us consider the schematic of the so-called electrical damper (Fig. 8.3). 
On the GT frame there is fastened a copper plate Pl, which during turn of the frame 
shifts in the gap between two cores 
of electromagnet EM of the damper, 
In the plate there are induced Foucault 
currents; interaction of them with 
the magnetic field of the electromagnet 
creates & aamping torque. With in- 
crease of the velocity ‘ of rotation 
of the GT frame speed the rate of 
crossing by the plate of magnetic lines 


of force and the current induced in it 





Fig. 8.3. Schematic of a GT with electri- are increased, and, consequently, 


7 1 
cal damper, also the damping torque. 


The electrical damper has a 
number of advantages: in it there is no dry friction; the damping factor does not 
_ change when the GT is installed on an aircraft with change of altitude, etc, However, 
the electrical. damper 1s more complicated than the pneumatic one; sometimes it has 


considerable size, and, therefore, it is applied less frequently in T's, 


3. Dynamic Characteristics of a GT 
a) Geometric and Kinematic Parameters 


analysts ov 1 aT starts with composttion of the differential equations of motion 
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and the corresponding transfer functions, As was shown in Par, 2, axes 0€1,€ (Fig. 
8,1) are assumed connected with the vehicle; axes Oxyz are rigidly fastened to the 
instrument frame; in the initial position (when 6 = 0) axes Oxyz coincide with 0€7¢, 
With turn of the GT frame about O07 (Oy) axes Oxyz will occupy position Ox, y2Z3 these 
axes in this ~ase are Resal's axes, 

By analogy with (1.1.27), transformation of axes O&n¢ to Ox, yz we write in the 
form of the following matrix equality: 


ly y z2]= A(t, 4, 6, (8.2.15) 


where matrix A,=[[a@),|| (vy, v= 1, 2, 3) has the form 


—sin§8 O cos8 
A= Oo —! Of. (8.2.16) 
cosB 0 sinB 


In case of small 6 we have approximately, 
_ 0 

A; = 0 — 1 
i 0 


I 
0 (8,2 .47) 
s 


Angular velocity of axes Ofn€, connected constantly with the vehicle, we shall 


designate by DB; then 
emo? + or? +o. (8.2.48) 


With the location in Fig. 8.1 the gyrotachometer determines component De of 
angular velocity. With another location of the instrument we can measure component 


Oe or w Thus, the GT determines components of angular velocity of a vehicle about 


n° 
the axes connected with its here one should consider that Des Op» Dy are expressed 
through the angular velocities, interesting us, of rotation of the object by rather 
complex dependences, Actually, for a ship for axes O0€¢ (Fig. 8.1) one should take 


ship axes Oxyz (Fig. 2.2); comparing these figures, we have 


=O; emu, ou —w,. (8.2.19) 


Substituting (2.1.17) here, we obtain 


@, = $0086 +9 cos ysin 4; w= 6—¢sin 4; 
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@, = — 900s 0086 + Jsin 9. (8.2.20) 


Thus, with the location in Fig. 8.1, the gyrotachometor will measure angular 
velocity Des which characterizes the projection on axis 0f of angular velocity 9 of 
yawing of the ship and angular velocity y of its trim. If the roll angles are 
sufficiently small, 


o=—%, (6.2.24) 


1.e., the considered GT (Fig. 8.1) will measure the angular velocity of yawing of 
the ship. Here, two other GT's according to (8.2.20), will determine angular 


velocities V heaving and g rolling of ship, since 


a=, ol. (8,2,22) 


When necessary the GT can, e.g., in "pure" form determine angular velocity 9 
of yawing of a ship, but for this 1t is necessary to set it on a platform stabilized 
with respect to the horizontal. 

During composition of the differential equations of motion of a GT by Lagrange 
or Euler equations it 1s necesscry to have expressions of angular velocities. Pro- 


jections of the absolute angular velocity of Resal's axes Ox, yz 
@, = « + 3x? (8.2.23) 
on the same axes, if we consider (8.2.16), are determined by relationships 


P, = —«, sin} + w.cos3 
qu—ets (8.2,2h) 
r,= 00s) +, sin3 


Components on the same axes of absolute angular velocity of the rotor, o’, 
@! as ay + 72" (8.2.25) 


(where 9 — angular velocity of rotation of the rotor) will be 
p=—e,sin 3 + ©, cos3 
q=—otf- (8.2.26) 
r= 0, cos} + usin} +¢ 


120 


- alls a ee ee 


b) Composition of Differential Equations of Motior, of a GT 


For composition of differential equations of motion of a GT we use the Kudrevich 
method (§ 1.6, Par. 2). First, we consider the case when the vehicle, e.g., a ship, 
accomplishes oscillatory motion about its center of gravity; here the mean value 
(mathematical expectation) of angles of deflections of it from the equilibrium 
position are equal to zero. Composition of equations of motion of a GT, fixed on 
an aircrart, turning with banking, is given later. 

Let us construct an auxiliary drawing (Fig. 8.4). On axes O&n€ are plotted 
components Wes Op» Wp of angular velocity D of these axes. Along the axis Oy of 
rotation of the GT frame are located vectors of moments of forces: Min — moment 


of forces of inertia of the frame; M_. — torque, created by the spring; My — torque 


sp 


of damping; M.. — gyroscopic torque; Mags — disturbing torque. 


GD 
In accordance with D'Alembert's principle the sum of these moments on axis Oy 


should be equal to zero: 


Mya + May + M,+M, + M,, = 0. (8.2.27) 


We shall find expressions for the moments in (8.2.27). Moment of forces of 
inertia of the frame, caused by rotation of the vehicle about axis 07 with angular 
acceleration @,eand turn of the frame relative to the vehicle with angular accelera- 


tion 6, 1s determined by relationship 


M,,=—J,,(§—o,). (8.2.28) 
where J — sum of equatorial moment of inertia of the rotor, frame (housing) of 


¥ the gyroscope and mobile parts of the damper and spring. 

C(s) % Torque, introduced by the 
spring, is determined by formula 
(8.2.4) 


M,, = —3. (8.2.29) 


For the torque of damping we 


found relationship (8.2.13) 


M, = — 03. (8.2.30) 





Let us define the expression 


Fig. 8.4, Deriving equations of motion of a GT, of gyrosccpic torque; by analogy 


TC TEI, py oe eR See we ee = ae a 
caf 


ee ee no ne 2 anette cetS illite catancammanaeintinieiaighmnianees oS at “. _— at eet 


with (1.3.34), we have 


M, = Xe, (8.2.31) 
from which the prcjection of ¥,, on axis Oy will be 
M,, = ~ ‘fia, — Hy) = H (@, cos 8 —«, sin 8). (8.2.32) 


To disturbing torque Maas belong friction torques in the suspension axis of 


the frame, unbalance torques, etc, Subsequently, we assume that 


M,= M+ f(e), (8.2.33) 


where Me. - friction torque in the frame axis; 
f(t) — other disturbing torques. 
In the case of liquid friction, by analogy with (2.3.72), we have 


M, = —a,3. (8.2.34) 


With dry friction in the frame suspension axis, considering for simplicity 
friction torques to be symmetric during rotation of the suspension axis in various 


directions, by analogy with (2.3.84), for Me. oe O we obtain 


M, = — K, sign. (8.2.35) 


Substituting (8.2.28)-(8.2.30), (8.2.32) and (8.2.33) in (8.2.27), we have* 


4,.4(B—©,) +63 + 63 = H (w.cos3 — w,sin?) + M, + f(é). (8.2.36) 


*Let us note that the exact equation of motion of a GT can be obtained by using 
Euler's equations (1.4.1), in form 


+e (—s, +H += H (w, cos3 — o sin 3) — 


= Cer 4) | on 29 + eye, cos 23] 4M, $0, 





where Jexm moment of inertia of rotor and frame with respect to axis Ox, (Fig. 8.4); 


Jy — moment of inertia of the frame with respect to axis Oz, 


This equation differs from (8.2.36) by the presence of component 
2 
e—ef 


4-19 ; sin 23 + ww, cos n) ’ 





which in modulus is essentially less than other components; therefore, we usually 
investigate GI's on the basis of equation (8.2.36). 
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In this equation inertial term Je - (B - w ) in principle cannot be dropped, 


7 
since the GT has only one determining coordinate B [YO], and, therefore, with any L 
angular momentum of the gyrscope it is impossible to use the shortened equation of 


(§ 1.6, Par. 8), In equation (8.2.36) is inertial moment Jg.e%y que to angular 


en 
acceleration of object with respect to an axis On. This moment introduces distortion 
in the GT readings. Usually the magnitude of the corresponding so-called inertial 
error of the GT is small; however we can, in general, compensate this error, if in 
the instrument we establish a flywheel, connected to the GT frame by a gear trans- 
mission, The mathematical foundation for the condition of compensation of inertial 
error of a GT is given in the book of D. S. Pel'por et al. [17]. 

In GT constructions usually applied in practice the limiting value of angle 1: 

of deflection of the frame from its zero position if limited to several degrees, 


Therefore, in equation (8.2.36) 1t 1s fully permissible to consider cos 8 * 1, 


sin 8 = 8 and, consequently, we can present it in form 


J, 8 4+63 + (c+ Hu) 3 Ho, +J, 0, + M, +f(0. (8.2.37) 

If 2, = O, wy = 0, Mey = f(t) = 0, when De = const for a steady (static) position 
of the frame, determined by angle B stat? considering in (8.2.37) 8 = B = O, we have 
relationship 

H 
es (8.2.38) 


coinciding with (8.2.7). 
If, with the above-indicated conditions we ‘also have De = const, instead of 


(8.2.38) in static conditions we have 





te Sia a tw (8.2.39) 
: “— F 

i.e., the GT, besides reacting to angular velocity De (for measurement of which it 
is intendea), will react also to component De of angular velocity of the vehicle 
along axis O&, which distorts readings of the instrument. To decrease the influence 
of as the coefficient c of spring force of the svring we select usually sufficiently 
large, so that for all possible values of ea, << 1.0. Of the possibility of total t 
compensation of this GT error we shall say more later (Par. Tae \ 


Let us transform equation (8.2.37!, considering De = QO; ~ 


J, b+ 03 +3 = Ho, +J, 0, + M, + f(), (8.2.40) 
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or 


6 e H . 7 
b+ 78+ 5 Paso te,4 7, , (Me + S04): (8.2.41) 
We designate 
aia, (8.2.42) 


from which we obtain the formula for the frequency n of natural sustained oscillations 


of the GT; 


any/ 5. (8.2.43) 
e.8 


Then for the period of these oscillations of the GT we have 


T= ak as, (8.2.44) 


Let us transform ratio ~~ as follows: 


ge 
ts Oe 
& & - 4, 
——- =~. = ZA, (8.2.45) 
Se See ae 
tne 
whe re 
(a—— (8.2.46) 
8V 4.06 


As shown in § 4,3, Par. 2, quantity ¢€ constitutes the relative damping factor. 


We introduce designations 


Poon. meets: 
] ia fi Ponce. (8.2.47) 


Considering (8.2.42), (8.2.45) and (8.2.47), we rewrite equation (8.2.41) in 


the form 
P+ 2nd + nk9 am hye, +0, + 9, (M, + S(0)- (8.2.48) 


If in (8.2.48) we set a, = 0, Mp, = f(t) = 0, then we obtain an equatior., 
analogous to the equation (4.3.19) of oscillations of a physical pendulum, 
Let us present (8.2.48) in another form; for this, by analogy with (4.3.23), we 
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introduce time constant T of the gyrotachometer, 


1 
Te (8.2.49) : 


We divide (8.2.48) by n® and designate : 


i) 


, be it Wee 
a Je.» oe et ® 

at 

¢ 


pe 
Mire Ge 


r.8 


(8.2.50) 


Considering (8.2.49) and (8.2.50), we rewrite equation (8.2.48) in form 


TE + ATP + B= kv, + To, + [M+ F(A], (8.2.51) 


analcgous under the assumptions shown earlier to the equation (4.3.25) of motion of 
a physical pendulum, 
When composing differential equations of motion of a GT by the Kudrevich method 

we assumed that in the instrument there is used an astatic rate gyroscope. In 

: connection with this we note that during composition of equations of the GT it is 
possible conditionally to consider it a gyroscope with three degrees of freedom, 
taking as the outer gimbal ring the housing of the instrument, rigidly joined with 
the vehicle, In this case it is possible to use equations (1.4.2) of motion of a 
free gyroscope. Being interested in motion of the frame about axis Oy, one should 


turn to the second of the shown equations; we replace in it Je by J and reject 


ge 
small component JQPr4s caused by centripetal acceleration; then we have 


J, L—Hp, = M, = M,. (8.2.52) 


Ccnsidering (8.2.24) and (8.2.26), we obtain 


. : J,.4(5—#,)—H (— sin} + », 053) = M,. (8.2.53) 
For moment M amp we have 
M,= Myt+M, + M,. (8.2.54) 


Substituting for M.., M,, M,,, their expressions (8,2.29)5. (8.2.30), (8.2.33) 


P 
and the resulting relationship in (8.2.53), we arrive at equation (8.2.36) found 


earlier. 
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Finally, we compose the equaticn of motion of a GT for the case when it is fixed 
on an aircraft, accomplishing a regular turn with constant angle of transverse bank 
y. Here, as it 1s known, angle y 1s connected with the angular velocity of turn 


w 


eters and with the radius of turn Teurn by the following relationship: 


tay =. (8.2.55) 


We assume that axes O€n{ (Fig. 8.5) are rigidly joined with the aircraft, and 
On coincides with its longitudinal axis, and Of is directed along the right wing; 
the initial position of these axes when y = O we designate by 0b Ng bo- Together 
with the aircraft the GT will also bank, and it will no longer measure the angular 
velocity of turning Orurn? but its projection 
on the normal axis O€ of the aircraft. Actually, 


the angular velocity of turning gives 


burn 
on axes Of and Of the components 


a = —e, sins; , = ©, COS. (8.2.56) 


Substituting (8.2.56) in (8.2.32), we 
obtain the following expression for gyroscopic 





torque : 


oa Z 
E(z) M,, = He, (cos3 cos x + sin 3sinz) = Hw, cos (3 — 1). 


Fig. 8.5. Readings of a GT during (8,2.57) 
turning of an aircraft. 


If 6 18 small as compared to y, we have, 


approximately 


M,, = He, 0087, (8.2.58) 


which confirms what we indicated above, 

Let us compose for the considered case the equation of motion of the GT, For 
this it suffices to introduce (8.2,56) in equation (8.2.36); for simplicity in the 
latter we take Mp, = f(t) = 0; considering also that when y = const, o, = 0, instead 
of (8.2.36) we obtain 


J, B+H +68 = He, cos (3— 7). (8.2.59) 


For the position of static equilibrium we have 


P= - 0,008. —1) (8.2.60) 
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or for a small value of Botat 


H 
Pee > w, (cos _ + B,,sin 1). 
from which 


! H 
Per = ———-—— . = w, cosy. (8.2.61) 


Usually coefficient c is selected sufficiently large so that component Ls oe 


sin y can be disregarded as compared to unity; then, approximately, we have 


H 
Pep = — @, C057, (8.2.62) 


i.e., the GT, instead of angular velocity of tum Os sae will fix its component on 
the measuring axis O¢ (Fig. 8.5) of the instrument. Here, if 1i1¢ angle of roll y 

of the aircraft is determined by a GV, then from the reuding on the GT, characterized 
by formula (8.2.62), 1t 18 possible to separate the value rum interesting us, 


using, for instance, the corresponding computer. 


c) Transfer Functions and Frequency-Response Curves of a GT. 


Let us determine transfer function W(s) of a GT with respect to the useful input 
signal. For this in equation (8.2.48) we put disturbances oy = 0, Mp, = f(t) = 0; 
then 


b+ Xnb.+n3 = kw, (8.2.63) 


We designate »y a the angle of rotation of the vehicle about axis O€ (Fig. 8.1); 


then angular velocity is 


-O,m6. (8.2.64) 


Considering (€.2.64), we rewrite (8.2.63) in form 
P+ snp +n} eka, (8.2.65) 


Let us present (8.2.65) in operational form (: = a, 
(p* + 2np + n*)3 = kp. (8.2.66) 
Applying to (8.2.66) the Laplace transform, we obtain the following expression 


fer transfer function GTI: 


a _ He) hys ) (8.2.67) 
Vs) e(s)) + Anstant 
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We can present this formula in different form, if we divide its numerator and 


denominator by n° and consider relationships (8.2.49) and (8.2.50); then we obtain 


s (8.2.68) 


V @) = —__—__. 
6) Ts84¢-2Ts +1 


From (8.2.€7) and (8.2.68) it follows that the GT with respect to the angle 
of rotation of the vehicle about the measuring axjs can be considered an oscillating 
differentiator [114], since to the instrument input there proceeds the derivative 
of the angle of rotation of the vehicle. In (8.2.68) T — time constant of the GT, 
and k — its transmission factor. If T is very small, instead of (8.2.68), we obtain, 
approximately, 


“W(s) =hs, (8.2.69) 


1.e., the "ideal" GT is a differentiator. 

For determination of the transfer function of a GT another approach is possible, 
in which as the input signal we take the angular velocity Dp of the vehicle. Then, 
according to (8.2.63), transfer function of the GT with respect to influence We will 
be determined by relationship 


op Pte 8.2.70 
der ar re ore sree 


or, considering (8.2.49) and (8.2.50), 


a 
oD aan (S227) 

Comparing (8.2.70) and (8.2.71) in accordance with (4.3,21) and (4.3.26), we 
see that the transfer function of the GT has the same form as the transfer function 
of a physical pendulum, i.e., the GT with respect to ‘angular velocity measured by it 
can be considered an oscillating unit. Such an approach to the study of the dynamics 
of a GI is the most expedient, since here there is the possibility of using results 
obtained during the study of a physical pendulum (Chapter 4), 

Example 8.1. Determine the frequency n of natural undamped oscillations GT, 
the period of these oscillations T t? time constant T, transmission coefficient k, 


& 


steady-state (static) value 6 of the angle of displacement of the instrument 


stat 
frame for the following initial data: angular momentum of the gyroscope H = 2093 


g-cm-sec (example 3.2), equatorial moment of inertia of gyroscope together with 
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frame Je cae LeO4. g-cm-sec’, stiffness coefficient of the spring c = 1200 g-cm/ro1, 
constant value of measured angular velocity ap = 2 deg/sec. 


Solution: 1. By formula (8.2.43) we fini frequency n of natural oscillations 





of the GT: 
Ru Se V BY a 1/sec, 
des 1,01 
2. According to (8.2.44) we calculate period T, _ of oscillations 
of the GT: 
2n 2-3,14 
Laas ae = 0,1823 sec. 


3, Using (8.2.49), we determine time constant T: 


Tet = | _ _ d,02001 sec, 
a H,47 


4, By formula (8.2.50) we find transmission factor k; 


pot 1,744 sec, 
ec 1200 


5. According to (8.2.38), we calculate the magnitude Petar of statin 


deflection of the GT frame: 


Perm Ae wy = hug = 1,744.2 = 3,488°, 


To determine the gain-phase response W(jw) in (8.2.71) we replace s by jw; then 
k 
Y (jo) = ——___—______, 8.2.72 
1— TT? 4 276 ) 


If for W(s) we use formula (8.2.70), then for W(jw) will also have 


V (jw) = ——_ (8.2.73) 


at —eot+ Bajo 


Let us define amplitude A(w), phase 9(w), real P(w) and imaginary Q(») frequency- 


response curves of the GT. 
By the same method as for a physical pendulum (§ 4.3, Par. 3), we obtain formilas 
(4.3.34) and (4.3.35): 
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ae re 3 Bee Te. (8.2.74) 
A(«) Vacreprere en ¢ (w) =—arc tg ior 
a(t Te — 2k. Te 
P()= yaa ae ai Q(~) = aaa 7 aed (8.2.75) 


The gain-phase response W(jw) of the GT, 1.e., the curve, described by end of 
vector W(jw) on the complex plane during change of w from 0 to o, has th: same 
form as for a physical pendulum (Fig. 4.14). From the graph it follows that during 
action on the GT of angular velocity W(t), varying by periodic law, steady-state 
oscillation of the GT will also be periodic oscillations of the same frequency as 
We (t). Modulus W(jw) reaches a maximum at a certain frequency » <n, where n is the 
frequency of natural oscillations of the GT. 

Knowing the gain-phase response W(jw) of the GT, by formula (2.3,.105) we can 
find the (weighting) unit impulse function of the GT 


iat fv (jw) edu, (8.2.76) 


which characterizes the transient response during application to the GT of a unit 
impulse function, or delta-function 6(t — to). 

During investigation of errors of a GT in dynamics it is also necessary to know 
the transfer function of the GI with respect to disturbances. To determine this 
transfer function, which we shall subsequently designate by Y(s), we use equation 
(8.2.51) of the GT, considering f(t) = 0; then 


7h + ATG +f = ho, + Te, + oM,. (8.2.77) 


For axes O€n¢ (Fig. 8.4) we take ship axes Oxyz (Fig. 2.2): the axis of 
sensitivity of the GT coincides with axis 00, and in this case the GT is designed 
for measurement of angular velocity 9 of yawing of the ship; indeed, according to 
(852N21))5 bp ™ -9(t). Then the disturbing angular acceleration 2, considering 
(8.2.22), we find equal to angular acceleration 6 of rolling of the ship, j.e., 
me = es Let us assume that in the axis of suspension of the frame there is liquid 


'} 
friction, determined by formula (8.2.34), 


M, =—a,3. (8.2.78) 
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Consisering what has been said and formula (8.2.78), we rewrite (8.2.77) in 


the follcwing manner: 


Tip + 27h +B = ho, + Tb — on). (8.2.79) 
Designating 
Gatti, (8.2.80) 
we have 
TEER TA + 8 = ho, + T*6. (8.2.81) 


Presence in the right part of this equation of disturbance T-6 causes error € 
of the GT reading. Since w(t) is the useful signal, then for error e€ we obtain 
the following differential equation: 


e+ RUTetea Tb. (8.2.82) 
We rewrite it in operational form: 
(T°p* +. 2,7 p + 1)s=T'p%. (8.2.83) 


Applying the Laplace transform to (8.2.83), we obtain the expression for the 


transfer function Y(s) of a GT with respect to disturbance from rolling 





Y@y—_ ts 8.2.84 
#) Os) or*s8 42,7541 


4, Transient Responses of a GT 

a) Behavior of GT in a transient response. 

One of the important stages of analysis of a GT is determination of its 
behavior in a transient response, and also investigation of its errors in steady 
state, 1.e., analysis of its static accuracy. Behavior of GT in transient response 
with some typical disturbance, for which we usually take a unit step input (§ 2.3, 
Par. 3a), is best characterized by the so-called perforinance indices. Since motion 
of the GT is described by a differential second order equation (8.2.51), analogous 
to the equation (4.3.25) of motion of a physical pendulum, the performance indices 
of the GT are determined just as performance indices of the physical pendulum (§ 4,4), 


Therefore, we note only specific peculiarities for a GT. 
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The first question which arises here concerns stability of the GT. The sta- 
bility of a GT, which can be considered an oscillating circuit [Par. 3 and (8.2.71)], 
is most simply judged by its gain-phase response W(jw), determined by formula 
(8.2.72). The hodograph of W(jw) has a form, analogous to that shown in Fig. 4.14, 
from which it follows that the GT is stable for any positive coefficients of the 
corresponding characteristic equation. More complicated is the question of sta- 
bility of the GT in the presence of angular velocity We of the vehicle with respect 
to axis 0€, not coinciding with the measuring axis Of (Fig. 8.4) of the instrument, 
when its motion is described by differential equation (8.2.37). Here in general, 
there can occur parametric resonance, as also for a physical pendulum (§ 4.6, Par. 
4286), 

Subsequently we shall be interested in cnange of the angle 6 of rotation of 
the frame of the GT in a transient response, caused by a typical disturbance in the 
form of abrupt change of the input value by one and with zero initial conditions, 
1.e., during a unit step input [1] [see (2.3.107)]. Function b(t), which determines 
change of p at the GT output under the shown conditions, is the unit step response 
and is expressed by general relationship (2.3.108). 

Let us use equation (8.2.51) of motion of the GT frame, which, in the absence 


of disturbances » = 0, M 


n tr = f(t) = 0, will be written in form 


TH+ UTI+9 = be,. | (8.2.85) 


In the considered case, when motion of the GT is described by a differential 
second order equation, the transient, 1.e., transient function of the GT, and its 
performance indices can be determined analytically. Having the goal of finding the 
unit step response Py(t) of the GT at application to it of a unit step input up (t) = 
= [1] with zero initial conditions, we rewrite (8.2.85) in form 


TH+ ATI +8 —k(I]. (8.2.86) 


The particular solution of this equation will be 
R= bith: (8.2.87) 


4t characterizes readings of the QT in a steady-state conditions, i.e., static 


deflection p(w) of the GT frame; consequently [see (8.2.50)], 


(co) = Aft} Lt}. (8.2.88) 
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Then, we find the general solution of homogeneous equation 
T'6+ 273 +8=0 (8.2.89) 
for zero initial conditions. We have the corresponding characteristic equation 
Th? + 2-714 1a 0, (8.2.90) 


roots of which will be 


hea (2 VG=1). (8.2.91) 


Parameters of the GT are selected in such a way that 





C—1<0, (8.2.92) 
then roots Ay and ro will be complex: 
mvt ing ha—y—jny (8.2.93) 
where 
vets ye tae (8.2.91) 


v — coefficient, characterizing the rate of damping of oscillations of the GT: 
n, — frequency of natural damped oscillations of the GT. 


Considering (8.2.49), we rewrite (8.2.94) in form 
ven as a,=anl/ rc; (8.2.95) 
when € = O, 
v=0 and A, =A, 


The general solution of homogeneous equation (8.2.90) will be 
ae ¢ < 7 ; ; = ae , 
pore t (cou VERE s+ cin VEE ‘), (8.2.96) 


where constants C, and Cy are determined by the initial conditions. 
Then, considering (8.2.87) and (8.2.96), we obtain the solution of equation 
(8,2,86), 1.e., unit step response By (t) with unit step input, considering initial 
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condit ons zero [when t = 0, p,(0) = 0, p,(0) = 0], in form 
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Example 8.2, Calculate and construct unit step response By (t) of a GT for 
parameters of the instrument, given in example 8.1; relative damping factor of 
oscillations of the GT frame ¢ = 0.5, 


Solution. By formula (8.2.97) fer different values of time t we determine angles 


of deflection of the GT frame, and then construct the graph of unit step response 
By(t)s shown in Fig. 8.6, 


p.s00?, 


by fe) 











Fig. 8.6. Transient response of a GT for a unit step input. 
Performance indices. 


2) Definition of Performance Indices of a GT. 


Having the graph Py(t) of the unit step response, it is easy to determine the 
so-called performance indices of the considered dynamic system, characterizing be- 
AaWaOF of the GT in the transient response, 

Among performance indices, according to what was shown in § 4.4, Par, 2b, are: 
1) maximum deflection 6, of the GT frame (Fig. 8.6) or magnitude of overshoot 
Pp. = 8 i) 


m 100% where 3(m) — static deflection; 2) static deflection 8(m); 3) time 


(co 


the transient response (or time of adjustment ) teay? 1.e., the least of the values 
for time (counted from the moment of application of the disturbance), after which 


there occurs inequality |p(t) — 6(m)] « Ass where Ay — a given small constant; 
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4) number of oscillations of deflection p(t) during the time of transient response 
teas: Let us note that with respect to the GT quantity tags is usually called the 
time of bringing the frame of the instrument to equilibrium position. 

Example 8.3, Using the graph of unit step response Pp (t) (Fig. 8.6), determine 
performance indices, characterizing behavior of the GT in a transient response; take 
4, equal to 5% } (a). 

Solution, 1. On the graph in Fig. 8.6 we find the magnitude of the maximum 
deflection Pi of the GT frame from its equilibrium position: 


A, = 2.05". 


2. We find the magnitude of static deflection /(a): 


3. We determine the magnitude of overshooting: 


By — P(®) so0g = 205 ~ 2-74 roog » 17.84, 
B(@) = 


4, We determine the value of A: 


As = 58 b(m) = 0,05+1.74 = 0,087°, 


5. On the graph we find the time of adjustment (setting time): 


t = 0.156 sec. 


adj 


Sometimes the performance indices include the so-called rise time ty which is 
determined in the following manner [80b]: to curve |}, (t) (Fig. 8.6) there is passed 
a tangent at a point whose ordinate is 38 (w) 5 the segment of the tangent included 
between points of its crossing with the axis of abscissas and with horizontal line 
b(o), 1s projected on the axis of abscissas; the magnitude of this projection is 
equal to rise time th. For unit step response By(t), shown in Fig. 8.6, rise time 
comprises t. = 0,05 sec, Rise time is an important performance index, since it 
characterized the speed of operation of the system. 

The above-indicated performance indices were found directly from curve by, (t) 
of the unit step response of the GT. In the considered case, when motion of the 
GT frame is described by a differential second order equation, construction of curve 


By(t) and determination by it of performance indices present no difficulty. For morv 
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complicated systems in the theory of automatic control there have been developed 
special methods of determining performance inaices without constructing the curve 
of the unit step response; here, we use the frequency responses of the system (see, 
for instance, [27, 107]). A number of useful empirical formulas for calculating 
performance indices by the form of the amplitude frequency A(w) characteristic of 
the system [see (8.2.74)], obtained by means of static treatment of results of 
investigation of many linear systems on an analog computer, are given in [80b]. 

c) Certain Remarks. 

Formula (8.2.97) for the unit step response 6, (t) of a GT is valid when the 
instrument is influenced by the angular velocity of the vehicle in the form of a 
unit step function, Sometimes, during presentation of the theory of the gyrotachcmeter 
(see, e.g., [57]) they consider the characteristic of the transient response of a 
GT with constant (but not equal to unity) value of angular velocity of the vehicle. 
Corresponding formulas can be obtained from those given earlier, if in them instead 
of unit step function [1] we introduce the magnitude of angular velocity D> = const. 
Then, according to (8.2.88), we obtain an expression for static deflection of the 


GT frame: 


bam bee Sa, (8.2.98) 


analogous to (8.2.38). 

In the same manner we obtain the expression for the GT transient response 
during influence on it of angular velocity Wp = const by multiplication of the right 
side of (8.2.97) by Dei then considering (8.2.98), we have 


_s Ps ——e 
Hom tal t—« 7! (coo VP a gain VISE ‘). (8.2.99) 


For the same parameters € and T of the gyrotachometer function A(t) will have 
the same form as transient function 6, (t), shown in Fig. 8.6. 

In certain particular cases 1t may be of interest to obtain the transient 
response of a GT for a more complicated form of disturbance, for instance, in the 
form of half sine wave, triangluar, or square impulses, etc. For these inputs there 
nave been constructed [86] transient responses of a system which is described by a 
second order equation (accelerometer). 

Above we considered transients responses of a GT for a unit step input and with 


zero initial conditions. If it is necessary to reveal the influence on the transient 
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response of a GT of initial conditions, we find the solution of equation (8.2.85), 
given angle 6(0) and angular velocity B(0) of deflection of the GT frame at tne time 
of beginning of motion (t = 0), The final expression for /(t) in this case is 
found without special labor. 

To construct the graph of the unit step response by(t) of the GT according to 
formula (8.2.97) it is necessary to know the basic parameters of the instrument: 
transmission factor k, time constant T and relative damping factor €. Fora 
manufactured instrument these parameters are usually known or can be easily determined 
experimentally. However, during designing of an instrument there arises the very 
important problem of determining optimum values of these parameters with given re- 
quirements on the transient response, i.e., on performance indices and dynamic 
accuracy of the instrument. 

Presentation of the method of selection of optimum values of basic parameters 
of a GT, as of other types of GD's, is beyond the scope of this book. Therefore, 
we shall limit ourselve to only certain remarks. Problems of the method of selection 
of parameters of a GT are considered in a number of works [57, 108, 174, 165]. 
Certain general considerations about calculation of basic parameters of recording 
instruments were shown by A, N. Krylov [67]. 

During selection of parameters of a GT one must first of all substantiate 


magnitude T of the period of its natural undamped oscillations, and then by formula 


g.t 
(8.2.44) determine the value of the frequency n of oscillations, Selecting period 
Tet? one should consider the indications of A, N. Krylov [67], who subdivided record- 
ing instruments by their assignment into three types: 1) instruments which should 
not respond to the action of disturbing forces, such as, e.g., bank indicators, 
seismographs, and so forth; 2) instruments, which are intended for recording namely 
"disturbing" force, such as: indicators, galvanometers, and so forth; 3) instruments, 
intended for recording a power impulse, as, e.g., a ballistic galvanometer, 

Tne GT belongs to the second type of instrument, since it is intended for fixing 
angular velocity a, (t) of a vehicle, For this type of instrument [67]: "1) it is 
necessary first of all, even if approximately, to give to self an account of the 
nature of action of disturbing forces: are they periodic or not, 1f periodic, 
what is the period, if not periodic, how do they grow; 2) if the instrument is 
intended for recording force and, thus, it is desirable so that it, as it were, 
tracked it statically, the period of free oscillations of the instrument should be 


small as compared to the period of the force or the duration of its build-up." 
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In accordance with the first recommendation of A. N. Krylov it is necessary 
to know the nature of change of angular velocity w(t). In certain cases we(t) is 
a perlodic function; then we should know its period, equal to the period of oscil- 
lations of the vehicle about axis Of (Fig. 8.4). Since the GT should fix (measure) 
the "external influence," 1.e., angular velocity of the vehicle Des 4t is desirable 
that the GT frame tracks we statically, 1.e., that the angle P.,,, deflection of 
the frame from its zero position be proportional to angular velocity y(t) [see 
(8.2.¢68)]. For this, in accordance with the second of the shown recommendations, 


period T of natural oscillations of the GT frame should be small as compared to . 


g.t 
the period of oscillations of the vehicle about axis Of, or, which is the same, 
frequency n of natural oscillations of the frame should be great as compared to the 
frequency of oscillations of the vehicle. Usually in a GT frequency n 1s selected 
5-10 times larger than the frequency of vehicle oscillations, 

However, in practice, wy (t) most frequently is not an assigned periodic aunction, 
but a random function of time. Therefore, it is necessary to know the nature of 
the curve of spectral density of random function w(t) and to take it into account 
during selection of the frequency n of natural oscillations of the GT. 

Thus, from the above-indicated considerations we select the frequency n of 
natural oscillations of the GT, and consequently also its time constant T = 1/n. 
Further, according to (8.2.43), knowing for the selected type of gyroscope moment 


of inertis. J one can determine the required value of the coefficient c of spring 


g.e’ 
force of the spring. 

Depending upon the required reading scale of the instrument, considering 
formula (8.2.38) and given, for instance, maximum value We of the measured angular 


m 


velocity and the accompanying maximum deflection 5 of the GT frame, we find 


stat 
the angular mementum H of the gyroscope. For the seuected type of gyroscope and 
known value of the axial moment of inertia J for it we determine the necessary 
angular velocity of spin of the gyrorotor Q = 7 The transmission factor k of the 
GT is determined by formula (8.2.50), 1.e., k : 5. 
We shall give certain considerations in the matter of selection of the optimum 
value of damping factor €. The question of selecting the optimum value of € of an 
oscillatory systems of GT type, described by a dirferential second order equation, 
4s considered in detail in the literature [57, 108, 174]. In a number of works [5/, 
108] there is developed a method of selecting the optimum value of €, which originates 
from a certain permissible error 4, (Fig. 8.6) of instrument readings and a minimum 


value of the time of setting the GT frame in equilibrium position; also taken into 
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account [108] is instrument error in dynamics, 


For selection of ¢ in the first approximation it is possible to originate from 
the following considerations, From the point of view of decreasing the time of 
transient response (time of setting) parameter ¢ should increase, but this leads 
to growth of dynamic errors of the GT. By analogy with what was presented in 
§ 4.3, Par. 2, the damping [see (8.2.46)] which ensures the fastest asymptotic 
approximation of the GT frame to equilibrium position, is called critical; to it 


there corresponds a critical value of the attenuation factor 
b= 2V 4.) (8.2.10) 
at which the GT loses its oscillation properties, i.e., motion of the GT frame 


to the position of equilibrium will be aperiodic. As optimum value of the atten- 


uation factor we usually take [174] 


6 = 0,7076,, = 1,414] To ls (8,2,.101) 
Substituting (8.2.101) in (8.2.46), for the optimum value Copt we obtain 
oar = 0,707. (8,2,102) 


Above we spoke of the influence of € on the transient function [see (8.2.97) ] 
of a GT, The question of the influence of € on error of a GT in dynamics is con- 
sidered in Par. 6, 

During the analysis of the transient of a GT we did not consider friction in 
axis of rotation of the instrument frame. Since time of setting the frame in 
equilibrium position (time of the transient response) usually is small in comparison 
with the period of oscillations of the vehicle, with accuracy sufficient for practical 
purposes it is possible to disregard the influence of friction in transient conditions, 
and consider only its influence on the magnitude of static deflection of the GT frame, 
t.e., find the magnitude of distortion in the steady-state value of instrument read- 


ings; this distortion characterizes, corresponding, instrument error of the GT. 


5. Instrument Error of a GT 
One of vasic requirements presented to a GT, as to other types of GD, is to 
provide required accuracy of readings. 
Let us stop to determine instrument errors of a GT (§ 2.4, Par. 2). Ina GT 


there is used am astatic gyroscope, analogous to that applied in the DG and GV. 
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Instrument errors of the astatic gyroscope utilized in a DG were investigated in 


detail in § 5.5 and 5.7; therefore, here, in examining instrument errors of GT we 
shall Jimit ourselves to a few remarks, 

Among instrument errors of GT is is possible to list: 

1) error caused by friction torques, on the axis of suspension of the frame of 
the instrument; 

2) errors caused by variations of parameters of the GT; 

3) errors caused by static and dynamic unbalance of the gyro unit; 

4) errors of reading pickoff of the GT, errors from imperfection of current 
leads, etc. 

Let us consider errors caused by friction torques on the axis of suspension 
of the frame. This torque includes; the friction torque in the axis of the frame; 
dry friction torque in the damper on the axis of the frame; friction torques in the 
readout pickoff of the GT (for instance, potentiometer) and in places of connection 
of springs brought to the same axis. Friction torques cause distortion of readings 
of the instrument due to appearance of a region of stagnation, damping of natural 
oscillations of the GT ever. in the case of absence or off-position of the damper, 
errors in dynamics, 

Let us find the influence of friction on static error of the GT. The problem 
of accounting for friction during calculations of errors of a GT in dynamics is 
expounded in Par, 6. 

To determine the region of stagnation of a GT due to friction we use equation 


(3.2.51), which when w, = 0, 2, = 0, f(t) = O will have form 
Th+ KTP + p = oM,. (8.2.103) 


Te ‘ing into eccount (8.2.35) and (8.2.50), we have 
TH+ RT p= — sign), (8.2.104) 


from which, by one of the methods of the nonlinear theory of oscillations, one can 
determine transient 6(t) taking into account dry friction in the axis of suspension 


of the GT frame, According to (2.3.75), we rewrite (8.2.104) in the form 


Mp+e+i—= FZ, (8.2.105) 


trom which static error of the GT due to friction will be 
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inside this region the instrument will not give readings; consequently, eo 


Quantity «€ determines the region of stagnation of the GT due to friction; 
characterizes the threshold sensitivity of the GT to angular velocity of the vehicle,* 
expressed in the angle of turn of the GT frame. 
The minimum angular velocity ahs measured by the GT is determined by the 
in 


magnitude of the least gyroscopic torque M_ = es [see (8.2.3)], which overcomes 
in 


& 
friction in the axis of the frame, i.e., w is found from condition 
min 
He. 2 |™,| (8.2.107) 
or 
K 
—Z 
@ ° 
tna H 
The value of w determinea the threshold of sensitivity of the instrument 


to angular velocity BO She vehicle, To increase the sensitivity of a GT, 1l.e., 
decrease the value of a » one should decrease the magnitude of friction torque 
x and increase steine steal H of the gyroscope, 

Example 8.4, Determine the region of stagnation of a GT due to friction, 
end also the minimum angular velocity ae at which the GT reacts; parameters of 
the GT are shown in example 8.1; meeiovae Se friction torque on the axis of 
rotation of the GT frame, is taken equal to | Mp..| = Ky = 3 g-cm. 

Solution, 1. By formula (8.2,106) we determine the magnitude of the dead 


zane of the GI frame due to friction: 
of ig he x — 3 . = 0,005 rade $8.6: 
- ¢ 1200 : 


2. According to (8.2.107) we calculate the least angular velocity 


oC » to which the GT reacts; 
in 


te > “2 “= = 1,433-108 1/5c.0m 0,082! deg/sec. 


*Besides what is shown, the threshold of sensitivity of a GT 1s determined by 
the threshold af sensitivity of the signal pickoff. 
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From example 8.4 it follows that the considered GT, of course, cannot sense 
the angular velocity of sidereal rotation of the earth U = 7.29°107? 1/sec, 
Another form of instrument errors cf a GT is caused by variations of parameters 


of the instrument, Considering (8.2.5), we rewrite (8.2.7) in the form 


pa... (8,2,108) 


where Cy — coefficient of linear spring force of the spring; 
1, — arm of a lever (Fig. 8.1). 


Changes of H, c 1, relative to their design values will cause change of 


Besa 
angle », i1.e., error of instrument readings. Let us designate true (design) values 


of H, by Hos to them there corresponds angle bo of rotation of the 


Cys ly C19 403 


GT frame, equal to 


oe 8,2.109 
p éufo ba 3 ( ) 


We assume that in a manufactured instrument the shown parameters differ from 


th:ir design values by 6H, Sc, Oly and are, correspondingly, 


He Hy 4-H, cy Cyt ey by = lye t 2h: (8,2,110) 
here angle p» will differ from the design value of pb by sad 
0 an 83 = B — 8, (8.2444) 


which represents error of the GT from change of the shown parameters of the in- 
strument. 
Usually changes of these parameters, in this case 65H, Ocys Olas are small as 


PRE 5p we expand the 


sompared to their design values Ho» Caos Lag: To determine ¢€ 
expression :vor p tn a Taylor series in the vicinity of design values Hos Cros Lao» 
we reject small components, starting from the second order of smallness, and we 

replace differentials by finite increments, for which we take 6H, Bey, Ol,. Then, 


in accordance with (8,2,108), we have ‘ 


am ae eH tS i, + Fh. (8,2.112) 


ur partial uerivatives we have 


14< 


ete wal. - le ee a ee 











he I e . Ms #.; Me 2H, cd 2 
OH cy * 19 Af, * Ot ely = (8.2.113) 


Substituting (8.2,113) in (8.2.112), we find 


o" a B, qa =>]. (8.2,114) 
Thus, to determine eP8F it is necessary to know changes 6H, 6c,, ol, of 
parameters of the GT, which one should establish by experiment proceeding from man- 
ufacturing tolerances of the instrument. 
The other forms of instrument errors of a GT, e.g., due to static and dynamic 
unbalances of the gyro unit, etc., can be determined by methods applied during 


calculation of corresponding instrument errors of a free astatic gyroscope (§ 5.5). 


6. Dynamic Errors of a QT 
a) Characteristic of Dynamic Errors of a GT. 

Most fully characterizing errors of a GT are their dynamic errors, arising in 
real conditions of use of the instrument during cuntinuous change of the measured 
parameter (angular velocity of the vehicle) and with variable external disturbances. 
Among dynamic errors of a GT are: 

1) dynamic errors apvearing during change of angular velocity of the vehicle 
by harmonic law; 

2) random dynamic errors appearing during change of angular velocity of the 

Vehicle by random law; 

3) error from friction in the spin axis of the instrument frame; 

4) errors caused by components of angular velocity of the vehicle along axes 
which do not coinciding with the measuring axis cf the instrument. 

Let us turn t. consideration of the shown errors of a GT. 

b) Dynamics of a GT Under Harmonic Inputs, 

Let us consider the case when the input signal, i.e., the angular velocity we (t) 
of the vehicle, measured by the instrument, varies by harmonic law. Here, disturb- 
ances are not considered, since there are subsequently considered as random functions 

. of time, 

First, we shall consider the general case, when the measured angular velocity 
wp (t) is any definite function of time. Let us find the angle cf deflection f(t) 
of the instrument frame appearing here. Let us use differential equation (8.2.48) 
for the GT frame; considering in it disturbances 2, = 0, Mp = 0, f(t) = 0, we 
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" rewrite (8.2.48) as follows: 
D+ 2in$ + 0°) = kw. (2). (8.2.115) 
The integral of this equation can be presented in the form 
g(t) = so (C, cos.a,f + Cy sin al)+ 
. + hem feafssinn aes (8.2,116) 
where Cy and Cc, are constants, aon ae by initial conditions, 
Re — Oat me (1 — ¢’), (8.2.117) 


Quantity n,, for which we earlier obtained formula (8.2.94), 18 analogous to 
(3,2.117) (since 1/T = n; T — time constant of. the GT), constitutes the frequency 
of ii: tural damped oscillations of the instrument frame, 

The first component of formula (8,2.116), analogous to expression (8.2.96), 
characterizes atural damped oscillations of the GT. A certain time interval after 
switching on the instrument, when its natural oscillations are damped, it will 


accomplish oscillations, determined, according to (8.2,116), by formula 
& - ¢ ¢ 
6) = Ge of acco sina, (eae (o. 26148) 


By the operating principle of the GT deflection p of the instrument frame 
should in some scale characterize the angular velocity of the vehicle we (t), measured 
by it. In order to find this, we shall use a transformation of formula (8.2.118); 


calculating this integral in parts, where (0) = O, we obtain 
eh eae Ca a 
(= te Le = Fy [em (6) ] e080, (¢ — 2), (8.2.119) 
a a 


Let us consider the first component, designating it by b,; considering (8.2.117) 


and (3.2.50), we have 


pm te(t)= = ar ee an. (8,.2,120) 
a hs 


Comparing (8.2.120) with ‘8.2.98), we see that B, for ¢ = 0 constitutes static 


deflection of the GT frame, i.e., deflection of it under the condition that the 


144 


 Y te ee Re = 


measured angular velocity of the vehicle, w(t), acts on the instrument "statically." 


The difference between By and Petat is 





OF A, Bam te, — has @.. (8.2.121) 


The second component of formula (8,2.119) is that correction, which it 1s 
necessary to add to "static" deflection in order to obtain "dynamic" deflection p. 


The magnitude of this correction is 


‘ 
8 oe ft em fale ~olene—s d: (8,2,122) 
A. N. Krylov [67] called this dynamic correction. In this case it 18 the dynamic 
error of the GT during measurement by it of angular velocity of a vehicle, varying 
by the law w,(t). It has been shown [67] that deflection of a system is close to 
static when the period of natural oscillations of it is small as compared to the 
period of change of the input. Here, in accordance with whut was said above, 
dynamic correction will be small, In the case of a GT, as shown in Par. 4, this 
condition is satisfied, 1.e., the period of natural oscillations of a GT is small 
as compared to the period of change of the input p(t). For known parameters of 
the GT and with assigned character of w(t) dynamic error of the GT can be calculated 
by formula (8.2,122), 

The expression for deflections of a GT with an assigned law of change of angular 
velocity we(t)s given earlier, were obtained by means of direct integration of the 
differential equations of motion of the GT. This problem can be solved, if we know 
the frequency-response curve of the GT. Actually, knowing its gain-phase response 
W(jw), by formula (8.2.76) we can find the impulse response k,,(t) of the GT, and 
then, using an expression, analogous to (3.2.66), we can find transient response 


p(t), caused by the angular velocity w(t) of rotation of the vehicle: 
B() = fat—9 h, (*) d=. (8.2.123) 


Most simply investigated is the dynamics of a GT in that particular case, 


quite often encountered, when ®e(t) varies by harmonic law. Let us assume that 


e@, (¢) = a. sin ef, (8.2,124) 
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where ar — peak value of angular velocity; 
»—~- angular frequency of its change. 
Let us substitute (8,2.124) in (8.2.115); then equation GT will obtain form 


b+ 2nd +08 = b,6, sinet. (8.2.125) 


Considering natural oscillation of the GT to be damped, we shall limit our- 
selves to consideration of forced oscillations Bp(t) of the instrument frame. From 
automatic control theory we know (see, for instance, [107]) that during application 
to a dynamic system of a harmonic input its forced oscillations, in this case of 


the GT frame, will be determined by relationship 


(4) = 0,A (w) sin (ut + ¢ (»)}, (8.2.126) 


where A(w) and 9(w) — gain and phase frequency-response curves of the GT, determined 
by formulas (8.2.74). 


From (8,2.126) it follows that forced oscillations of the GT frame, caused by 
harmoric input we (t)s are also a harmonic function of time, distinguished from the 
input in amplitude and phase, but having the same angular frequency w, as the input. 

Let us divide both parts of equation (8.2,125) by n°; considering (8.2.49) and 


(8.2.50), we obtain 


Th + 2.76 + 8 = ba, sin wf. (8,2.127 ) 


For the amplitude response A(w) and phase response 9(w) of the GT we have 


relationships (8.2.74), 1.e., 


A (0) = Femara | tg 7 (w) =— ate. (8.2.128) 


According to (3,2.126) amplitude of forced oscillations of the GT will be 





alt 


wx a= 2 a9, 8.2, 
s° @,A (w) Vaart; ari ( 2.129) 


If angular velocity of the vehicle influenced the GT statically, i.e., had 
constant value Bes the corresponding static deflection of the GT frame, according 


to (8,2.127), would be 


p,, = ah. (8,2,130) 
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Quantity 4 1s called the coefficient of dynamicity [67]. 
We designate 


{= Te; (8,.2.132) 
considering (8.2.49), we have 
{= > (8.2.133) 


1.e., € is the ratio of the frequency » of change of angular velocity of the vehicle 
to the frequency n of natural oscillations of the GT. Introcucing (8.2.132) in 
(8,2,131), we obtain 


q 
Aa fs 8.2.134 
y ( - HH + act ( 


An investigation of the dependence of coefficient A on 0 and & was performed 
by A. N. Krylov [67]. This question is expounded in detail in courses of theoretical 
mechanics (see, for instance, [85]). Therefore, we shall only give certain brief 
information, 

From (8,2,131) 1t follows that for decrease of dynamic amplitude distortions 
of GT readings the coefficient of dynamicity ». in the range of frequencies in which 
the frequency » of oscillations of the vehicle 
is located, should be sufficiently close to one. 
To show the dependence .(€, €) we construct curves 
(Fig. 8.7) of coefficient a(£&) for diiferent values 
of €, From these curves it follows that when 
& << 1 coefficient of dynamicity » differs little 
from one, This explains the recommendation of 
A. N. Krylow [67] that we select a relationship 


between frequencies of natural oscillations of 





the system and the input so that coefficient € is 


, : considerably less than one. 
Fig. 8.7. Curves of a(é, 6&). 
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The curves of Fig. 8.7 permit us to establish the optimum value of the damping 
factor C. Actually, for values of € lying in the range O < € < 0.707, curve i(€) 


has resonance peak M the magnitude of which is determined by known relationship 


res’ 
(see, e.g., [80b; 85}) 


1 
M, evict (8,2.135) 


For values of ¢ > 0,707 we have M <1, i.e., curves A(&) do not have a 


res 
resonance peak. It 18 necessary to note that the maximum value of coefficient A, 
and, consequently, also of the amplitude of forces oscillations of the GT will not 
be at & = = = 1 (point of resonance for € = 0), but at t= | 1 —2°%" (85], 1.e., at 
frequency wa=nV1—2 . Using formula (8,2.135), it 18 easy to construct the 
curve of the dependence of relative damping factor € from resonance peak Moos 

(Fig. 8.8). From the curves in Fig. 8.7 and Fig. 8.8 it becomes understandable why, 
during selection of parameters of a GT for the optimum 
value of relative damping factor we usually take € = 

= 0,707. In this case, for a considerable range of 
values of € (Fig. 8.7) coefficient A differs little 


from one, and the resonance peak is practically absent 


(Pig. 3.8). 





Fig, 8.8, Curve of he. For dynamic error of a GT for welt), which follows 
dependence of coefficient 
fon the magnitude of a harmonic law, we have 
Mes" ' 
aye 852.436 
e, = 0, (t)— 8, (4) ( 36) 


or, considering (8.2.120) and (8.2.124), 
¢, = a, sinwt — 


—= A(o) sin {ot + 9 (0). (8.2.137) 


For convenience of calculation [114] error Eayn 18 characterized by two mag- 


yn 
nitudes: error in amplitude 


a. ‘ ‘ 
e—— A (wu) 
e ome A () nn 
da > 100% = [1— = ]to0%s 





eater Py ae ee aeteea hi (8.2.138) 
(i — T8a*)* 4 427? ot 


and error in phase 
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Aq = 9 (). ; (8.2,139) 


Example 8.5. Determine characteristic of forced oscillations of a GT having is 
the parameters given in example 8.1, during input in it of angular velocity of the 
vehicle, varying by harmonic law Dp = Bp sin wt, where ap = 3°/sec, w= 2 1/sec; 
the GT's relative damping factor € = 0.707. 

Solution. 1, By formula (8,2.133) we find the value of coefficient &; 

@ as ne aa 2 an 0,05802. 
: ‘g ud7 ° 
2. According to (@.2,134) we determine the magnitude of the 
coefficient of dynamicity A; 
la : : ce eens «1,002, 
Vo—eyteaze (1 — 0.080024)" 4.0,707"-0,05602" 
3. By formula (8,2,.129), considering (8.2.132), we calculate the 
value of the amplitude BF of forced oscillations of the GT frame: 
as 
i = ; wm a. 8) on 9-1,744-1,0002 me 5.233°. 
Vii—ers ae 
4, Using (8.2.128) and (8.2.132), we find phase shift angle 9(w): 
tay (whae — eer we — 2, 210, 707-0,05802_ 9 gage 
pee lant 1 —0,05802" 
5. According to (8.2.130) we calculate tne magnitude of static 
deflection Betat of the GT frame under the condition that angular velocity of the 
vehicle acts "statically," i.e., has a constant value: 
Deg mt Gt me 321,744 we 5.232°. 
6. By formula (8,2.138) we determine dynamic error of the GT in 
amplitude: 
oe ‘ se Sul t 6 
= t— 100% w= ff — eg | 100%; 
V (1 That aor iet Vi— e+ ame , 
[al=[fi— : 100%, | = 0.02%. ; 
V (1 —0,05802*)* + 4.0,707*-0,05802" 
4 
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C) Dynamics of a GT During Random Inputs. 
Characteristics of the input signal. Angular velocity we(t), most frequently 


measured hy the instrument, and also disturbances, caused by friction in the axis 
of rotation of the instrument frame and components of angular velocity of the vehicle 
along axes, not coinciding with the measuring axis of the instrument, are random 
functions of time. Here, readings p(t) of the GT and also its errors e(t) in dynamics 
are also random functions of time,:determined by the corresponding probability 
characteristics, First, we shall consider the reaction of the instrument to a 
random input De (t)5 disturbances we consider absent. 

Let us turn to tne schematic of a GT (Fig. 8.1), fixed on a ship (Par, 3a). 
The instrument with the shown location of the axes will measure component w(t) of 
angular velocity of the ship, which, according to (8.2.21), with small roll angles 


is equal to anguiir velocity of yawing, i.e., 


@()=—¢ (4). (8.2.140) 

Considering in equaticn (3.2.51) disturbances au, = 0, Mp, = 0, f(t) = O and 
considering (8.2.140), we have 

TB + 27h +P = —hg (t). (8.2.141) 


Thus, to the GT input there proceeis 9(t), which 1s a normal stationary random 
funeticnr of time (§ 2.1, Par. 3a). For analysis during this motion of the GT frame 
it ls necessary first of all to know the probability characteristics of randum 
runction o(t). 

Cor.elation function Kye) of the angle of yawing of the ship, according to 
(2.1.52), if drop indices in the letter designations, can be presented by relation- 


snip 
K,()= Ae¥' (cose + 7 sind |=]), (8.2.142) 


where A = D[p] — dispersion of angles of yawing; 
— coefficient of 1trregularity of angles of yawing; 
A — predominant frequency of yawing from irregular swell. 
Correlation function Ko (*) or random function e(t), by analogy with (2.1.69, 
will be 


K (= A(s?+ err (costs —-& sini. |). (8.2,143) 
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For the spectral density Sy (*) of random function 9(t), according to (2.1.55), 


we have 





2A “ 
See cin: (8.2,144) 


where, by analogy with (2.1.56), 


Garpl— MM, Pea pt+ , (8.2.145) 


The spectral density S°'(w) of random function 9(t), 1f we consider (2.1.81), will 


9 
be determined by relationship 


Ss. (@) = oS, (w) (8.2,146) 
or, introducing (8.2.144), we have 
on 2Ay | Hut ee 
Ss. (w) 7 a a ty ttt (B22.147 ) 


Example 8.6. Construct the curve of spectral density Sy (») of the angular 
velocity 9(t) ot yawing of a ship, measured by a GT, for data given in example 4.8; 


A = D {yl = 0,6695- 1079, p= 0,03 Msec, 2 = 0,21 Wsec, 


Solution. By formula (8.2.147), considering (8.2.145}, we calculate ordinates 


of Sy () for different values of ». The graph of curve S5(*) is shown in Fig. 8.9. 





j e 
é @ a2 Y ae Gu u a aé © vent 


Fig. 8.9, Curves of spectral densities Sg () and S.(#). 
Dispersion of angular velocity of yawing D[e], by analogy with (2.1.72), will be 
D[e] = @+ 2% DizI; (8.2.148) 


for the mean quadratic value of co, we have 


9 
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id eV pt tite, -  (8,2,149) 


Example 8./. Calculate the dispersion and mean quadratic value of angular 
velceity of yawing uf a ship for the conditions of example 8.6. 
Solution, 1. By formula (8.2.148) we calculate the value of dispersion of 


angular velocity of yawing of the ship D9]: 


é DU gg] = * + 2°) D fg] = (0,03* 5. 0,21") 0,6695-10-> = 0,3013 . 10-! 1/eec* ‘ 


2. We determine the mean quadratic value of the angle of yawing Og! 
«= VD isl = V0,6695- 10-? — 0,02587 rag = 1°29". 


3. According to (8.2.149) we find the mean quadratic value of 


the angular velocity of yawing Om? 


6 Vee at a, = V 0,08 = 0,217 0,02587 = 0,003187 1/sec = 


"= 0.3144 deg/sec. 


Characteristics of the output signal, Let us turn to determination of prop- 
ability characteristics of random function p(t) at the GT output, In accordance 
with (8,2.141), p(t) also is a normal stationary random function of time, Mathemati-: 
cal expectation “ upon completion of the transient response, if 9(t) = O [see 


(2.1.34)] will elso be equal to zero: 


J=0. (B62 .450) 


Let us determine the spectral density S.() of random function B(t). By analogy 


with (4.6.47) we nave 
S, (0) = {Y (ju) /'S. (w), (8.2,151) 
where W(jw) — gain-phase response of the GT, determined by relationship (8.2.72). 
Substituting (8.2.72) and (8.2.147) in (8.2.151), we obtain 


S)=7 : 4 = (8.2,152) 


— Trot)! + 43738 es w® + aut + ot 


Example 8.8. Construct the curve of the spectral density 8, (%) of random 
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function p(t) of GT oscillations under conditions of irregular yawing of a ship for 
the initial data of examples 3.1 and 8.6; relative damping factor © = 0./07. 
Solution. By formula (8.2.152), considering (8.2.145), we calcuiate ordinates 
of Sp (») for different values of », The graph of curve 8, (4) 4s shown in Fig. 8.10, 
From Fig. &.10 it is clear 


% (e),pe8"cen 
that spectrum Sp (2) of angles of 


deflection of the GT frame is 
similar to the spectrum Sy (2) of 
angular velocity of yawing of the 
ship (Fig. 8.9). In order to find 
how closely these curves coincide 


we fini the output spectrum of the 


GT in the scale of angular velocity 





of the vehicle, 1.e., considering 





u u a u ie is u a 


(8.2.7) and (8.2.50), we construct 


: 4 ; 
Fig. 8.10, Curve of spectral density S, (w). tet Be 9 Save t gee A) ioue 


line), It 1s clear that curves 


> 
coincide, This is explained by the fact that [see (8.2.147) anc (8.2,152)] the 


square of the modulus of the transfer function of the GT, |W (ju) |? = ——_—_+-—__, 
(1 —— Taut)? + 47 2u3 


in the region of substantial values of frequencies of the spectrum Sq () of the input 


S*(w) and S.,(v) rractically 
k t 


signal is practically constant and the coefficient of dynamicity, 


d 5 Oooo 8B OEE 
Va — Ttut)® + 4<2T4u8 Vo — 2)%-4 gress 


differs little from one, Consequently, the GT reproduces the random accidental input 
signal well, 
Let us determine dispersion D[B] of the angle of rotation of the frame of the 


instrument, We use a formula of type (2.1.41); considering (8.2.15°), we obtain 





= . i a - 2A : Bad 
a J (l— Tet) + aT * of tat ie eee13}) 
We designate 
B = 4h? And? (8.2.154) 


then we rewrite (8.2.153) in form 
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tthe 
Mppere ee oe ee - ae = ane ene ae ee str SS RINE ee 8 


all ! But 
“a | (ome ee (8.2.155) 


Determination of D[B] can be reduced to calculation of a tabular integral of 


form (4,6,71). For this we present (8.2.155) as follows: 


Be dé, (8.2.156) 


1 eo 
Disl= a, | om pate cae 


Integral (8.2.156) can be reduced to form (4.6.71), considering in (8.2.156) 
the numerator (multiplied by j) equal to G(w) and the form in the denominator of 
this expression under the sign of the modulus, equal to H,(®). Then, in accordance 
with (4.6.72) and (8.2,156), we obtain for coefficients 1, ... and by ... the 


following formulas: 


a, =—T . & =0 

a, = 27 (+ Te) ii 6, =0 

= 1+ 4th + Te b= Bi (8.2.157) 
@,=—2(:76" +p); | by =0 

a4=— 


Considering the known expression of integral In [153] in terms of coefficients 
Ay see Bys Dy eee Dz, we obtain a formula for D[B] in form 


by (— @164 + 290,) — Agtxd, + By2,b, + = (@9, — 6,04) . 


D{3] = 4 
. "I 3a, (oya} + sfa, — ¢,2,2,) eer 


Substituting (8.2.157) in (8.2.158) and taking into account (8.2,154), we obtain 
#(i+ 2) 


SG wat 
, (t — 7%) 4 4 (775%? + Tae -- Ta) - T8u08] 


D{[¢}. (8.2.159) 


For the mean quadratic value OB of the angle of deflection of the GI frame we 


have 
=) Dil. (8,2,160) 
Example 8.9. Calculate the mean quadratic value oR of deflection of the frame 


of the GT during measurement by it of the angular ‘velocity of yawing of a ship for 
the initial data of examples 8.1 and 8,6; determine also limiting value B, of the 
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angle of rotation of the frame, assuming that the probability Q, that the current 
angle B exceeds the limit Ba should not be more than 0,1%. 
Solution, 1. By formula (8.2.159) we find D[f}: 


Dp) = 9,153.10-%. 
2. According to (8.2.160) we calculate On? 
¢ = V Dia] = V/9,153- 10-5 = 0,9567. 10-7 rad = 33”, 


3. For Q = 0.4% by Table 1. (§ 4.6, Par, 10) we determine z = 3,3; 
then, by analogy with (4.6.87), we calculate B. (when 6 = 0) 


B,, = #3; = 3,3-0,9567-10-* = 1°49”. 


Dynamic error of reproduction of the input Signal, Let us find the dynamic 


error of a GT during measurement by it of the angular velocity cf a vehicle, re- 
presenting a random function of time. 

We determine dynamic error e(t) of the GT, as usual in statistical dynamics 
[153], by the difference between the useful input signal »,(t) and % B(t) at the 
output: 


(A) =o, ()— S80, (8,2.161) 


where to get the general formula angular velocity 9(t) of yawing of the ship is 
designated by w(t). 


—_— 


For mathematical expectation e(t) we have 


H=a~ +80 





or, considering (8.2.150) and the fact that W(t) = 0, 
e() =0. (6..2,162) 


Let us determine dispersion Die]. For this we present input We (t) in the form 


of a spectral expansion, analogous to (4,6,149): 


o(t)= f etad,(u). (8.2.163) 


Substituting (8.2.163) in equation (8.2,85), we obtain upon completion of the 
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Sie aes 


Set . = - - - aan ee — ~ ee es ‘ u ~ oily 


f transient a steady-state solution of this equation in a form, analogous to (4.6,153): 
B(t)= SW (fe) edd. (uw). (8.2,164) 
Substituting (8.2.163) and (8.2.164) in (8.2.161), we obtain 


e(t) = ([1—t ver] at. 0 | (8.2.165) 


Comparing (8.2.165) with (8.2.164), we note that dynamic error e(t) can be 


considered the output quantity of a system with transfer function 


V,()=1-+ 7 (5), (8.2.166) 


to whose input there proceeds w(t). Let us note that W.(s) is the transfer function 


of error [153] 


e(s) 
Oa (8.2.167) 


Considering what has been said, we can easily find the spectral density 8, (@) 


of error e(t). By analogy with (8.2.151), we have 


S, (a) = |W, Go) Su. (0), (8.2.168) 


where for W.(Jw), according to (8.2,166), we obtain 


V (jw) = i YW (jw) (8.2.169) 


or, taking into account (8.2.72), 


© ej oi ee ere (8.2.170) 


Bp Tte8 4 AT jo 1 The + 2: Tj 


Substituting relationship (8.2,170) in (8.2.168), and for Su ,(2) = Sq () 


expression (8.2.147), we obtain 
Ta! + at7tut 2A btu! 


;, cin nets Saat eee ae Se2,471 
(iT 4 atret Foot + taut +0 ( 71) 


S, (w) = 


Example 8,10, Construct the graph of the spectral density S, (w) of dynamic 
error e(t) of a GT, which measures the angular velocity of yawing of a ship p(t) = 
2 9(t), for the initial data of example 8.8, 

Solution, By formula (8.2.171), considering (8.2.145), we calculate ordinates 
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of S, (#) for different values of w, The graph of curve S, (w) 4s shown in Fig. 8,11. 


4, (wiped Yeon 
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Fig. 8.11. Curve of spectral density S,(). 


We determine dispersion D{e]: 
Die}= FS, () du (8.2.172) 


or, considering (8,.2.171), we obtain 





r ea of ao? a 88 
Dig = | ee a du, (8.2.173) 


(§— T70*)* 4 4FT Ft + Dau? + of 


We designate 


B, = 4T'Ayb, By = 427" And? (82.174) 


Then (8,2.173) we rewrite in form 


But + Bywt ae 


if i 
D{«] a &. f (I _ Tat)? ~ ¢'rtot wo! <. 2aw® + of 


(8.2.175) 
Determination of D[e] can be reduced to calculation of a tabular integral of 
form (4.6.71). For this we present (8.2.173), by analogy with (8.2.156), in the 


following form: 


ee: Po Bt 8,2.176 
ao = | (Goran lapaee cea 


Integral (8.2.176) can be reduced to form (4.6.71), considering in (8.2.176) 


the numerator (multiplied by j) equal to G,(w), and the term in the denominator of 
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this expression under the sign of the modulus, equal to H(@). Then, in accordance 
with (4.6.72) and (8.2.176), we obtain for coefficients a, ... and by.... the 


following formulas: 


a,=—T"; , = B,/ 

a,= IT (0+ Ty) i: 6, = 8,/ 

@,= 14-427 u -+ T%5?; b,=0. (8.2.177) 
a, ~— 2(Tb? -- a) j; 6, = 0 

a, =— 6° 


Considering the known expression of integral I, [153] in coefficients a, ... a, 


and by eee Das we have a formula for D[e] in form 


be (— 0,05 + ays) — 090, — @eeyb, + a (@gf3 — @,03) 


aa, (4,05 + aja, — 0,2,9, ) 





Dis] = ; (8,2.178) 


Substituting (8.2.177) in (8.2.178), taking into account (8.2.174) and con- 


: w 
sidering A = D[9] = ne | 
b be 





» we obtain formule 


ae rt: (0*+ *) 2 r(£ aT at aT y a) 7 


(1 — T°) + 41770" + Tes + Ty) + Tad] (8.2.179) 


which expresses dispersion of dynamic error of the GI depending upon characteristics 
D[+], b and uw of the input, and aiso parameters of the gyrotachometor T and ¢. 


Considering that D[w-].= D[9] = v°D[e], instead of (8.2.179) we obtain 


rt (i 4 £)+ T(£+ ATut + cut *08 + TH) 
(1 — 720%)? + 4 [T2807 + Ty (C+ Tu) + T?eud*] 





D{c}] = 6 Diz}. (8.2,180) 


For the mean quadratic value Ge of dynamic error of the GT we have 


«= V D{s}. (8.2.181) 


Example 8.114. Calculate the mean quadratic value oO, of dynamic error of a GT 
during measurement by it of the angular velocity of yawing of a ship, which 1s a 
random function of time, for the initial data of examples 8.1 and 8.6; determine 
also the limiting value En of GT error, assuming that the probability Q, that the 


current value e of error exceeds limit €,, should not be more than 0.1%, 


158 


(Bvco aa ~ ao ee ee we 


Solution, 1. By formula (8.2,180) we find D[e}: 


De] = 0,5615-10-7 1/sec*. 


2, According to (8,2,181) we calculate o,: 
q= V Die) = J 0,5615. 10? == 0,237- 10-3 1/sec = 0,0136°/sec. 


3. The same method as in example 8,9 we determine e, (for € = 0): 


¢,, == 26, == 3,3-0,0136 = 0,0149 °/sec. 


From example 8,11 it follows that dynamic error of the GT during measurement 
of angular velocity of the vehicle, consisting of a random function of time, is 
comparatively small, 

Dynamic error e(t) upon a random signal entering the GT, considered above, is 
a result both of amplitude and phase distortions of instrument readings. During 
sOlution of certain problems it is of interest to reveal for the same conditions 
the mean value of phase shifts of output quantity A(t) with respect to input w(t). 

The probability characteristic of these phase shifts, or, more exactly, the 
time of delay of the considered dynamic system, is a cross-correlation function of 


input and output signals [3]. In this case we have 


Kg (2) = M [o, (0.3 (¢ + 2]. (8,2.182) 


If the GT ideally reproduces the input signal, 1.e., when, according to (8.2.7) 
and (8.2.50), A(t) = ko, (t), the cross-correlation function will be 


Kes (t) = 2M [o, (*) a(t + *)] = AK, (*), (a2).283) 


in other words, will be proportional to correlation function Ky, (*) of the tnput 
signal. As it is known (144°, Kye (t) has a maximum at Tt = O03 consequently, the same 
will take place for cross-correlation function Kays (t), i.e., in the case of an 
ideal GT phase shifts or time d@lays will be absent. For a real GT the cross- 
correlation function, the approximate form of which is shown in Fig. 8.12, has a 
maximum, not at +t = 0, but with some time shift 1t = tael which cnaracterizes the 
magnitude of the average delay time of the system. Thus, determination of phase 
shifts or time delays of the GT during measurement of a random input signal is 


reduced to finding the expression for the cross-correlation function Koop (*) of 
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input and output signals. We can detzrmine delay time tael by investigation of 


function K (t) for a maximum or 
we,B 
directly on the graph of this function. 
We shall give certain indications 

about the method of determining Kaye p(t). 
4 

Introducing in formula (8,2,182) for 

angle 6(t) its expression (8,2,123) 


through impulse response Ka(t), it is 





‘ easy to convert K (t) to form [3] 


we, 6 





Fig. 8.12. Determining delay of a GT. K. =f, (OK.. (¢—+) dt, (8.2.184) 


The correlation function Ry (*) of the input signal is assumed known [see 
(8.2.143)]. We give the derivation of the expression for the impulse response 


Kk, (t) of the GT, For Ky (t) we had a general expression (8.2.76), 1.e., 


b= 2 f W Guyedu, (8,2.185) 


where for the GT the gain-phase response W{jw) is determined by formula (6.2.72). 
Considering (3.2.53) and (3.2.54), we present W(jw) in form 





a j I 
V (Jw) Ae saee al (8.2.186) 


where A, and 4, — roots of equation 1 — Tew? + 2gT jw = O [see (8.2.72)], determined 
“ C,, Vi-? 
by relationships Ww ri t= 





T 
Substituting (8.2.186) in (8.2.185), we obtain an integral, 








w-), w—); 


n= ar fatal ee |e (8.2.187) 


of type (3.2.55), whose solution, 1n light of (3.2.56), will be 





a t d 
hy (t) = ft lM 82,188) 
» (4) 7a,—1!! ] ( 
or, taking into account expressions for Ay and Ao» 
6 
k(t) = we! sin VIX" (8.2.189) 
3 rVi-d T ofe 


Substituting (8.2.189) and (8.2.143) in (8.2.184), we can find the expression 
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for cross-correlation function Koe,p(t)s 

Dynamic error due to disturbances. Let us turn to a presentation cf the method 
of determining dynamic errors of the GT, caused by friction in the axis of rotation 
of the frame, and also the influence of components of angular velocity of the vehicle 
along axes, not coinciding with the measuring axis of the instrument (Par. a). We 
shall consider the same gyrotachometer, intended for measurement of angular velocity 
of yawing 9 of a ship. In this case, as shown in Par, 3 of this section, in 
equations (8.2.77) disturbing angular acceleration 2, is equal to angular acceleration 
@ of rolling of the ship. Considering what has been said, and also friction torques 
in the axis of rotation of the frame, determined by relationship (8.2.78),* we 
obtained the equation of motion of the GT frame (8.2.81), and also equation (8.2.82) 
of error of the GI, caused by these disturbances. The transfer function of the GT 
Y¥(8) with respect to the disturbance of rolling is determined by relationship 
(8.2.84), Consequently, the spectral density een) of dynamic error e,(t) from 


rolling disturbance will be 


S,(o) = [¥ Ga) PSs (0), (8.2.90) 


where the gain-phase response Y(jw) 1s found by replacement in (8.2.84) of 8s by 


jw, i.e., 


Y (ja) = —=To" 8.2.191) 
0) = ————___________. * 22.191 
1— T4247 jo ( 
coefficient ¢, 1s determined by relationship (8.2.80). 
The spectral density 89(») of the angle of rolling of the ship in (8.2.190), 
according to (2.1.58), has form 


2A 03 


SOP gaa (8.2.192) 


Substituting (8.2,.191) and (8.2.192) in (8.2.190), we have expression 


Tt! 2Asu, a 


ener eae et ee eas (8.2.193) 
(t— 72s)? 4 4f77u? ol + Saye? + 0} 


S,(w) = 
analogous to the formula (8.2.171) for the spectral density S, () of dynamic error 
e(t) of the GT during reproduction by it of the useful random input signal. 


*Besides this, in the exis of rotation of the frame there also appear random 
friction torques. In order to allow for the influence of these torques on GT error, 
it is necessary to know their prcbability characteristics. 
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For dispersion D[e,] of error e,(t) we have 


D{[s] = f S,,(w) dw (8,2.194) 





or, considering (8,2.193), we obtain integral*.» 


Fi Tet 


ert eet Oh Eee 8.2.195 
AP (1 — Te) 42 oF oh + Dae? + Of ( ) 





Dis = 


Ss, 


} = 


which 1s calculated by the same method as (8.2.173). As a result, we obtain formula 


1 T(h+ A) a 
ergs UE 8.2.196 
1 2° (1 — T°0})? + 4 [T?<7o3 + Tye, (% fae Ti) a 7% 1,03| ( } ( 9 ) 


For the mean quadratic value oe, of dynamic error of the GT we have 


4 = V o{«]- (8.2.197) 


Example 8,12, Calculate the mean quadratic value oa of dynamic error e, (t) 
of a GT, caused by friction in the axis of rotation of the frame of the instrument. 
and the angular velocity of translational motion of rolling of the ship relative to 
this axis, for initial data of examples 8.1 and 7.10; determine also limiting value 


Eam of GT error, assuming that the probability a, that the current value E4 of error 


exceeds limit Ean should not be more than 0.1%; the coeffictent of liquid friction 
in the axis of rotation of the GT frame n, = 3 q-cm-sec, 


Solution, 1. By formula (8.2.50) we find coefficient p: 


p= + - <5 = 0,8333.10-° I/g-cm 


2. According to (8.2.80) we determine ¢,: 


0,8333- 103.3 


= 0,7501. 
2.0,02901 i 


$y. 0,707 
Gm C+ oT A : + 
= 3, Using relationship (8.2.196), we calculate D[e,]: 


Da] = 0,3153- 10-8 t/sec* 


ee eee ae ee 


*According to (8.2.82) error e 3 Ey is expressed in an angular measure, To find 
the corresponding error €, (t) in the angular velocity reasured by the GT, similar to 
error e(t) [see (8.2.161)], in formula (8,.2.195), according to (8.2.7) and (8.2.50), 
introduce coefficient =. 
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4, By formula (8.2.197) we determine e,! 


w=) O[4l= V’ 0,3153. 10-8 = 0,5516-10-* 1/sec= 0,0032 */sec 


5. By the same method as in example 8.9, we calculate the limiting 


value of dynamic error of the GT (when €, = 0): 


Si_ = 3, 3,3-0,0032 = 0,0106 */sec 


From example 8,12 it follows that dynamic error e,(t) of the GT is less than 
e(t) (see example 8,11).* 

During estimation of error of the GT we started from a differential equation, 
e.g., (8.2.40), with constant coefficients, It was obtained from a more general 
equation (8.2.37), where we also considered component Dp of angular velocity of the 
vehicle along axis Of (Fig. 8.4), Considering disturbances w, = 0, Mp, = f(t) = 0, 


since their influence was considered earlier, we rewrite (8.2.37) in form 


Ie B+ 08 + [+ Ho,(0] 3 = Ho, (0, (8.2.198) 


where the measured angular velocity We (t) and disturbing angular velocity we (t) are 
usually random functions of time, We divide both sides of equation (8.2,198) by 
magnitude c and consider relationship (8.2.43), (8.2.45), (8.2.50); then, instead 
of (8,2,198), we obtain 


Th + 2.78 + [1 4- kw,(4)] 8 = hu, (0). (8.2.199) 


We obtained a differential equation of type (4.6.100), characterizing random 
motions of a physical pendulum during irregular rolling of a ship, taking into 
account vertical oscillations of the point of suspension of the pendulum, If 
dispersion «=D [we (t)} 18 small as compared to unity, for integration of (8.2.199) 
we can apply the same method of successive approximations as was used for solution 
of equation (4.6.100). For problems, encountered in practice, the assumption 
«°D [m (t)] << 1, 1s usually satisfied. Those interested in a possible method of 
solution of equation (8.2,199) are referred to § 4.6, Par. 12e. Allowance for 


*In reality error €,(t), due to disturbances, can be larger than error e(t), 


since among the disturbances we did not consider random friction torques, torques 
a residual unbalance of the frame, torques of loading of the frame by current 
eeds, etc, 
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disturbing angular velocity we (t) leads to appearance of systematic deflection* of 
the GT frame, as for a physical pendulum (§ 4.6, Par i2e). 

Let us note that during use of an equation in which we consider a component of 
the second order of smallness [for instance, (8,2.198)], it should be definitized. 
For this, using Euler's equations (1.4.1), we obtain the exact equation of motion 


of the GT1** 


Wie (3 —4,) 7 b3 ae 3 = H (©, cos 3 — w, sin$) - 


3 
Ce Me 


fai (Jua— /,) ( 5 sin 23 + 01, COS 23) +M, + f(t). 





Considering oy os 0, M..= f(t) = 0 and limiting ourselves to calculation of 


components to the second order of smallness, we obtain 


J. 4p +63 + [¢ + Hw, (t)] 3 = H(t) —(J,, — J.) @ ()o. (0). 
This equation differs from (8.2,198) by ccmponent (J oy Je) we (t) w(t), 
which with a correlational connection of random functions we (t) and w(t) also 


causes systematic deflection of the GT frame, 


7. Certain Additional Problems of GT Theory 

Above we gave the principles of GT theory, based on use of am astatie rate 
gyroscope, We shall briefly give certain additional problems of theory. 
a) Appraisal of a GT with Two Degrees of Freedom, 

A GT based on use of an astatic rate gyroscope, along with sufficient simplicity 
of structure and reading accuracy acceptable for practice, nevertheless possesses 
certain fundamental deficiencies. 

Deflections of tne GT frame in general are nonlinearly connected with the 
angular velocity of the vehicle, measured by it. Therefore, we seek to make the 
angular region of deflections of the frame sufficiently small, and this affects 
accuracy of the instrument, Practically, complete removel of this deficiency is 
attained in a %T with forced return to zero (see point d).. 

A GT, besides the component angular velocity of the vehicle along the measuring 
axis, also reacts to other components of angular velocity, i.e., a GT with two degrees 
of freedom does not have a clearly expressed axis of sensitivity. To decrease the 


*A, P, Korzhov. On systematic errors in certain gyroscopic instruments, 
"Problems of applied gyroscopy," Issue 1, Scientific and technical society of 
instrument-making industry, Sudpromqiz, 1958, 


**See footncte on p. i2%. 


influence, e.g., of angular velocity We [see (8.2,.199)] we seek to increase the 
coefficient c of spring force of the spring, which leads to decrease of the trans- 
mission factor k of the GT, However, this decreases sensitivity of the instrument, 
Decrease of the influence on a GT of the disturbance of components of angular velocity 
of the vehicle along axes not coinciding with the measuring axis of the instrument 

1s carried out in a GT zero drive. This deficiency is best removed by use in the 

GT of two gyroscopes, connected by an anti-parallelogram, as in a two-gyro active- 
type gyrostabilizer (§ 7.1, Par 2b). However, here, the complexity and dimensions 

of the instrument increase, 

Accuracy of GT readings is substantially influenced by change of its parameters, 
primarily of the whole kinetic torque H of the gyroscope and the coefficient c of 
spring force of spring. Therefore, it 18 very important to keep these parameters 
constant. 

Friction and load on the axis of rotation of the frame affect the region of 
stagnation and sensitivity of the instrument. Therefore, decrease of these disturbing 
torques should be considered an important task in designing such instruments. 

b) Gyrotachometer with Pendulum, 

Usually in a GT, to create a restoring torque, balancing the gyroscopic torque 
(causea by angular velocity of the vehicle), a spring is applied, introducing torque 
Mp = -cB [see (8,2.4)]. For this purpose, instead of a spring, we can use a 
pendulum, rigidly joined to the gyro housing (frame) of the GT. Such a device was 
realized in one type of GT, the so-called Shilovskiy orthoscope [152].* Indeed, if 
on the GT frame we set a load of weight P at distance a from its axis rotation, then 
during turn of the frame angle B, thanks to the presence of the pendulum, there will 
be created torque M = -Pa sin B ~ -PaBb = -cB, analogous to the torque of a spring. 

A peculiarity of this instrument is that when during installation, e.g@., on an aircraft 
which accomplishes a regular turn with transverse bank y, it can indicate this angle, 
1.e., serve as a bank indicator; however, this can be carried out only at a definite 
speed of flight of the aircraft [152]. It 1s necessary to note that due to a series 
of deficiencies such instruments have not been widely used. 

c) On a Gyrotachometer with Floatation Suspension, 

One of the essential deficiencies of the above considered GT's is the presence 
of a considerable friction torque and load on the axis of rotation of the frame, 


*(Translation Editor's Note: This scientist is also referred to in English as 
P, P, Schilowsky. } 
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caused by application of ball bealings, of a potentiometer as angle-data pickoff 
of the frame of the instrument, etc, 

It is possible to decrease friction torques in the axis of rotation of the QT 
frame by application of a liquid suspension, in which the so-called unlicading of 
supports is attained by the lift of the liquid. Simultaneously, the liquid serves 
to produce the required damping; therefore, in a GT with liquid suspension we lose 
the necessity to have a special damper. One of the important merits of devices 
with a liquid suspension is their high vibration and shock resistance and strength. 

At present the most advance structural variant of a GT is the so-called floated 
differentiating gyroscope [149], This instrument is very similar to the floated 
integrating gyroscope, which will be considered in detail in the next chapter. The 
basic difference of the floated differentiating gyroscope from the integrating one 
consists of the fact that in the former there is a special element, which creates 
the restoring torque required in the GT; as this element they usually use [149] an 
elastic torsion rod (Par. 2), one end of which is rigidly fixed to the float, and 
the other to the case of the instrument. Floated differentiating gyroscopes possess 
considerably greater sensitivity and accuracy than ordinary GT's. 

As for the theory of such instruments, it in essence does not differ at all 
from GT theory. Detailed description of constructions of floated differentiating 
gyroscopes, and also necessary theoretical bases are given in the book of G,. A. 
Slomyanskiy and Yu. N, Pryadilov [149]. 


Pecultiarities of a liquid suspension in connection with its use in a floated 


integrating gyroscope are considered in Chapter 9. 


d) Gyrotachometer with Forced 
Return to zero. 


As said earlier, a 
number of deficiencies of a 
GT based on use of an astatic 
rate gyroscope, are removed 
by means of forced return of 
the gyroscope to zero [111]. 


A schematic of the instrument 





4s shown in Fig. 8.13. 


The principle of work 


ee ae as of a GT with forced return to SP aen With waco. Gwive 6 


“he following. With component 
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wp of angular velocity of the venicle (along axis 0€) there appears gyroscopic torque 
M,, y? seeking, according to Foucault's rule, to combine the axis of the gyroscope with 
axis OC€, Torque Me y is balanced by torque Mey? introduced by spring Sp. With turn 
of the frame angle B the signal pickoff SP, sitting on its spin axis, will switch 

on through amplifier Amp motor Mot. The motor through actuating screw AS and nut N 
will start to shift carriage C to which spring Sp is attached; the uT frame will be 
returned by the spring to zero position, since only in this case will the signal 
pickoff turn off the motor, It is obvious that linear shift of carriage C and nut 

N relative to their zero position will be proportional to the measured angular 
velocity Dp s 

Advantages of this scheme in comparison with the previously considered GT scheme 
without zero drive of the gyroscope are the following. Since the frame is always 
near the zero position, readings of the instrument can practically be considered 
linear with respect tc the angular velocity De Measured by it. Due to this same 
circumstance the GT will be insensitive to the component of angular velocity along 
axis O€, 1.@., a GT zero drive has only one axis of sensitivity Of. The motor in 
the instrument permits compensating the influence of friction torque and other dis- 
turbing and load torques on the axis of rotation of the frame. 

Creation of a GT with forced return to zero by a more simple scheme is possible 
{149]. This scheme differs from the above by the fact that it does not have a 
spring and other connected elements, The restoring torque here is created directly 
by the motor, i.e., an electrical device with application of proportional feedback, 
As can be seen from the scheme in Fig. 8.14, with turn of the instrument frame 
the signal pickoff SP turns 
on motor Mot through ampli- 
fier Amp, which returns to 
frame to the zero position, 
Theoretical research of such 
a scheme on the example of 
a floated differentiating 
gyroscope with feedback is 
given in [149]. 





We shall limit ourselves 


Fig. 8.144, Schematic of a GI with forced return to to composition of the system 


zero (with proportional feedback). 
of differential equations 


of the given GT scheme, In this case we have a servo, analogous to the servo in an 
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active gyroscopic stabilizer (§ 7.2, Par. 2). Therefore, here, it 18 possible in 
principle to use the same method of composition of equations of motion of the GT, 
as was applied during composition of differential equations of the active GT, 

Let us compose the system of differential equations of motion of a GT with 
feedback; we assume that the GI is equiped with a damper, which is not shown in 
Fig. 8.14, In the considered case along the spin axis Oy of the GT frame there 


are located vectors of torques: M,,. — moment of inertia of the frame and motor 


in 
armature; M— torque, introduced by the motor; Ma — damping torque; My wae gyroscoplie 
torque; M,,, — disturbing torque, By analogy with (8.2.27) we have 
Mas t M+M,4+M,+M,, =0.- (8.2.200) 


The moment of inertia of the GT frame is determined by relationship (8.2.28); 
moment of inertia of the motor armature, according to (7.2.39), considering that 


the transmission ratio y = 1, will be Tom 3 then 


M,, =—J,,,(§-»,) —4.8. (8.2,201) 
where Jy — moment of inertia of the motor armature with respect to its axis of 
rotation, 
Designating 
Getta tie (8.2,202) 


we rewrite (8.2,201) in form 


M=—J, 84+/ (8.2,203) 


c. oy 


Torque Miy,, according to (8.2.33) and (8.2.34) (for the case of liquid fric- 
tion), will be 


M, =— 1,3 + f (0). (8.2.204) 


Fur the gyroscopic torque, considering that in a QT with zero drive angle 6 will 


be minute, in accordance with (8.2.32) we have, appror*wately, 


M,, = Hw,. (8,2,205) 


Damping torque M,, by analogy with (8.2.13), will be 
M, = — 63. (8.2.206) 
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Substituting (8.2.203)-(8.2,206) in (8.2,200), we obtain 
o . 
Jy. pb O6 = Ho t+ M +4, o,—n3 + f(t). (8.24207 ) 
This equation should be supplemented by equations, characterizing transients 


in electrical components of the GT. 


Torque, introduced by the motor, by analogy with (7.2.44), we write in form* 


M =— i, (82,208) 


where © — magnetic flux of excitation windings; 


4 — current in motor armature, 


Current i enters into the equation of balance of voltages in the motor armature 


network, according to (7.2.45), in the following manner: 


a o ¢@ 
where i — coefficient of self-inductance of the armature network; 


r— resistance of the armature network (including internal resistance of 
the amplifier); 


ce” — coefficient, characterizing dependence of the counter emf induced in 
the armature on relative angular velocity Oh of its rotation; 
U — voltage fed from amplifier to motor armature, 


amp 
1 e 
Since w, 4, = 7B (Fig. 8.4), instead of (82.209) we obtain 


dt 
Ia tric} = U,. (8,2,210) 


Introducing electromagnetic time constant Tot of the motor armature network 


and other designations 


. T=-+, £ ab, + = ¢, (8.2.211) 
we rewrite (8,2,210) in the form 
at 4 8,2,212) 
Tha tf bs = U,, ( oGe 


Voltage from the amplifier Vamp? according to (7.2.51), 18 determined by 
equation 
TU, + U, = kU, '8,2,213) 


*See footnote on Pp. 20. 
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7 where oi — time constant of the amplifier; 


p 
U — voltage from signal pickoff, proceeding to amplifier input; 


Y k” — amplifier gain, 


Voltage U is a function of angle 6 of rotation of the frame: 


U = kb, (8.2,214) 


where Ky — transmission coefficient of the considered unit. 


Substituting (8.2."'4) in (8.2.213) and designating 


kik =S, (8.2.215) 


we obtain 


TU, + UO, = S3. (8,2,216) 


Thus, we have the following system of equations: 
J f+ oie to t+ M+, o.—ad+ f(t) (ar treme) 
M =— $i (motor) 
(82.217) 
T,U,+U,= 83 (amplifier) 


I, “ +i- 6,’ =e, (motor armature network) 


On the basis of this system of equations we can find the transient, performance 
indices and dynamic errors of the GT, using for this the same methods, as were 
applied during investigation of an active GS. 

Readings of the considered GI are taken in the form of current strength 1 
at the amplifier output. We shall show that it is proportional to the angular velocity 
a measured by the instrument; disturbances we consider absent, i.e., w = O, 


7 
n, = 0, f(t) = 0; then system of equations (8.2.217) can be written in form 


J.B +58 = He, — oi | 


TO, +U, =S3 (8.2,218) 
7,2 +1 —bb =e, 


From the first equation of this system it follows that in steady (static) 


position 
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i.e., current strength 1 is proportional to the magnitude of angular velocity De 
Let us solve system of equations (8,2,218) for 1; considering time constants 


T amp and Tot Negligible, we have 


. & di . : 
Z io + (6 + b,) ai + eSdi = eSHu, + Hbw., (8,2,220) 


1.e., an equation, analogous in structure to (8.2.40), Thus, the considered system 
has properties of a tachometer. It should be noted that the counter emf in the motor 
armature affects damping of the system, since in coefficient with oe there enters 
quantity b, [see (8,2,211)]. However, in the right side of equation (8.2.220) there 
appears disturbance Hb 4 We, which will introduce distortion in the readings of the 
instrument, Therefore, coefficient c' of counter emf, induced in the motor armature, 


should be as small as possibles then by a = will also be small and instead of 


(8,.2.220) we will have 


Juv Gh + bE + S01 = eSHu, (8.2.224) 


from which for a steady state we obtain formula (8.2.219) found earlier. 
e) Gyrotachometer with Three Degrees of Freeiom 

As tachometers we can also use gyroscopes with three degrees of freedom, One 
of the simplest schemes of a GT [111], based on use of a three-degree-of-freedom 
gyroscope, is shown in Fig. 8.15. With the internal ring of the Cardan suspension 
is connected a sighting device; with 
the help of this device we observe the 
vehicle, angular velocity oy of 
displacement of which should be deter- 
mined. In order to keep the sighting 
qu device directed towards the vehicle, to 


torquer TQ we should apply from the 





{. From control control system a certain torque M, which 


ea ensures precessional motion of the 
Fig. 8.15. A GT base on an astatic external gimbal ring together with the i 


gyroscope with three degrees of freedom, 
sighting device after motion of the | 


vehicle, Since, here, the angular velocity of precession w = should be equal to 


Pp 
Des the magnitude of applied torque M will be proportional to the measured angular 
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velocity of movement of the vehicle: M = HW» 

We know a fundamentally different method of use of a three-degree-of-freedom 
gyroscope as a tachometer, To the gyroscope there is applied a certain torque, 
proportional to the angle of deflection of its axis with respect to the axis, 
connected with the vehicle, angular velocity of which it to be measured, Ina steady 
state of work the axis of the gyroscope will lag behind the axis connected with the 
vehicle, and this angle is a measure of the angular velocity of the latter, 

One scheme of a GT, realizing this method, was considered by B. I. Kudrevich 
[71]. In Fig. 8.16 there is shown magnet (or electromagnet) 1, which can spin about 
axis nn, connected with the vehicle, whose 
angular velocity w is to be measured; 
vector © is directed along axis Ox, 
perpendicular to the piane of the figure. 
Rotor 2, made in the form of an incomplete 
sphere, rotates about axis 0z; axes Oxyz 
are connected with the rotor; O is the 


point of suspension of the rotor; angular 





: ‘ mementum of the gyroscope is H. We des- 
Fig. 8.16. The theory of a "lagging" 
gyroscope, ignate by M the torque created by the 
rotating magnetic field; B is the angle 
of deflection of axis Oz of the gyroscope with respect to direction nn, 
We shall show that a steady state angle 6 is proportional to the measured 

angular velocity w. First, we shall consider the case when w = O, and determine 

the law of motion of the gyroscope. Let us expand vector M in components along axes 


Oz and Oy. The component of this torque -M sin B ~ MB along axis Oy causes preces- 


sional motion of the gyroscope about axis Ox with angular velocity 


p-—#. 
-H 
Designating 4 =n, we have 
$+ xf = 0. (8.2.222) 
If, for t = 0, B(0) = Bo, 
pate, (8,2.223) 


1.e., axis Oz of the gyroscope will seek to coincide with axis nn by aperiodic lay, 
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Consequently, motion of the gyroscope has the same nature as motion of a gyrovertical 
with a linear characteristic of correction (§ 6.3, Par. 2b). 
If axis nn rotates in space about axis Ox witn angular velocity w, instead of 


equation (8,2,222) we obtain the following: 


(§+ ©) +3 =0, (8,2,224) 


from which for a steady state with w» = const we have 


hee —-be. (8.2.225) 


Consequently, the considered instrument is a gyrotachometer, i.e., with movement 
of axis nn after the vehicle axis Oz of the gyroscope will be deflected (lag) from 
axis nn by angle 6, proportional in a steady state to angular velocity w of the 
vehicle. In connection with this such gyroscopes are sometimes called "lagging." 


Analogous schemes of gyrotachometers are also given in [30, 31]. 


§ 8.3. Gyrotachoaccelerometer (GTA) 


1. Function of the Instrument 
In § 8,1, it was shown that in practice there are applied differentiating 
gyroscopes, which serve to determine the sum of angular velocity and angular accel- 
eration of a vehicle, Such gyroscopes are usually called gyrotachoaccelerometers 
(GTA) or damping gyroscopes. In GTA's there 1s used an astatic gyroscope with three 
degrees of freedom, fixed in a Tardan suspension, where angles cf rotations of the 


inner and outer @imbal rings are bounded by springs. 


2. Schematic of a GTA 

The schematic of the GTA and its description are given in a number of books and 
articles (for instance, (17, 57, 112]), which we shall use during our account of this 
problem, Rotor GR (Fig. 8.17) is fixed in a Cardan suspension, consisting of inner 
IR and outer OR rings; turns of rings are limited by springs Sp, and Spo. On the 
axis of the inner ring IR is located lever Ly» connected with spring Sp, 5 which is 
fastened in the housing of the instrument, On the same axis is fixed lever Los united 
with the pull rod of damper D. Outer ring OR has an elastic connection with the 
housing of the instrument through spring BPo. Readings of the instrument, charac- 
terizing the sum of angular velocity and angular acceleration of rotation of the 
vehicle about axis Of, proportional to the angle of rotation of the outer ring about 


O€, are taken in the form of voltage from potentiometer Pot, It should be noted that 
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in a real construction of the instrument ,[112] SPo spring is selected so rigid that 
the maximum possible angle of 
rotation of the outer ring OR does 
not exceed several tenths of a 
degree; angle of rotation of the 
inner ring IR does not exceed 
several degrees, 
3. Basic Relationships 
for a GTA 

For concreteness we shall 
consider axes O0&n€ connected with 
the aircraft; axes Oxyz, combined 
in initial position (when a = 6 = 0) 
with axes O€nf, are connected with 


the inner gimbal ring (Resal's 





axes), Let us assume that the 
Fig. 8.17, Schematic of a GTA. GTA is designed for measurement 
of angular velocity y and angular 
acceleration y of the aircraft about axis 0€. In accordance with this, spin axis 
Oy of the outer ring is combined with axis O€, and spin axis Ox of the inner ring 
1s connected with the longitudinal axis of the aircraft On. Thus, axis Of is 

the input or measuring axis, Let us designate by a of the angle of rotation of the 
outer ring with respect to the instrument housing, B — the angle of rotation of the 
inner ring relative to the outer, Readings of the instrument are taken in the form 
of the angle a of rotation of the outer ring, which, as will be shown later, is 


connected with measured parameters y and # of oscillatory motion of the aircraft by 


the following relationship: 
ex: A + BY, (8.3.1) 
where A and B — certain constant coefficients, depending on parameters of the 
instrument, 
Consequently, spin axis Oy of the outer ring, coinciding with 00, is the 
output axis. 
Let us derive basic relationship for the GTA, 1.e., expression (8.3.1), which 


establishes the functional connection between input quantities y, y and the outlet 


quantity a. First, we shall consider the case when w = const, Here, the GTA will 
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behave as 2 gyrotachometer. Actually, with great spring force of spring SP. one 

may assume that in the first approximation, due to smallness of a as compared with 

Y, the outer and inner rings will turn about axis 0€ together with the nousing of 

the instrument and aircraft with angular velocity ¥, where under the action of 
@yroscopic torque M, o HY, directed on axis Oy, the inner rir , according to (8.2.7), 


will turn an angle f, equal to 
H ° 
p= a 
coefficient c,, considering (8.2.5) and Fig. 8.17, we determine by formula c, = 


! 
= Ee and then 


pa % (8:3.2) 


ey 


t 
where Cc, — coefficient of linear spring force of spring Sp, 


Ly — length of lever Ly. 


In this case spring Sp, develops force 
and its torque M, with respect to axis O€ wiil be 


M, =1,3L. (8.3.3) 


Torque M, will cause turn of the outer ring with respect to the housing of the 
instrument a certain angle Cys and also compression of spring SPp, which will create 


with respect to axis O€ torque 
My = —¢,02, (8.3.4) 
where eas coefficient of linear spring force of spring SPo- 
Torques M, and My are balanced, i.e., 


M, + M, = 0; 


Bubstituting (8.3.3) and (8.3.4), we obtain for angle a, the following expression: 





4,8 AL ; 
@, ow LL. 3 cz ——- 9, (8.305) 
4 1,4e 
coinciding with (8.3.1) if we designate 
HL 
A= (8.3.6) 
"6c, 
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and consider that in this case y = const and, consequently, v = 0, 

Let us turn to analysis of the general case, when the aircraft has angular 
acceleration ve If y > 0, the inner ring will turn about axis 0; with angular 
velocity 6, determined from (8.3.2): 

bm Hy, (953.7) 
«ff 


, directed along axis O€ and equal to 


Here, there appears a gyroscopic torque Men 


Mow — je — 3, (8.3.8) 
: ef 


Torque M, causes turn of the outer ring and additional compression of spring 
2 


1 
Sp which creates torque My? 


s 
(es 


M, = ¢,f2,. (8.3.9) 


! 
Torques M, and My are Lalanced, i.e., 
2 


? an a. 5 
M, +M,= 0; 
substituting (8.3.8) and (8.3.9), we obtain for angle a, the following expression: 


Mm a 
» as ~10 
eG : eae 





a= 


2 
z 5» according to (8.2.1), we designate by Br 
Ca Calat 


Ie ae 2 


where 


-—_. (6, 3.11) 
els 
Thus, total angle of rotation a of the outer ring will be 


AL mm ‘ a 
en so ——— ) = Ad + B», 8.3.12) 
ate wal vt fat ? ? ( 


Consequently, the considered instrument indeed gives the sum of angular velocity 


and angular acceleration of rotation of the vehicle. 


4, Equation of Motion of a GTA 


We give without derivation the equation of motion of a GTA in coordinate a [112]: 
HG + alc, + eyh)a + c,h fa = He, lL) + Hy, (843.13) 
where a — constant included in the expression of the damping coefficient (8.2.14). 
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From equation (8.3.13) it follows that angle a, if we disregard small "dynamic 
correction" (§ 8.2, Par. 6b), is determined by a relationship, coinciding with 
(8.3.12), Natural oscillations of the outer gimbal ring under the influence of the 
damping torque attenuate, Frequency n of natural undamped oscillations, according 


to (8.3.13), 18 determined by expression 


na ta Veaes i (8.3.14) 


For the location of the GTA with respect to the axes of the aircraft in Fig. 
8.17 its readings will also be influenced by oscillations of the aircraft relative 
to its longitudinal axis, 1.,e., the angular velocity and angular acceleration of 
roll. To eliminate this influence we set the instrument in such a manner that the 
spin axis Ox of the inner frame is inclined to the longitudinal axis of the aircraft 


a certain angle $6, determined by relationship [109] 


Let us find the transfer function of the GTA, According to (8.3.13), we have 


Va= 28... ls (8.3.16) 
V0) Hs? + a3 (c,L? 40,8) s+e, 08 
i.e., from the dynamic point of view the GTA can be considered an oseillating circuit 
with the introduction of derivatives, 
As for instrument errors of a GTA, they are basically analogous to instrument 
errors of a GI, Therefore, we shall be limited to giving only formulas for minimum 


angular velozity Vinin and minimum angular acceleration y » characterizing the 


min 
threshold of sensitivity of the GTA; we have [17] 


e K we K 
Pain > Fro Vain >Eh ats (8.3.17) 
where Ky and Ky — correspondingly, moduli friction torques in the spin axes of the 
inner and outer gimbal rings. 
Detailed descriptions of the scheme, constructions of GTA's and its basic 


characteristics are given in the literature [112, 17]. 


§ 8.4, Vibratory Gyroscopes (VG's = 
4. Function and Types of VG's 
One of the essential deficiencies of all GD's considered till now, based on 


use of a gyroscope in a Cardan suspension, is the presence of friction in the 
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suspension axes, which lowers accuracy of readings of these devices, 

The effort, by all possible ways, to decrease friction in the suspension axes 
led to creation of gyroscopes with air suspension (§ 6.3, Par. 2a), and also gyro- 
scopes with floating suspension, 

Along with this there was noted the fundamental possibility of creating a GD 
of the type of a vibratory gyroscopes (VG), in which the gyroscope, in general, does 
not have a Cardan suspension; there also may be no fast-rotating rotor; instruments 
of this last type can be related to gyroscopes only be convention. By a vibratory 
gyros :ope, in general, we understand an instrument, containing vibrating components 
and reacting to the gyrotorque, caused by rotation of the vehicle, The VG in 
principle of action is a gyroscopic tachometer, since the input quantity 1s the 
gyroscopic torque from rotation of the vehicle, and the output is a function of 
angular velocity of the vehicle, 

We distinguish VG's of rotor type and rod type. The former contain a revolving 
rotor; for VG's of the latter type the sensor is several vibrating masses, e.&., 


rods, similar tc tines of a tuning fork, 


2. Schemes of VG's of Rotor Type. Basic Relationships 

One of the possible schemes of a VG of rotor type is presented in Fig. 8.18a, 
where the figures designate; 1) symmetric rotor; 2) its spin axis; 3) elastic rods, 
A peculiarity of the considered 
VG is that 1%s rotor has the 
possibility of additionally rotating 
about axis nn, perpendicular to 
axis Oz, thanks to the presence of 
its elastic connection to axis 0z, 
carried out by elastic rods; axis 


nn is called the vibration axis, 





In Fig, 8.18 there is given a 


Fig. 8.18, Schematics of V@'s of Rotor type. 


somewhat different scheme; here 
rotor 1 is fixed on its spin axis 
°, in the form of a flat spring. 

Let us consider the essence of the phenomena occurring ina VG. Let us assume 
that the VG rotor rotates about axis Oz with angular velocity 9; angle of spin of 
the rotor 9 = Nt; its angular momentum H = JQ. Let us assume that the base of the 


va, 1.e., the vehicle on which it is fixed rotates with angular velocity Des directed 
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along the axis Of (Fig. 8.19). Here, there appears gyroscopic torque 
M,= Hw, (8.4.1) 
Components of this torque on axes Oy, and Ox, 
will be 


M,,, = Hw, sin ¢; M,,.= —Hw,cosz. (8.4.2) 


Components M,, y,? directed along the axis of 
4 


vibration nn, causes vibratory oscillations of the 





rotor about this axis, pince during turn of the ro- 


Fig. 8.15. Determining M O 
and M & X4 tor about axis Ox 90° from the position shown in 


ee Fig. 8.19, torque M, i changes sign. As will be 
shown below, from the amplitude of these oscillations it is possible to judge the meg- 
nitude of angular velocity of the vehicle. Component M, Ky of gyroscopic torgue about 
axis Ox, does not affect motion of the gyroscope; it only causes a certain dynamic 
pressure of the rotor on its supports. 

We aompene the differential equation of motion of the rotor about the axis of vi- 
bration nn (Oy,). Here, we consider that vibration of the rotor about axis Ox, isp ab- 
sent by virtue of the corresponding rigidity of the construction. Let us use Euler's 
equations (1.3.27). As generalized coordinates we take the angle 9 of spin of the ro- 
tor (Fig. 8.20) and the angle a of rotation of the rotor about the axis of vibration 
Oy, 5 axes connected with rotor after these turns will occupy position Ox, ¥426 Axes 
O€n€ connected with the vehicle are rotated about axis Of with angular velocity Des 
which should also be determined by the 
VG. The second and third equations of 
(1.3.7), replacing My by i and con- 
sidering that Jy. = Jy = ie J, = J, we 


rewrite in form 


d . 
ign) 
a ° e 
J, =, 


Projections of absolute angular 





velocity of axes Ox,y,2 on these same 


Fig. 8,20, Deriving the equation of mo- 


tion of a GT axes, according to Fig. 8.20, will be 
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p=ma, sing cosa -~zsinz (8.4.4) 


q = ©,CORZ +2 


rae, sing sins + 7c0s2 


We substitute (8.4.4) in (8.4.3): 
4, [& + ©0089 — sing + 
+ (o,sing sina + 9 cos 2) (w, sin z cos — sin: j- 
—J (a, sing sina f 7c0s 2) (w, sing cos —+sin 2] =M, (8.4.5) 
A t(esingsina + 7 0s 2) = M,. 


Since resisting torques with respect to axis Oz of the gyroscope are balanced 
Then, from the second equation 


by an active torque, the resultant torque M, = O, 


of system (8.4.5) we obtain 


J (¢cosa-+u, sing sina) = const =H = J2. (8.4.6) 


Angle a of rotation of the rotor about the axis of vibration is sufficiently 


small; therefore, according to (8.4.5) and (8.4.6), with an accuracy of small 
components of the first order we obtain the following equation of motion of the rotor 


with respect to the axis of vibration: 
‘Se+ (J —J,) Pam M+ Hw, sin; — Jw, cos 9. (8.4.7) 


Since 9 = Nt, 
(8.4.8) 


1,2 + (J —J,) Va = M, + Hu, sin Of — J,u,c0s 21. 


As the torque ar of external forces, applied to the gyroscope with respect to 
axis Oy, (Fig. 8,19 and 8,20), we consider the restoring torque of forces of elastic 


strains of rods and damping torques; then, by analogy with expressions (8.2.4) and 


(8.2.13), we have 
M,= —¢e—ba. (8.4.9) 


Substituting (8.4.9) in (8.4.8), we obtain 


Ji + bat (e+ (J—J,) 2] a = Ho, sin Ot — Jo, cos OF. (H,4.10) 


In the right part of the equation the second member is small as compared to the 
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first, Therefore, the differential equation of small oscillations of the rotor 


about the axis of vibration, introducing designation 


c=e,t+(J—J,) 2, (8.4.14) 


we write finally in form 
Ja +524 cr = Ho, (t) sin OF, (8.4.12) 
very similar to equation (8,2.41) of motion of a GT frame. 
Let us present (8,4,12) in the following form: 


e+ attan tu (sino. (8.4.13) 


4, ea a 


By analogy with (8.2.43), (8.2.45) — (8.2.47), we introduce designations 
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Then we have 
a + 22na + nts = kw, (t)sin Qt, (8.4.15) 


where n — frequency of natural undamped vibratory oscillations of the rotor; 
€ — relative attenuation factor, 


If we designate by T = - the time constant of the VG, (8.4.15) can be rewritten 


in form 
Ta + 2,70 +0 = hw, (1) sin Qf, (8.4.16) 
where 
be eet at. (8.4.17) 


Since natural oscillation of a VG rotor rapidly attenuate thanks to the presence 
of damping, we determine its forced oscillations, which are characterized by a 
particular solution of equation (8.4.16). 

The form of this particular solution is determined by the right side of equation 
(8.4.16), 1.€., input ku » (t ) sin Qt, We shall limit our consideration to the simplest 
case, when the vehicle rotates about axis 0€ (Fig. 8,20) with constant angular 


velocity, 1.24, -W,(t) = we = const, Then we rewrite equation (8.4.16) in form 


181 


me - iene 4 See ees 
ee kame PRM peg en cee TT ee aes oS! a+ LGB 
‘ 





ae cee eat geret Ole e-eremmngamepeet te Sande 2 ath 5 00 


Te + UTe +0 = ko sin 2. (8.4.18) 


The transfer function of the VG is determined by the same relationship (8.2.68), 
as the transfer function of a GI. Then the amplitude and phase frequency-response 


curves of the VG will be expressed by formulas (8.2.74), if in them we set © = 2 


1.e., 
h 2:70 
Fe 5 Q = oe t —_—— | 8.4. 
40) ipa agra | POV CT ig ee 


Forced oscillations of the VG rotor, by analogy with (8.2.126), are determined 


by relationship 
&, (4) = eA (2) sin [2¢ + ¢ (2)], (8.4.20) 


where A(Q) and 9(Q) during constant angular velocity 2 = const of rotor spin will 
also be constant [see (8.4.19)]. 

From formula (8.4.20) it follows that when we = const the frequency of forced 
oscillations of the rotor is equal to the angular velocity 2 of its spinning; the 
amplitude of forced oscillations is proportional to the measured angular velocity wp 
of the vehicle, Thus, the VG indeed executes the function of a GI. Increase of the 
amplitude of vibrations of the rotor can be attained by increasing of the gain- 
frequency response A(Q) of a VG, for which, according to (8.4.19), one should 
increase coefficient k = x [see (8.4,17)] and select parameters of system so that 
1 - m=a* = 0, i.e., the VG works in conditions of resonance,* Thus, measuring in 
one way or another angle a of rotation of the rotor about the axis of vibration, one 
can determine the angular velocity of rotation of the vehicle, 

It should be noted that a VG of the considered type spinning of the rotor, in 
general, 1s not obligatory, In principle an analogous phenomenon can be obtained, 
if, for instance, axis 2 of the rotor (Fig. 8.18), carried out in the form of a 
flat spring, is rigidly secured at both ends and instead of rotation we impart to 
the rotor torsional oscillations relative to this axis, Such a VG does not contain 
rotating parts, and therefore possesses known advantages as compar:d to the VG 
considered earlier, Basic relationships for a VG based on torsional oscillations 


*Quantity c, according to (8.4.11), depends on coefficient cy, of rigidity of 
the elastic rods of the VG, and also on (J — Je) a, which it 1s possible to vary by 


selecting the angular velocity 2 of spinning of the rotor and the relationship be- 
tween its moments of inertia J and Jee 
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of the rotor can be obtained from the above-mentioned formulas, if in them we assume 
that the angle 9 of natural torsional oscillations of the rotor obeys harmonic law 
Q = %o sin Wot, where Po -- amplitude, and Wy) — frequency of these torsional oscilla- 
ticns, 

Vibratory gyroscopes of rotor type, apparently due to technical difficulties 
of realization, have not been widely applied in practice, There is information 


[36] on developments abroad of a VG of another type, called a gyrotron; the schematic 


and basic relationships for this type of VG are given below. 


3. Schematic of a VG of Rod Type (Gyrotrom), Basic Relationships 
One scheme of a VG of roc type, finding practical application, is based on use 
of the properties of vibrating masses — rods, comprising tines of a vibrator — a 
tuning fork; this instrument is known by the name of a Sperry gyrotron [36]. The 
sensor of the instrument is a vibrator (Fig. 8.212), consisting of rods Rod, and 


Rod,, elastic torsion rod TR, connecting the rods with the base of the vibrator B, 


2 
and plate Pl rigidly 
b) fastened to the torsion 
rod. 

The principle of 
action of such a sensor 
is as follows. By spe- 


cial electromagnets the 





rod-tines of the tuning 


fork are set into oscil- 





: latory motion, If the 
Fig. 8.21. On the principle of operation of a gyrotron, 
base of the instrument, 

4.e., the vehicle, does not rotate about axis Of, oscillations of the rods are in 
plane O8(x), with constant amplitude and frequency depending on parameters of the 
system, if the vehicle together base B of the vibrator turns about axis O€ with 
angular velocity Wes there appear torsional oscillations of the vibrator, and, 
consequently, also of the elastic torsion rod TR and plate Pl about axis O{(x); as 
will be shown later, the amplitude of these oscillations is proportional to angular 
velocity Dp» 

When the vibrating tines of the tuning fork approrch one another, the moment 


o? inertia of the forx about axis 0€, decreases, and the angular velocity of torsional 


oscillations about axis increases, If the tines move apart, the moment of inertia 
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of the fork increases, and its angular velocity decreases, Thus, the vibrating 
tuning fork constitutes a system with a moment of inertia variable with respect to 
axis Of(x). 

To determine the moment of inertia of the tuning fork we consider motion of 
the i-th particle (Fig, 8,21b), of one of the tines, Since the frequency of oscil- 
lation of the tines exceeds the angular velocity of rotation of the base of the 
instrument by many times, the path of this particle is a very compressed sine curve, 
Let Ro denote the average distance from the axis of the tuning fork to each of the 
tines; AR — the amplitude of vibrations of the tines; 7 the distance of the i-th 


particle from the tuning fork axis, For r, we have the evident relationship 


9, Ret ARsin yf, (8.4.21) 


where Wy - frequency of natural vibrations of the tuning fork tines, 
The moment of inertia of the i-th particle of mass my about axis Of will be 
8 3 z t Bie aR s 
i= ns,= fm, (R, ¥ ARsinwt) = mR,(! 75 sin uf) . 


Since Fo << 1, we have, approximately, 


Im mR,(! +27 sinw,t) (8.4.22) 


Summing moments of inertia of all particles of the system, we fing its moment 


of inertia 


Jmd(1+ 25 sinas), (8.4.23) 
e 
where 

j=amR, - (8.4.24) 


—‘mean value of the moment of inertia; 


m= 3m (8.4.25) 


— mass of the whole system, 

Let us find moment M of inertia of the tuning fork, appearing during rotation 
of the base of the vibrating tuning fork with angular velocity Dre During this 
movion projecticns ae and , of acceleration a of the i-th particle in the polar 
system of coordinates (r, 9) are determined by the fcllowing relationshipa [84]: 
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Q : (8.4.27) 
e,, =7,0, + 2wr, 


Force of inertia F 


4? corresponding to acceleration Wy: will be 


: Fx — m= —m,(w, 7 +w, 3), (8.4.28) 


—_ 
where ry -— unit vector of direction ry3 


—_> 
os -— unit vector of direction, perpendicular to Tye 


The moment of this force with respect to the axis of the tuning fork will be 


7 “e re ave oy a ey a 
M,=7,7XFi= rex m,(w, 7 +O, ‘), 


from which for the modulus of the moment we have 


M, ye, a rm, (4%, + 2ws)) : (8.4.29) 


For r,, according to (8.4.21), we have 


7, = Ru, cos uf. (8.4.30) 


Angular velocity e of rotation of the vehicle about axis O€ we consider to 


vary by harmonic law 


@ = 4, coswt, (8.4.31) 


where Bp — peak of angular velocity; 
w® — angular frequency of change of angular velocity. 


We have 


e, = —a,wsin of, (O.4.32 ) 


Substituting (8.4.21), (8.4.30) — (8.4.32) in (8.4.29), we obtain 
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4 Mi, = — m,(— (Ry + 4Rsinw,f)?a,vsin wf + 
+2 (R, + ARsinwt)a, cos wt - ARw, cos wf} = 
=—mRp.0, {-Re (! + sin of) = sin wt + 24R cos wf cos uf - 
e 


+ BARE sn mg cos oyt cos of}. (8.4.33) 
® ‘ 


As was shown earlier, = << 13 parameters of the tuning fork are selected in 
0 


4 such a way that = << 13 therefore, instead of (8,.4,33), we have, approximately, 
0 


M, = — 2m,R,4Ra, ©, cos wf cos uf. (8.4.34) 


Summing all particles of the system, we obtain 


M == — 2mR,4Ra,w, cos wot cos wf, (8.4.35) 


where m— mass of the tuning, determined by formula (8.4.25). 

Tnis is an approximate expression of the inertial moment, appearing during 
rotation of the base of a vibrating tuning fork with angular velocity Dee From 
(8.4.35) 4t follows that M constitutes moment of Coriolis forces of inertia, 
analogous to the torque of gyroscopic reaction; the magnitude of this torque is 
proportional to angular velocity Wp = Bp COs wt [see (8.4,31)]}. 

Let us consider the schematic of the Sperry gyrotron [36] (Fig. 8.22). Basic 


components of the instrument are: 





rods [tines] Rod, and Rod,, elastic 
powven deen ne dt m torsion rod TR, base B of the 
vibrator, plate Pl; we discussed 
the function and interaction of 
these components earlier (Fig. 8,21a). 
(B (?), Rod, and Rod, of the tuning fork 
4 . impart oscillations with a frequency 
{v7 of about 2000 cps with the help of 
5 electromagnets EM, and EM,, which 
ere fed from oscillator Osc through 
amplifier Amp, - Let us note that 


with such a high frequency of natural 


_— ee eee ae oe 


oscillations of the tines the influ- 





ct 4 
EE EE ae ence on the instrument of various 


Fig. 8.22. Schematic of a gyrotron. disturbances considerably decreases, 
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During rotation of the base B of the instrument with angular velocity Drs as shown 
earlier, there appears torque, causing oscillations of the torsion rod TR; here, 
the natural frequency of torsional oscillations of the tuning fork about its axis 
is equal to the natural frequency of vibration of the tines. To realize vibration 
of the tines with natural frequency, besided electromagnet; EM, and EM, there also 
are electromagnets EM, and EM, 3 the latter pickoff natural oscillation of the tuning 
fork tines, and corresponding electrical signals proceed “o amplifier Amp,» and 
from it to electromagnets EM,» and EM,» which sustain natural oscillation of the 
tuning fork tines. For quenching natural torsional oscillations of the tuning fork 
about its axis there is a damper D. 

During forced oscillations of the torsion rod TR and plate Pl in the field of 


coils C, and C, of the signal pickoff there is taken the corresponding electrical 


a: 2 

Signal, which proceeds through amplifier Amp, to phase detector PD, to which there 
is also introduced the signal from electromagnets EM, and EM), through amplifier Amp, « 
The presence of such an electrical circuit permits us to realize equality of fre- 
quencies of torsional oscillations of the tuning fork and vibration of its tines, 
At the output of phase detector PD there is obtained a d-c signal, whose polarity 
depends on the direction of rotation of the vehicle, and whose magnitude is 
proportional to the angular velocity Dy of rotation of the latter. Readings of the 
instrument are fixed on indicator I, 

The theory of the gyrotron is the subject of a number of works (see, e.€., 
[192, 146}), which we use subsequently, 

Let us compose the differential equation of torsional oscillations of the 
vibrator about axis O€ (Fig. 8.21a). We designate by 4 the angle of rotation of 


the vibrator about axis 0€, The equation of these torsional oscillations we record 


in the form 


Ia= M,, (8.4.36) 


where Io — moment of inertia of the vibrator about axis 0¢; 

Me — total external torque, acting on the vibrator about tre same axis. 

In equation (8.4.36) the moment of inertia of the vibrator is assumed constant 
and equal to the mean value of the moment of inertia, determined by formula (8.4.24), 
Investigation of the gyrotron, taking into account the variable value of the mement 
of inertia of the vibrator [see (8.4.23)] 18 given in article [192]. 


Torque Me we shall present in the form 
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M.=—M+M,+M, (8.4.37) 





M— the moment of Coriolis forces of inertia, appearing in the vibrator 
during rotation of the vehicle [see (8.86235))3 


? Meost — restoring torque of forces of elastic strains of the torsion rod; 
My — torque of damping. 

By analogy with (8.2.4) and (8.2.13) we. have 

ft ° 

i M, = — «ca; M, = — ba. (8.4,38) 


Expression (8.4.35) we change to form 
M = — mRSRa,», [cos (w) + w) ¢ + cos (#, — o) f] : (8.4.39) 


Substituting (8.4.39) and (8.4.38) in (8.4.37) and the resulting expression in 
(8.4.36), we have 


Ie +batca= mR, ARa,w, [cos (w, + w) t -+cos(w,—w)f |. (8.4.40) 


By analogy with (8.2.43), (8,.2.45)-(8.2.47) we introduce designations 


¢€ 6 b mR,4AR 
z= — > — wna . 2s k ~~ B.4.44 
boot = : 2Vie : ly ( ) 
Then 
a + 2na + n'a = ka, [Cos (w, + w) f+ cos (w, —w) f], (8.4.42) 


where n — frequency of natural undamped torsional oscillations of the tuning fork; 
€ — relative attenuation factor, 
If we designate by T = = the time constant of the gyrotron, (8.4.42) can be 


presented in form 


T'a + 27a + a = ka, (cos 2, + cos 2,/), (8.4.43) 
~ where 
fee tk ROE Se gs he, (8.4.44) 
§ at le C ¢ e ove 
Q,=u+0; 2,=a—w. (8.4.45) 
f 


As was shown earlier, the frequency of vibration of the tines and of torsional 
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oscillations of the tuning fork are equal, 1.e., 


0 =n. (8.4.46) 


Since natural torsional oscillations of the vibrator rapidly attenuate due to 
damping, we determine its forced oscillations, which are characterized by mh particular 
solution of equation (8.4.43), 

The transfer function of the gyrotron is determined by the same relationship 
(8.2.68) as the transfer function of a GI, Then the amplitude and phase frequency- 
response curves of the gyrotron will be expressed by formulas (8.2.74) 1f in them 


we set w=, (1 = 4, 2), 1.e., 


1 


A(2) = ge eS 
OTe 





aS NTO, fat : 
9 (2,) = — arctg iting ° . 2) (8.4.47) 


Forced torsional oscillations of the tuning fork about its axis, by analogy 
with (8.4.20), are determined by relationship 


a, 0)= 4,3) A (2,005 ¢ +2 (2): (8.4.48) 


This formula can be simplified, if we transform the expressions for A(Q, ) and 
(2, ), considering that = << 3 
0 


Substituting in (8.4.47) relationships (8.4.45), (8.4.46) and T = -, we have 
[146] 


A(Q,) = : pene Be 
oes ape Tare 24? 
5 “J 





y( sre ZV teed. b (8.4.49) 


ete 
0) = — “we = bee 
tan 9 (2,) ister 
a? 
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. ge 
tan 9 (2,) = — - < ss Se 
peas 
‘ (8.4.49) 
[ (contd) 
eRymqaacte eMJogam-—actg=—7(Q)—=—r) 
Considering (8.4.49), we rewrite (8.4.48) in form 
a, (1) = a fos (uy + 0) + Fal + 
a VY 4 Ce} | 
+ 608 [(e, — ») #— 9,1} (8.4.50) 


t) = C08 wef COS (wi + 5 (8.4.51) 
@, (?) ienea wf cos (wi + 5) 


end, taking into account (8.4.44), we finally obtain 


aR Rel 


Vea (8.4.52) 
. * 


e, (f) = 


From formula (8.4.52) it follows that the amplitude of forced torsional oscil- 
lations of the vibrator is directly proportional to the angular velocity of rotation 
of the vehicle, Consequently, the gyrotron permits measuring the angular velocity 
of a vehicle, directed along its axis of symmetry O€ (Fig. 8,21a), which is therefore 
the axis of sensitivity of the instrument, According to formula (8.4.51), sensitivity 
of the instrument to the angular velocity of rotation of the vehicle depends on 
coefficient k, expressed through parameters of the system by relationship (8.4.44); 
from this point of view coefficient k should be as large as possible, 

Using terms applied in radio engineering (see, e.g., [34, 89]), it 18 possible 
to say that the gyrotron modulates the input signal, which represents the angular 
velocity of the vehicle Dp = &p COB wt [see (8.4.31)]. Modulation, as is known, 1s 
the process of changing one or several parameters of a signal under the influence 
of another signal, In the considered case the modulated signal w»(t) is the harmonic 
oscillations with constant amplitude Bei these oscillations are called the carrier. 
The signal, influencing one or another parameter of the carrier oscillations, is 
called the modulating signal, In this case the modulating signal is the vibratory 
oscillations of tines of the tuning fork. Here we have amplitude modulation, since 
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the amplitude of the carrier oscillations is proportional to the modulating signal. { 
The graph of oscillations modulated in the gyrotron is shown 14r. Fig. 8.23. From 


- 
Envelope ef modolated this point of view parameters in 


@, (t) ee formula (8.4.51) can be called: ap — 


amplitude of unmodulated carrier oscil- 
lations; w — frequency and 4 — phase 


of carrier oscillations; ® — frequency 


Fig. 8.23. Graph of modulated oscil- 2 hee 
of modulating signal; == _ - co- 
lations, V a? + hu? 


efficient of modulation, 


4, Appraisal of VG's 

We shall briefly appraise VG's (see, e.g., [43]), considering one of the most 
useful schemes applied practically, in a gyrotron: 

1) the instrument has one axis of sensitivity and does not react to components 
of angular velocity of the vehicle on the other axes; 

2) there is no Cardan suspension, thanks to which we practically reduce to 
zero dry frictions the presence of constant vibration lowers the threshold of 
sensitivity; 

3) the high frequency of natural oscillations makes the gyrotron practically 
insensitive to various disturbances; 

4) the output signal is taken in the form of modulated oscillations, which 
gives the possibility of performing different operations with it: amplification, 
conversion, integration, differentiation, etc; 

5) readings of the instrument are linear in a wide range; 

6) there is the possibility of substantially decreasing dimensions of the 
instrument ; 

7) the gyrotron does not contain any fragile components, which makes it con- 
siderably more durable than gyroscopes, especially under strong mechanical influences 
(blows, vibration, etc.); 


8) the absence of friction parts considerably increases the service life of the 


instrument. 
For creation of ea high-quality instrument it is necessary to overcome a number 

of technical difficulties, connected with the following: a 
1) guaranteeing high accuracy of manufacture of vibrating components; : 
2) realization of special care in balancing the vibrator; Pa 
3) preservation of constancy of temperature; 
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4) guaranteeing constancy of elastic properties of components of the vibrator; 


5) measurement of comparatively small angles of twisting of the elastic torsion 





rod, etc, 

It should be indicated that possibilities of application of VG's are very 
diverse, Most simply, the instrument is used as a meter of angular velocity of a 
vehicle, The VG can f3~.* application also in systems of active gyroscopic stabiliza- 
tion. In the case 01 ~:ation of high-precision VG's they can be used also in systems 
of inertial navigation (Chapter 14). 
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INTEGRATING GYROSCOPES 


Designations Appearing in Cyrillic 


B = for » forced 


B = spin = spin axis 
BHX = O = output 
rom g = gyroscopic 
Yr = GR = gyrorotor 
TB = GV = gyrovertical 
TH = DG = directional gyro 
Te = Gh = gyrohousing 
rc = GS = gyrostabilizer 
rT = GT = gyrotachometer 
TY = GD = gyroscopic device 
r.3 ™= @.€ = gyroequator 
a = d = damping 
nq = dyn = dynamics 
A = D = liquid suspension 
4 = PO = pickoff 
AM = tq = torquer 
AM = TQ = torquer 
2C = SP = signal pickoff 
Mr = IG = integrating gyro | 
Mor = IDG = integro-differentiating 
gyro 
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Function and 


In systems of automatic adjustment and control there are applied GD's in-~ 
tended for integration of certain parameters, characterizing motion of the con-= 


Such devices are integrating gyroscopes (IG's), 


(§ 2.4, Par, 1) 1s what we call a gyroscope which carries out integration of the 


Let us note that integration is a natural property of a gyroscope. 
from the law of precession (§ 1.3, Par. 6) it follows that the three-deg:ee-of- 
freedom astatic gyroscope is essentially an integrator, since its angle of pre- 
cession is eazal to the integral with respect to time of the external torque 


In other words, an astatic gyroscope, if we do not consider 


Fr, R = frame, gimbal ring 
Pend = pendulum 


adj = adjustment 


par = parameter 

P = platform 

Pot = potentiometers 

gf = gyrofloat 

GF = gyrofloat 

FDG = floated differentiating 


HIG = hermetic integrating 


Sp = spring 

Br = bearing 

rad = radians 

sec = second 

8,m = stabilizing motor 


SM = stabilizing motor 


fr = friction 
set = setting 
y = Amp = amplifier 


CoG» ™ center of gravity 
ass = assigned 


es of Integrati 


Integrating 


nutation oscillations o: its axis, can be considered an integrating network (with 
transmission factor k = where H — angular momentum of the gyroscope) with re~ 

spect to an input disturbance on the so-called cross-axis (§ 3.2, Par.,. BT). The , 
transient response at the output of this network is proportional to the integral 

in time of the mentioned disturbance, 

Depending upon determination of parameters of the object IG's are divided i 
into gyroscopes intended for measurement of: 1) angles of turn of the object, 
obtained in the instrument by means of integration of an; ular velocity of the 
objects 2) the sum of angles of turn of an object and its anguler velocities; 3) 
linear velocity of an object, obtained in the instrument by means of integration 
of linear acceleration of the c.g. of the object. 

The integrating gyroscope which determines the angle of rotation of an object 
by means of integration of the components of its angular velocity is called a 
rate-integrating gyro, In such IG's, by analogy with the GT (§ 8.2, Par. 2), we 
normally use a two-degree-of-freedom astatic gyroscope, 

In distinction from the QT, for the IG there is no component, designed for 
creation of a restoring torque, and the device for quenching natural oscillations 
of the GT frame is replaced in the IG by a very powerful damper. The most advanced 
instrument of this type 1s the hermetic integrating gyroscope (HIG). The gyro- 
scopic rate-integrator, measuring angles of rotation of an object can, in principle, 
be used in the same cases when, for a given purpose, there is applied a three- 
degree-of-freedom astatic gyroscope (e.g., as a DG or QV). 

The integrating gyroscope, determining sum of the angle of rotation of an 
object end its angular velocity, 1s called an integro-differentiating gyroscope 
(IDG). This variety of IG also 1s based on use of a two-degree-of-freedom astatic 
gyroscope and differs from the GT only by the fact that between the instrument 
frame end the damper there is introduced an elastic connection, e.g., in the form 
of a spring. Such an instrument ‘n the circuit of an autopilot permits us to 
directly find, e.g., the sum of the angle and rate of yaw of an aircraft, t.e., 
to immediately obtain the law of control of its course, 

An integrating gyroscope which determines linear velocity of an object by 
means of integration of linear acceleration of its c.g. is called a gyroscopic 
integrator of linear accelerations, In an IG of this type, in distinction from 
the preceding, they usually apply a three-degree-of-freedom gyroscope with its 
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c.g. offeet with respect to the point of suspension, due to which the instrument 
becomes sensitive to linear accelerations of the object. Such IG's are used for 
determination of linear velocity of an object (58, 161, 195]. 
In this chapter we present in most detail rate-~integrating gyro, which have 
recently had wide application, especially in inertial navigational systems (Chapter * 


11); more briefly, we shall consider gyroscopic integrators of linear accelerations, 


§ 9.2. General Characterization and Schematics : 


of Rate-Integrating Gyro 


4. Function and Types of GI's 


The rate-integrating gyro is a GD, designed for integration of the angular 
velocity of the base (object), on which it is established, 1.e., for determination 
of the angle of rotation of the object. One distinctive feature of this IG is 
that it, similarly to the GI (§ 8.2, par. 1), reacts to the absolute anguler veloc- 
ity of the object, thanks to which it determines the angle of rotation of the 
latter in inertial space, 

There exist different types of IG, The most wide spread is the IG with a 
liquid damper, and also the floated IG, in which the hydrostatic suspension simul- 
taneously serves as the integrating damper. There also applied integro= 
differentiating gyroscopes. Let us give ea general characterization and schematics 


of these types of IG's, 


2. Schematic of an IG with Liquid Damper, 
Basic Relationships 


The schematic of an IG with a liquid damper is shown in Fig. 9.1. The basic 
component of the instrument is a two-degree-of-freedom astatic gyroscope; the 
gyrorotor is fixed in a gimbal ring R (frame of instrument). For integration of 
the input signal we have the integrating liquid damper D, sometimes called a 
dashpot damper [30]. Readings of the instrument, proportional to the angle f of 
frame rotation about axia On (Oy), are taken in the form of voltage from potenti- 
ometer Pot, 

In some IG schemes on axis On there is set a torquer TQ (controller [149]), 
wnich is used, e.g., to compensate disturbing torques, constant. in magnitude, 


acting on this axis. Another function of the torque~ during use of it in a floated 
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Fig. 9.4. Schematic of an IG with ea liquid damper, 


IG will be shown later, 

Axes Ofnt (Fig. 9.1) we shall consider connected with the vehicle (ship, 
aircraft); axes Ox, yz, combined in the initial position (where B = 0) with O€n0, 
are connected with the frame of the instrument and are Resal's axes (§ 1.1). Axis 
Of for the location of the gyroscope axis in Fig. 9.1 is the measuring, input, or 
sensitivity axis, since in this case the IG reacts to component wt of angle veloc- 
ity @ of rotation of the vehicle, and thanks to presence of integrating damper D 
gives at the output angle a of rotation of the vehicle about axis 0f. Axis 
On (Oy) ts the output axis, since angle 6 of rotation of the frame about it is 
proportional, as we shall show later, to the integral with respect to time of 
angular velocity we, 1.e., to angle a of rotation of the vehicle about axis 0. 

Comparing this scheme cf an IG with the scheme of e GT (Fig. 8.1), we see 
that for the IG there is no spring Sp, provided in the QT for creation of restoring 


torque M, » and the pneumatic damper, used in a GT onjly for quenching natural os- 


ne of the instrument frame, is replaced in the IG by a rather powerful 
liquid demper, whose main assignment is integration of the input signal. Let us 
note that the liquid dampez, in distinction from the pneumatic one, almost does 
not have dry friction; its characteristics are more stable, and it creates con- 
siderably greater damping torque, 

Let us find the basic relationship for the considered IG, establishing the 
functional connection between the input wp (t) and the output A(t). With turn of 


the vehicle about axis Of with angular velocity Dp» similarly to how it is in a GT 
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(§ 8.2, Par. 2), there appears gyroscopic torque M,, directed along axis On (oy) 
and seeking to combine the axis of the gyroscope with axis 0%. The magnitude of 
this torque is determined by expression (8.2.2) or for small f, by relationship 
(8.2.3). Consequently, gyroscopic torque My» as well as angular velocity Dp» is 
the input quantity. 

During turn of frame IG angle f the piston of the liquid damper shifts rela~ 
tive to its cylinder, It is assumed that the liquid used in the damper has great 
density, and the coefficient of viscosity does not depend on the speed of movement. 
Consequently, rotation of the IG frame is prevented by torque My: introduced by 
the damper and determined by expression (8.2.13). 

When deriving the basic relationship, characterizing work of an IG, we do 
not take into account of the equatorial component of angular momentum of the gyro- 
scope, inertia of the frame, and also various disturbing torques, and we use one cf 
the abbreviated equations (1.6.30) of a gyroscope in DtAlembert form, Considering 
the second of the shown equations in projections on exis Oy (Fig. $.1) and taking 
as gyroscopic torque expression (8.2.3), and as the external torque the torque Ma» 


introduced by the damper [see (8,2.13)], we obtain 


M, + M,=:0 (9.2.1) 
or 

Ho, —b3 = 0, 
from which 

fm Se, (9.2.2) 


1.e., the velocity 6 of rotation of the instrument frame is proportional to the 
angular velocity De of rotation of the vehicle about the measuring axis 02. 


Integrating (9.2.2) and considering that in the initial moment when 


‘t+ = 0, B(O) = 0, we have 


o- Ffetoa, (9.2.3) 


i.e., the angle 8 of rotation of the IG frame is proportional to the integral with 
respect to time of engular velocity p of the vehicle, 
If by a we designate the angle of vehicle rotation about axis 02 with angular 


velocity ® = a, we can write (9.2.3) in form 
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Hé. 
pa 2 aide, (9.2.4) 
6% 
from which, with initial conditions t = 0, a(0) = 0, we have 


Bice te. (9.2.5) 

6 

Thus, the angle 8 of rotation of the iG frame is proportional to angle a of 
vehicle rotation about the measuring axis Of in inertial space. If axis Of is 
direct along the vertical, then for a aircraft angle a will be the angle of vawing 
wy. Consequently, in this case the IG determines angles of yawing and turns of the 
aircraft in azimuth, 1.e., executes the same function as a DG with a three-degre- 
of-freedom astatic gyroscope (Chapter 5), With help of similar, but differently 
poisitioned IG's, we can also determine pitch $ and bank angles + of the aircraft. 

Expressions (9.2.2) and (9.2.5) are valid only for small values of 8, which 
for the assigned parameters H and b of the instrument occur, when angles a of 
vehicle rotation are small, In another case we will be required to use an IG to- 
gether with a servo drive, working the IG frame into zero position, similarly to 
a GT with zero drive of the frame (§ 8.2, Par. 7). 

It is necessary to recall that the considered type of IG is a rather crude 


instrument. In fact, the minimum angular velocity w » which the IG can sense, 


émin 
as in the case of a GT, is determined by formula (8.2,107), 1.e., depends for a 


given angular momentum H of the gyroscope on the magnitude K,., = [Mp..| of the 

given moment of friction on the axis of rotation of the instrument frame, In this 
connection accuracy of an IG with the normally applied suspension of a frame on ball 
bearings turns out to be lows such instruments are not widely used, since they 
possess larger errors than a three-degree-of-freedom astatic gyroscopes, Therefore, 
more detailed information on the theory of the rate-integrating gyroscope will be 


given later in the example of an IG of float type. 


3. Schematic of an Integro-Differentiating Gyroscope. 
Basic Relationships 


The schematic of an IDG differs from the IG@ scheme shown in Fig. 9.1 by the 
fact that between the gimbal ring (frame of the instrument) and damper D there is 
an elastic connection. The latter can be realized, e.g., in the form of a cylindri- 


cel spring, one end of which is connected to a lever (fastened to the frame), and 
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other to the piston of the damper, 

The basic relationship for an IDG, ignoring inertia of its individual parts, 
we can derive as follows [109]. We designate by n deformation of the spring due 
to movement of the pistons deformation of the same spring due to turn of the frame 
B angle wili be Blo (ts, — length of the lever, Fig. 9.1); total linear deformation 
of the spring will be (Bl, - 1). Hera, the, force developed by the spring will be 
(Bt, - n)ey, where cy — coefficient of linear spring force of the spring. On the 
other hand, the force developed by the damper is equal to magnitude an, where a — 
specific force of damping [see (8.2.144)]. If we disregard the mass of the damper 
piston, from the condition of equality of forces developed by the damper and spring, 


we have 
m= Bl,— 1c. (9.2.6) 
In the considered scheme of an instrument the gyroscopic torque H, during 


rotation of the vehicle with angular velocity Op is balanced by torque of the spring, 
equal to (Bt, - N)C4 tos 1.@., 


(8, —n)¢\ = He,. (9.2.7) 


Excluding 7 from (9.2.6) and (9.2.7), we have 


tno =}. (9.2.8) 


Cs 


If, considering, e.g., yawing of an aircraft, we designate Wp = wy, we can 
write (9.2.8) in form 
W(t, ¢ 
§~ 4 (£44 


from which, for initial conditions t = 0, B(O) = 0, y(0) = 0, 4(0) = 0, we obtain 


ant +). (9.2.9) 


i.e., the angle 6 of rota‘ion of the instrument frame is proportional to the sum 
of angle y ana angular velocity ¥ of yawing of the aircraft, 

In deriving relationship (9.2.9) we did not allow for inertia of separate 
components of the IDG, or disturbances, Allowance for these factors leads to 
dynamic errors, which can be determined by the same methods as for corresponding 


error of a QT (§ 8.2, Par. 6). 
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4, Schematic of a Hermetic Integrating Gyroscope 


On GD's, during use of them in inertial navigational systems, in systems of 
automation stabilization of objects, etc., we place high demande with respect to 
accuracy of readings during work in conditions of large overloads and vibration, 
shock end other disturbances. Therefore, development in recent years of precision 
GD's has proceeded to lowering the friction torques in supports of the gyroscope 
suspension, guaranteeing of vibration and shock strength and resistance, etc. 
Satisfaction of these requirements was the creation of gyroscopes with floating 
suspension, which acquired the name of floated gyros. In these gyroscopes due to 
the buoyancy of the liquid friction torques in the suspension substantially de-~ 
crease, Liquid (hydrostatic) suspension ensures damping of oscillations of the 
sensor, and also integration of the input signal; on this feature of a liquid sus- 
pension are based the integrating properties of the floated gyro. Simultaneously, 
the liquid suspension ensures high performance of the instrument in conditions of 
vibration, shock and other disturbances.” 

Among the different types of floated gyros the most widely applied is the 
hermetic integrating gyroscopes (HIG). The schematic of an HIG in shown in Fig. 
9.2. Gyrorotor GR fixed in frame Fr, which is @ float of cylindrical shape; axis 





Fig. 9.2. Schematic of an HIG. 





* 
It should be noted that the idea of a floated gyro with two degrees of freedom 
was first proposed in the Soviet Union by L. I. Tkachev. In 1945 he developed a 
construction of a floated IG [4149], for which he was issued an author's certificate. 
In the United States the first developments of floated gyros were conducted at the 
Massachusetts Institute of Technology under the leadership of C. Draper [33 Is 
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Oy (Oy) of rotation of the fluat is fixed in bearings Br, located in housing A of 
the instrument, which also has a cylindrical shape. The gap between the float and 
the housing, and also all free space inside the housing is filled by liquid with 
ea high specific weight. This system forms a liquid suspension, designated in Fig. 
9.2 by letter D, Buoyancy of the liquid should be equal to the weight of the gyro 
unit; bearings Br of the suspension turn out to be practically completely free from 
load; they are made in the form of jewel pivots (like these applied in clockworks ) 
with a minimum moment of friction, Liquid in gap between cylindrical surfaces of 
the float and instrument housing provides damping, the torque of which is strictly 
proportional to the first power of angle velocity B of rotation of the float [see 
(8.2.33) ). Forces of viscous friction in the damper are used in the IG for inte- 
gration with respect to time of the input signal — the angular velocity of the 
vehicle, Application of a liquid suspension partially protects the axis of sus- 
pension (axis of rotation of the float) from influence on it of vibration, blows, 
etc, 

In the instrument there is provided automatic control of temperature, which 
is necessary to maintain: 1) constancy of specific weight of the liquid, which 
should be close to the average specific weight of the floated gyrounits 2) constancy 
of viscosity of the liquid, and conseyuently, also of the damping factor; 3) con- 
stancy of the position of the e.g. of the float and of the center of pressure of 
the liquid with respect to the axis of rotation of the gyro unit. 

Instrument readings, proportional to angle f of rotation of the float about 
axis On/ oy), are taken in the form of voltage from an inductive signal pickoff SP, 
called a microsyn [149, 181, 32]. On other side of the axis there is fixed a 
microsyn — torquer TQ, The latter serves to apply a torque to the axis of the float, 
necessary for bringing the float (axis of the gyroscope) to zero position, to 
compensate magnitude of disturbing torques constant in magnitude (from unbalance of 
the gyrounit, due to the presence of leads, etc.) and for allowance for induced 
rotation of the reference systen, 

In a floated IG, as in an Id with a liquid damper (Fig. 9.1), axis Of is the 
measuring, or input axis, since the HIG reacts to component Op of angular velocity 
of the vehicle about this axis; axis On (Oy)is the output axis, 

The principle of action of the HIG is analogous to the principle of action of 
an IG with a liquid damper (par, 1). For an HIG relationships (9.2.2), (9.2.3), 
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and (9.2.5) are valid, 4.e., the angular velicity 8 of rotation of the float is 
proportional to the measured angular velocity Ops and angle § is(proportional to q 
the angle of rotation of the vehicle about axis 0f in inertial space), Since torques 

of friction and other disturbances to the axis of rotation of the float are 

negligible, the HIG is sensitive to minute angular velocities of the vehicle, which 
ensures high accuracy of its readings. 

From what has been said it follows that the HIG permits one to determine the 
angle of rotation of a vehicle relative to one of the axes connected with it. 
Therefore, it can be applied as a DG, and with combination of two instruments — 
as a GV. However, installation of a precision IG, rigidly fastened to a vehicle, 
is not always expedient. Most acceptable is use of an HIG with a servo drive} 
here, there is obtained a one~axis active stabilizer; in the case of application 
of two instruments we have a two-axis active stabilizer, or a GV of active type, 
and in the case of three HIG's — a triple-axis stabilizer, This explains the wide 
use of HIG's in inertial navigational systems. 

One should not completely reject the possibility of rigid fastening of an HIG 
on a vehicle and application of it without a servo drive. As shows C. Draper 
[180], often for control of vehicles on the latter they rigidly set three rate 
&yros, which determine angular deflections of the vehicle from its initial orienta~ 
tion, As for inertial navigational systems of high accuracy, it is considered 
(180] that in this case the HIG should be set on a stabilized base, and should by 
used together with servo drives, 

Considering the possibility of using an HIG in contemporary precision GD's, 
below we consider the theory of it. Here, for establishment of basic properties of 
the HIG we shall show its peculiarities during work without a servo drive, Theory 
of an HIG with servo drive for the case of its application in an inertial naviga- 


tional system will be considered in Chapter 11, 


§ 9.3. Hermetic Integrating Gyroscopes and Their Application 


14. Cutaway of an HIG and Certain 
of its Features 


A simplified cutaway [449] of an HIG is shown in Fig. 9.3. Gyroscope 1 is 
fixed in hermetic float 2, whose axis is set in bearings 3, located in the hermetic- 
case 4 of the instrument. Gap 5 between the case and the float, filled with liquid ' 
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Fig. 9.3. Cutaway of an HIG, 


in cylindrical section AB of the floated gyroassembly, will form together with the 
mentioned components an integrating damper, The magnitude of the gap is of the 
order of several tenths of a millimeter, which for a large coefficient of viscosity 
of the liquid causes a considerable coefficient of damping. The necessity of 
having a high coefficient of damping is determined by the effort to obtain the 
smallest possible time constant for the HIG, which, as we shall show later, de- 
creases dynamic instrument errors, On the axis of rotation of the float there are 
fixed signal pickoff 6 eud torquer 7. ‘The function of all the components of the 
instrument were discussed during the description of its schematic (Fig. 9.2). 

The floated gyrounit should be carefully balanced by means of combination of 
its c.g., with the center of pressure and reduction to cery of its buoyancy, Re-~ 
moval of slope of the float and reduction of its buoyancy to zero are attained by 
bobs, fixed on axis y on both sides of the floated gyrounit (not shown in Fig. 9.3). 
Balancing of the float with respect to exis x is produced by shifting four nuts 8, 
which are twisted on screws, fixed on the shaft of the float (in Fig. 9.3 we see 
only two screws with nuts). 

A more detailed description of the HIG, its separate elements and constructions 
the reader can find in the corresponding literature (e.g., [184, 149]), Certain 
peculiarities of the HIG, theory of its hydrostatic suspension, and also results of 
experimental investigations are considered in the report of C. Draper, and others 
[33]. In these works there are also numerical values of parameters of HIQ's 
(produced by American firms), which will be used later in examples. 

Depending upon the magnitude of angular momentum H of the gyroscope HIQ's are 
divided into two groups: 41) comparatively low precision instruments with small H, 
intended for measurement of large angular velocities; 2) precision instruments 


with large H, applied in active stabilization system, where angular velocities of 
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the stabilized platform (on which the HIG is fixed) are small, The difference in 
values of H in these cases is determined by the strength of the bearings of the 
float during action on them of gyroscopic torque, caused by rotation of the vehicle. 
For the considered instruments angle # of rotation of the float we seek to 
have sufficiently small or even close to zero by using an HIG with a servo drive, 
Here, there are ensured: 1) constancy of the coefficient of viscosity of the 
damping liquid; 2) linearity of readings of the instrument and insensitivity of it 
to components of angular velocity of the vehicle on axes, not coinciding with the 
measuring axis; 3) large range of measured angular velocity; 4) small magnitudes of 
bearing reactions during rotation of the instrument with considerable angular 


velocities, 





Fig. 9.4. Detailed cutaway of a floated IG, 1) linkage of assembled gyroscope; 2 
adjustment of plate with flex-leadss 3) flex-lead terminals; 4) winding of electric 
heater; 5) temperature pickoff; 6) floats 7) gyrorotor; 8) frame of Cardan suspen- 
siony 9) unbalance compensator eiwectyee |; 10) adjusting screw of unbalance com- 
pensator; 141) rotor of torquer and magnetic suspension units 12) stator of torquers 
13) support end of the float shaft (journal); 14) ball, pressed by a spring; 415) 
mounting (installing) flange; = output axis; 17) bearing of float suspension; 18) 
stator of magnetic suspension units 19) adjusting screw of compensator of unequal 
rigidity; 20) compensator of unequal rigidity; 21) initial position of axis of 
angular momentum) 22) current position of axis of angular momentum; 23) angle of 
rotation of the floaty 24) stator of gyromotors 25) input axis; 26 | gap of damper; 
27) unit (plate) of flex-leads; 28) flex-leads for feeding the gyromotor; 29) rotor 
of signal pickoff and magnetic suspension unit; 30) stator of signals pickoff; 31) 
temperature shields 32) instrument case. 


Usually, the HIG is an instrumant of precision type. According to some data 
[1449], drift of an HIG can comprise 0,4 angular minutes/minute and even less. One 
of the peculiarities of the HIG is that it has high sensitivity and a large range 
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of measurement of angular velocities, 

We shall give (Fig. 9.4) a more detailed cutaway of an HIG recently published 
[180] (designations of separate elements of the instrument are shom in thethe 
figure caption), Distinetive features of this diagram are the presence of compen- 
sators of unequal rigidity (due to difference in the coefficients of elasticity of 
the structure of the float in directions of the input axis and the axis of sensi-~ 
tivity), and also of the magnetic suspension, ensuring centering of the axis of 
the float. 

Let us note on the technique of production, assembly and adjustement of floated 
gyros of precision-type we present special requirements (149, 184]. 

For tests of floated gyros there have been developed special equipment and 


methods of experimental investigations (149, 1841, 148, 147]. 


2. Dynamic Characteristics of the HIG 


8) Geometric and Kinematic Farsmeters 


Analysis of HIG's starts with composition of differential equations and the 
corresponding transfer functions, From comparison of Figs. 9.1 and 8.41 it follows 
that axis O€nf and Ox,yz in the investigation of an HIG and a QT are selected 
identically, Therefore, geometric and kinematic parameters of the HIG and GT are 
also identical (§ 8,2, Par. 3a), ‘Transformation of axes Ofnt to Ox,yz is expressed 
by matrix equality (8.2.15), where matrix A, of this transformation comes from re- 
lationship, (8.2.16) or (8.2.17). Components Wes Oo Or of angular velocity ® of 
axes Ofm€, connected, for instance, with a ship, are determined by formulas 
(8,2,20) for (8.2.21) end (8,2.22), 1.e,, an HIG whose axis of sensitivity coin= 
cides with axis Of, will react to the angular velocity Dp = = y of yawing of the 
ship. 


>) Composition of Differential Equations of an HIG 

In an HIG, like a GT, we used an astatic rate gyro. Presence of like compo- 
nents in both insvruments permits us during composition of differential equations 
of motion of the HIG to directly use differential equations of the GT, obtained 
in § 8.2, Par.. 3by here, one should consider specific differences between the con- 


sidered instruments, 
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As the starting pout we stall use differential equation (8.2.36) of motion 
of the GT frame, In this equetion: 4) equatorial moment of inertia Mises of the 
eyroscope, representing the sum of tne equatorial moment of inertia of the rotor, 
the frame (housing) of the gyroscope and moving parts, one should replace by moment 
of inerttle Jef of the sjrefiscat about, its spin axis; 2) due to the absence in an 
HIG of an element, introducing restoring torque in the instrument, magnitude ¢ one 
should take equal to zero; 3) in the right part it 1s necessary to introduce torque 
Mi, applied by the torquer (Fig. 9,1) about the spin axis of the float. In 


accordance with this, using (3.2.30) we find the differential equation of the HIG 


in form” 
§— 0) 4 67 =H (m.cos3—o, sin?) + M, o+. 
J, (i “,) vay (», 3 ) 4 (9.3.4) 
+M, +f (é). 
where J ~— moment of inertia of gyrofloat about its spin axis; 


8, B, — angle, angular velocity and engular acceleration of rotation of the 
gsyrofloat about axis On (Fig. 9.2); 


b — damping factor of integrating damper; 


» —- component of angular acceleration of the vehicle on axis 07, 
7 (disturbing angular acceleration); 


— component of angular velocity of the vehicle on the axis of sensil- 
tivity of the instrument; 


Oe = component of angular velocity of the vehicle on axis Of (disturbinr 
> angular velocity)s3 


H — angular momentum of the gyroscope} 
a torque applied by the torquer; 


Mey — friction torque in the float axis; 


f(t) — other disturbing torques, 


"we can write the exact differential equation of motion of an HIG, considertn,: 
the corresponding equation for a GT, given in the footnote to p.!°2 as follows: 


Jn. r(3—»,) +b3= H (wu, cos 3 — w, sin 3) — 


2 
- Une 1) 





wo? _ 4? = 
¢ ; S sin 23 + ww. COS 2} + My at AL, +f (t), 


where Tey — moment of inertia of the gyrofloat with respect to axis Ox (Fig. 9.2.; 


J — moment of inertia of float (without rotor) with respect to axis Oz. 


spin 
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Torque Mer constitutes the torque of residual friction in bearings of the 
ayrofloats for the case of liquid friction Mh) is determined by relationship 
(3,2.34)s during calculation of dry friction, it 1s determined by (8.2.35). 

Let us give the expression of torque Meas For microsyns [149] applied in a 
Tioated IG as torquers, the magnitude of torque Mig is proportional to current /°- 


tensity 1, of the control signal fed to the torquer, i.e., 
M, = — hi. (9.3.2) 


wnere k, — transmission factor of the torquer, 

Let us find the expression for damping factor »b of the integrating damper, 
For this we designate (Fig. 9.5): 

2 — length of damper (length of housing of gyrofloat), cms 

r— radius of float 1, cms 

6 — gap between float and case of instrument 2, cm} 

7 - absolute viscosity of liquid in the gap of the integrating damper, poises; 

S — area of gap, cm®; 

v — linear velocity of a point on the surface of the float, cm/sec. 

During determination of damping factor b we consider only the damping torque 
ot the cylindrical surface of the float, not taking into account the damping 
torque of its end surfaces, For the magnitude ot the damping torque of the cylindri- 


cal surface of the float we have expression 


M i. (9.3.3) 


a 


Since v = r6 (B — angular velocity of spinning of the gyrofloat about its 
axis), and S = 2rrz, instead of (9.3.3) we obtain 


aeeYn 
Myx 2 5 


(9.3.4) 


Comparing (9.3.4) with (8.2.13), we find an expression for the magnitude of 

the damping factor; 
<3 
ae 2=r5f 





Ms (9.3.5) 


If n is expressed in poises, to find factor b in g-cm=seconds, instead (9.3.5), 
we Nave ae Srl 
9613 * (9.3.6) 
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Mognitude b sometimes is called the specific 
damping torque, since, according to (8.2.13), b 18 
numerically equal to the torque created by the damper 


wnen the angular velocity of spinning of the float is 





one radian per second, For a hermetic integrating 
Lo aie eae of gyroscope of type 40+ No. 79 of the Massachusetts 

Institute of Technolcgy [181, 149] design values of 
mapnitudes b, 5, n are the followirg: 6 = 0,025! cms n = 65 poisess b= 20.9% 
g-cm=-sec, 

Disturbing torques f(t) in equation (9.3.1) are caused by: ‘incomplete balance 
of the gyrofloat; flex-lead torques; harmful torques, created by signal pickoffs ani 
torquers, etc. 

Before passing to further transformation of equation (9.3.41), we note the 
following. Often during the presentation of HIG theory [184, 1491] as the output 
magnitude they consider, not to angle B of fioat rotation, but the corresponding 
voltage Uoe received from the signal pickoff and connected with B by the linear 


dependency 


Ui. = &,3, (9.3.7) 


where Ky — transmission factor of the signal pickoff. 
Introducing (9.3.7) in (9.3.1), we obtain the equation of the HIG fur vari- 
able U5 dAowever, subsequently in presentation of HIG theory, as of the theory of 
other types of GD, \re shall take as the variable angle B of rotation of the gyrofloa:. 
As has been shown, the limiting value of angle B of rotation of the float is 
small, If we also take into account the fact that the HIG is usually used with a 
servo system, in equation (9.3.1) it is possible to make substitutions cos 8 = 1, 


sin 8 = By then 


4. B+ 6} =H (». — 3) 7 Ji. 0, + M, u ate M, + f(?). (FoF att) 


Since in the above-indicated cases w, >> 2B, instead of (9.3.8) we usually 


c 


use the following eauation;: 


J, Pi: 63 = Hw, + J, Me 4- M, ts -f M, + f(t). (9.3.9) 


Consider a steady regime of work of an HIG, by which one should understand 


such a regime in which B = const, Be 0, If wy m O, M = f(t, = 0, for a steady 
| 
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regime we have expression 


H 


= > @ 


' coinciding with (9.2.2), 1.e., the angular velocity of rotation of the gyrofloat 


is proportional to the angular velocity Dp of rotation of the vehicle about the 


measuring axis 0¢ (Fig. 9.2). Considering w, = const (since by the condition for 


g 


a steady-state regime B = const), for zero initial conditions we obtain 


Late ealingens one 


p= Fos. (9.3.10) 


In the considered case o,t — angle a of rotation of the vehicle about axis 
Of; therefore, instead of (9.3.10) we have expression 


H 
pu, 


soineiding with (9.2.5). In other words, angle 6 of rotation of the gyrofloat in 
& steady-state operating conditions of the instrument is proportional to angle a 
of vehicle rotation, As will be shown later, if tne time constant of the HIG is 
sufficiently small, the above-mentioned expression will also be valid when Op yf 


y const. Here, instead of (9.3.10) we obtain formula 
t 
Pm fected: 


[see (%.2.3)]. Thus, in general, if the time constant of the HIG is sufficiently 
small, angle B of rotation of the floated gyrounit is proportional to the time 


integral of angular velocity w, of the vehicle. 


C 
We make ‘ertain transformations of equation (9.3.0); dividing both parts of 


it by b, we obtain 


dg Pe (8 H he ge l 
B+ P= et et Mi M, + (0). (9.3.14) 
We designate 
Pz Jur, (9.3.12) 
6 
elt 
Re gh (9.3.43) 


AN 


Considering (9.3.12) and (3.3.15), we rewrite (9.3.11) in form 


Ti +B =: ku, + To, +0 (My + M, + (0). (9.3.14) 


The physical meaning of tne designations introduced above is the following: 
T — time constant of the H1U, characterizing its transient responses k — dimen- 
sionless transmission factor of the HIG, characterizing the dependence of B on 


», in steady-state operating conditions for the instruments p — transmission 


g 
fector of the HIG with respect to torques applied to the spin axis of the float, 


characterizing the dependence of 6 on the shown torques in steady-state conditions, 
Let us assume that tre torquer is turned off and that there are no disturbances 


[My 4 =Mp,= f(t) = 0, a, = O]s then we write equation (9.3.14) in form 
Ti + $= hu, (9.3.15) 


from which, for small time constant T, even when o, ¥ const, with sufficient 
S 


accuracy we have relationship 


8 = ku,, (9.3.46) 


which, according to (9.3.13), is another form of expression (9.2.2). 


c) Transfer Functions and Frequency-Response Curves of an HIG 
Let us determine the transfer function W(s) of an HIG with respect to the use- 
ful in-ut signal, 1.e., to angular velocity Wy (t). For this we use equation 


(9.3.15), presenting it in operational form ( = i)! 
(Tp + 1) p3 = kuw,, (9.3.17) 


Applying to (9.3.17) the Laplace transform, we obtain the following expres- 


sion for the transfer function of the HIG: 


pe oe 
"O= 20 diet . (9.3448) 


From formula (9.3.18) it follows that for a sufficiently small time constant 
T the HIG can be considered an integrating network, whose transfer function for 


T = 0, according to (9.3.18), we write in form 


W(s)=—, (9.3.19) 
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Taking T into account it 1s possible to consider tie HIG a series connection 





of integrating and aperiodic [see (5.6.68)] networks, 1.c., 


W (s) = W’ (s) VW” (s), (9.3.20) 


| 


wat; W)=a. (9.3.24) 


Properties of an integrating network were considered in the exampie of an 
astatic gyroscope with three degrees of freedom (§ 3.2, Par. 3b) 3 properties of an 
aperiodic network were studied in the example of the same astatic gyroscope, but 
with a system of proportional correction (§ 5.6, Par. 3d). During influence on 
the AIG of input angular velocity O,(t), @€.f., in the form of a unit step function 
[1] (2.3.107), 1ts transient response B(t} is the superposition of the motion of 
gyrofloat by aperiodic law (aperiodic network) and motion of the gyrounit propor- 
tional to the integral of the input, Here, the smaller the time constant T, the 
faster the shown aperiodic motion and the more the HIG approximates an ideal inte- 
grating network, 

Example 9.1: Determine time constant T and transmission factor k of an HIG 


of type 40" 


No. 79 of the Massachusetts Institute of Technology and also angular 
velocity 8 of rotation of the gyrofloat for the following initial data (181, 149]: 
moment of inertia of the gyrofloat with respect to its spin axis Jef = 0,036 
,eonesec”; damping factor of the integrating damper b = 20,39 g=cm=secj angular 
momertum of gyroscope H = 10,19 g-cm=secy constant value of measured angular veloc- 
ity of object Op = 0.5 deg/sec. 


Solution 1: By formula (9.3.12) we find time constant T: 


4 0,036 
Tal ..— ~9000 sec, 
6 20,39 alg 


2. According to (9.3.13) we determine transmission factor k: 


an 10,19 


— = ——— = 0,4998 = 0,5. 
’ 90,39 ao 


3. Using (9.3.16), we find angular velocity 6 of rotation of the 


cyrcfloat in steady-state conditions: : 


b = hw. = 0,5-0,5 = 0,25 deg/sec. 
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From example 9,1 it follows tnat the time constant of the HIG is minute 
(experimentally measured value of it comprises [184, 149] T = 0.0027 sec); this 
indicates fast flow of the transient response, characterizing aperiodic motion of 
the gyrofloat. 

Let us find the frequency characteristica of the HIG, considering it first 
es an ideal integrating network, Then for the gain=phase response of the HIG we 


have formula (3.2.88) 


° A] 
Mla (9.5422) 


Amplitude A(w), phase 9(w), real P(w) and imaginary Q(w) frequency characteris~ 
tics of the HIG, by analogy with (3.2.89) and (3.2.90), will be determined by re- 


lationships 
A(v) =-*; 2)=— >; (9.3.23) 


P (w) = 0; Q@)=—-=. (9.3.24) 


The gain-phase characteristic W(jw) of an ideal floated IG will be determined 
by she same curve as for an integrating network (Fig, 3.8). 

Let us now determine the frequency=-response curve of a real HIG, taking into 
account its time constant T, Comparing (9.3.15) with (3.2.%), for a(w) ... d(w) 


in accordance with (3.2.38), we obtain 


a(w) =k; 6(w) = 0; c(w) = — Tw?, d () =, (9.3% 25 ) 


Substituting (9.3.25) in (3.2.37), we find the gain-phase response of the HIG: 


. a k 

V (jw) = —__—_-. 23.26) 

(ie) = — (9.3.26) 
Introducing (9.2.25) in (4.2.41), we obtain an expression for frequency- 


response curves A(w), o(w), P(w), Q(w): 


A(w) = ———; 7() = aretg 


riyem itis: ews bah 


(953527 ) 


If in (9.3.27) we set T = 0, we obtain formulas (9.3.23) and (9.2.24) for 


Yrequency=response curves of an ideal HIG. 
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Example 9.2: Calculate and construct the 
graph of the gain-phase characteristics W(jw) of 
a HIG for the initial data of example 9,1 and with 
change of w from 0 to wm, 

Solution: Since, according to (3.2.40) 

W(jw) = P(w) + JQ(), by formula, (9.2.37) we 
calculate points of curve W(jw) by their coordi- 
nates P(w) and Q(w). The graph of the gain-phase 
characteristic W({jw) of the HIG is constructed in 
Fig. 9.6. 

From Fig. 9.6 it follows that the graph of 
the gain-phase characteristic W(jw) of the HIG 
practically has the same form as curve W(jw) for 
an integrating network (Fig. 3.8). 

Knowning the gain-phase response W(jw) of the 
Fig. 9.6. Gain=-phase charac~ HIG, by formula (2.3.105) we can find impulse 


teristic of an HIG. 
(weighting) transfer function of the HIG, 


k(t) = i Sw (juye"a., (9.3.28) 


which characterizes the transient response during application to the HIG of a unit 
impulse function, or delta function 6(t - t>). 

During investigation of HIG errors in dynamics it is necessary to know also 
the transfer function of the HIG with respect to disturbances, To determine this 
+ransfer function, which we henceforth shall designete by Y(s), we use equation 
(9.2.14), considering in it Meg = f(t) = Os then we have 


TP +B = hw, + To, + 0M, (9.3.29) 


t.e., as the disturbances we consider component a, of angular acceleration of the 
vehicle along axis On (Fig. 9.2) and the residual friction torque Mp, in the 
bearings of the float, 

For axes Ofnt (Fig. 9.2) we take ship axes Oxyz (Fig. 2.2). The axis of 
sensitivity of the HIG coincides with axis 02, and it will react to angular 
velocity 9 of yawing of the ships in fact, according to (&.2.21)5 Dp eo o(f). 


e14 
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Then, the disturbing angular acceleration a» if we consider (8,2,22), 1s equal 

to angular acceleration @, of rolling of the ship, i.e., 2, » 6, Let us assume 
that in the axis of suspension of the gyrofloat there 1s liquid friction, deter- 
mined by formula (9.2.34). Considering what has been said and (8.2.34), we rewrite 
(9.3.29) as follows: 





TA +8 = ku, + TO— ons. (9.3.30) 
Designating 
Ties ee ee 9.3.34 
14 lag,” ( 
we have 
Th+p=ko. +76. (9.3.32) 


Presence in the right part of this equation of disturbance T,¢ causes error 
Ey in the HIG reading. Since wp (t) is the useful signal, then for error E, we 


obtain the following differential equations: 


Tete, = 7,4. (9.3.33) 
We rewrite it in operational form: 
(Tip + 1) pe, = Tp*. (9.3.34) 
Applying the Laplace transform to (9.3.34), we obtain an expression of trans- 
fer function Y(s) of the HIG with respect to the disturbance of rolling: 


Y — (5) te Tis 
(s) ‘io Tae (9.3.35) 


3, Transient Responses of the HIG 


Let us consider behavior of an HIG in a transient response for a certain typi- 
cal disturbance, for which we take a unit step input ($ 23, Far, Sd), The Pixce 
question appearing here concerns stability of the HIG. H is simplest of all to 
Judge stability of an HIG by its gain=phase response W(jw’) (Fig. 9.6), from which 
it follows that the HIG is stable for any positive coefficients of the corresponding 
characteristic equation, 

Subsequently we shall be interested in change of the angle rotation of the 


gsyrofloat in the transient, caused by a typical influence in the form of an abrupt 
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change of the input value per unit and for zero initial conditions, i.e., for a 
unit step input (1] [see (2.3.107)]. Function BA(t)> which characterizes change 
of B at the HIG output for the shown conditions, is a transient function and is 
determined by relationship (2,3.108). 

Planning to find function BL (t) of the HIG for application to it of unit step 
input w, (t) = [1] with zero initial conditions, we use equation (9.3.15), which we 


rewrite in form 
TA + P= (1). (9.3.36) 
We designate the angular velocity & of rotation of the gyrofloat by 2: 


§=@., (9.3.37) 
Then 
T24+2=—k{\}. (9.3.38) 


From (9.3.38) it follows that if as the output we consider 2 = B, with re- 
spect to 2 the HIG is an aperiodic network with transfer function 


a UNE SR 9.3.39 
¥ (s), #,(s) Ts +1 ( ) 


end gain=phase response 


W (jw) = (9.3.40) 


pare a 
Tje +1 
The frequency-response curve of the HIG, as for an aperiodic unit, will be 
determined by relationships (5.6.74) and (5.0.72). The gain-phase characteristic 
for this case is presented in Fig. 5.16. The curve begins (for wm = 0) on the real 
axis a distance k from the origin of coordinates; with increase of w the modulus 
of W(jw}) decreasess when w = m the phase shiu.'ts -90°, During application to the 
HIG of a periodic input w,(t) anguler velocity Q(t) = A(t) of rotation of the float 
wild change by a periodic law of the same frequency as w,(t)s with a frequency of 
oscillations close to zero, 2(t) should not have a phase shifts; with a frequency 
near infinity, Q(t) will lag in phase an angle approaching oO. 
Using (9.3.38), one can determine the transient function 0.(t) of angular 


velocity Q = B, A particular solution of this equation will be 
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it characterizes angular velocity of rotation of the float in steady-state condi-+ 





tions, 1.e., [see (9.3.13) ] 


2, =B.= do) aki = Zin, (9.3.42) 


what coincides with (9.2.2) for wo, (t) = [1]. 
According to (9.3.38), the transient function 2,(t) = B,(t) for a unit step 


input and for zero initial conditions [when t = 0, 2% (0) = 0.4], will Le 


9,()=4(1-<"7), (9.3 43) 


Example 9.3: Calculate and construct transient function 0,(t) of the angular 
velocity of rotation of the gyrofloat for parameters of the instrument, given in 
example 9.1. 

Solution 14: By formula (9.3.43) for different values of t we determine values 
of Q,, and then construct graph 0 (t) (Fig. 9.7). 

2. Using relationship (6.3.10), we determine the setting time t,., 
of angular velocity Q(t) = B(t) with accuracy of 99%: 


ty = 4,67 = 4,6-0,001766 = 0,008124 sec. 


Q,\/s00 





0 qn? an ass acts Q0i0 t,e00» 


Fig. 9.7. Unit step response %(t) for a unit step 
input. 


From example 9.3 and Fig. 9.7 it follows that the unit step response %,(t) 
proportional to time constant T of the 


set’ ns 
HIG, is minute. On conclusion of the transient response the set value of angular 


changes by aperiodic law; setting time t 


velocity A(t) = B(t) of rotation of the float is proportional to the input. 
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To determine the unit step response B.(t) we use equation (9.3.36). Inte- 
grating it once for during zero initial conditions, we obtain 


T3+P mk(t]e. (9.3.44) 


Since T is small, the unit step response B (t) of an ideal HIG will be, 


enproximately 


S -yafestes 


Bit) = ALI e, (9.3.45) 


i.e., the same as for an ideal integrating network (Fig. 9.8), and consequently, the 
angle B of rotation of the float for an input in the form of a unit step input [1] 
will be equal to the integral of this influence, and it increases proportionally to 


time t. 


A,r. 


eso 


qo 
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9 240. 








Fig. 9.8, Unit step responses 8, (t) of an ideal in- 
tegrating network and B(t) of an HIG, 


Let us find the unit step response B,(t) of the HIG taking into account its 
ime cont ut T, For this we find the physical meaning of [1] t, in the right part 
cf equaticn (9.3.44), Since in the considered case [1] 1s the unit value of angular 
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velocity w, of rotation of the vehicle about the measuring axis Of (Fis. 9.2) of 


g 
the HIG, [1] t is the current value of angle a of rotation of the vehicle about 


axis Of per unit angular velocity of its rotation. 


Designating 
{ie = 2(¢), (9.3.46) 
we rewrite (9.3.44) in form 
TA 43 = 42 (0), (9.3.47) 


from which, for zero initial conditions [t = 0, a(0) = 8(0) = 0], we have 


e 


nate Tl aiela (9.3.48) 
Integrating the right side (9.3.48) in parts, we obtain 
t 
By (4) = A] @ (t)— Neyer trae (9.3.49) 


uv 


Consequently, angie B of rotation of the float is proportional to angle a of 
t 


ts 
rotation of the vehicle; k Ja(s)e FT dz: characterizes methodical instrument 
0 


error in dynamics. For its decrease it is imnortant thet time constant T be 
sufficiently smell and the value of a not be too large, In the considered case 
Q = oO, = [1]; therefore, performing integration in (9.3.49) and considering 
(9.3.46), we obtain the expression for the unit step response BL (t) of the HIG 


taking into account time constant T in the form 


t 
aaa —rli—e 7) (9.3.50) 


For a minute T formula (9.3.50) becomes expression (9.3.45), characterizing 
the unit step response B, (+) of an ideal integrating network, 

Example 9.4: Crlculate and construct the unit step response 6, (t) of an HIG 
for parameters of the instrument, given in example 9,1. 

Solution: By formula (9.3.50) for different values of time t we determine 
angle B of float rotation, and then construct the graph of unit step response BL (t) 
(Fig. 9.8). 
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From comparison of 6, (t) and B,(t) (Fig. 9.8) it follows that thanks to the 
smallness of time constant T the HIG differs little from an ideal integrating net- 
work,” In this connection performance indices of the HiG are the same as for inte- 
grating networks [107]. 

Formula (9.3.50) for the unit step response (6, (t) of a HIG is valid during 
influence on the instrument of angular velocity of the vehicle in the form of a 
unit step function. It is possible to consider the characteristic of the transient 
response of an HIG for a constant (but not equal to unity) value of angular veloc- 
ity of the vehicle. Then the expression for the transient response of the gyro- 
fioat during influence on the instrument of angular velocity Oy = const is obtained 


by multiplicetion of the right side of (9.3.50) by Wyt 


snes eee aoe 


A, deg, 
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Fig. 9.9. Transient response of an HIG for non- 
zero initial conditions, 
Function A(t) has the same form as the unit step response 6, (t) shown in 
Fig, 9,5. 
Above we considered the transients response of an HIG for zero initial condi- 


tions. It 1s interesting to find the influence on a transient response of an HIG 


“Let us note that curve B.(t) hes en asymptote, whose equation is obtained, 
if in (9.3.50) we set t my then 6,(t) =k [1] (t -T). This asymptote is shown 


in Fig. 9.8 by the dotted line; it cuts off on the axis of abscissas a segment equal 
to time constant T. This circumstance can be used when determining T by the curve 
of the transient response, obtained experimentally [149]. 


220 


-_—_ 2 ee se EES AO ge cee Lo 


of nonezero initial conditons, As an example let us consider free motion (o, = 0) 
of the gyrofloat, if in initial moment where t = 0 it had deflection 2(0) = Bo 

and initial angular velocity B(0) = Bae Then, instead of (9.3.15), we have 
equation 


which we shall integrate for the above~=indicated initial conditions; we obtain 


2(9=% +47 (1-7), (9.3.53) 


Transient response B(t), determined by relationship (9.3.53), 1s shown in 
Fig. 9.9. 

Example 9.53: Determine the steady-state value of the angle 5 of rotation of 
she gyrofloat whose parameters are given in example 9,4. if in the initiel moment 
+ = © the angle of deflection of axis of the gyroscope By - O45 and to the float 
‘here is imparted an initial angular velocity BG = 20 deg/sec. 

Solution: By formula (9.3.53) for steady-state conditions upon completion of 


the transient response we have 
$=8 + 4,7 =0,1 4 20-0,001766 = 0.135°, 


From example 9,5 it follows that the biggest error is intorduced by initial 
deflection Bo of the gyroscope axisy influence of initial angular velocity Bo for 


& small time constant T is immaterial. 


4, Instrument Errors of the HIG 


We present HIG's, applied in precision GD's, very high requirements with re- 
epect to accuracy of their readings, Therefore, the subsequent account is con- 
nected with questions of accuracy of these instruments, 

First, we shall consider instrument error of a HIG, caused by imperfection 
of its construction, deviations of characteristics of its components from their 
rated values, imprecisions of manufacture, assembly, etc. Instrument errors, 
like other ones, can be systematic and random (§ 2.4, Par. 2). Systematic errors 
in principle can be cornpensated by means of application, e.g., of corresponding 
correcting torques (with the help of a torquer), magnitudes of which are selected 


and introduced on the basis of experimental research of the instrument under 


= RR ee 


conditions, close to real, As for random errors, in principle it is impossible 
to compensate them. Therefore, during investigation, design and manufacture of 
such gyroscopes most important is lowering of the random components of errors 
to practically acceptable magnitudes, 

In comnection with the specific peculiarities of HIG's (caused mainly by 
application of a hydrostatic suspension) during theoretical calculations of its 
instrument errors there arise considerable difficulties, Therefore, for revealing 
this kind of error we usually use experimental methods. 

Let us give the characteristic of disturbing torques and of HIG instrument 
errors ceused by them, During use in real conditions an HIG may be influenced by 
the following disturbing torques: 

1) moments of the force of gravity and inertia during shifting of the float 
e.83 

2) torques of hydrostatic pressure, appearing with unbalance of the gyrofloat 
and during change of the specific weight of the liquid; 

3) torques of residual friction in suspension bearings and also torques of 
viscous friction due to arbitrary motion of the liquids 

4) torques, caused by elastic strains of the gyrofloat; 

5) torques, caused by variation of pa:ameters of the HIG, e.g., of the angular 
momentum of the gyroscope, the damping factor of the liquid, its temperature, etc.} 

6) torques, caused by flex~leads and also by signal pickoffs and torquers, etc.; 

These and other disturbances lead to the appearance of HIG instrument errors, 
to which Lt is possible to relate the following: 

) error due to unbalance of the gyrofloat; 

) errors caused by elastic strains of components of the gyrofloats 
3) errors caused by torques of different forces of friction; 

) errors caused by variations of HIG parameters; 

) errors of the signal pickoff and the torquers errors due to imperfections 
of fiex-leads, etc, 

Unable to consider in detail all the above-indicated errors, we limited our- 
selve to certain brief remarks, 

Friction torques, as in the case of a GT (§ 8.2, par, 5), limit angular 
velocity of the vehicle, received by the instrument. [In connection with this the 


minimum vehicular angular velocity Oy to which the HTG reacts is determined hy 
min 


Rew 


ede... sete nonet WR S aaeee, 


formula (8,2.107) 


Ky 
Ka “H’ 


where K, oo magnitude ot tne rriction torque on the axis of rotation of the gyro~ 
float}; 


H — angular momentum of the gyroscope, 
Let us find the influence of friction torques on operation of an HIG. We 
use equation (9.3.44), considering in it tos 0, Meg = f(t) = 03 


then 
Ti+ B = kw, + oM,. (9.3.54) 


Taking into eccount for the residual dry friction torque in the bearings ex- 


pression (8.2.35) and formula (9.3.13), we have 


TH+ $= ku, — *# sign}. (9.3.55) 


According to (2.3.75), we rewrite (9.3.55) in form 


Ti+ haku, =H. (9.3.56) 
If we disregard time constant T, for De > Oy in the first approximation 
min 


the angle 6 of rotation of the float will be determined by the relationship~ bear 
B(O) = 0] 
é 
pe kla (dei > Kyl (9.3.57) 


The first component of this formula is the useful output [see (9.2.2)]; the 


second component is error ae of the HIG due to friction 


= — Ky. (9.3.58) 


To decrease er it 18 desirable to have a magnitude of Keet of friction 
torque on the axis of rotation of the float as small as possible and as large as 
possible a coetficient of damping b. 

Example 9.6: Determine error of of an HIG due tc friction in the axis of 
rotation of the float for an instrument with the parameters given in example 9.1; 


the magnitude of the residual friction torque in the bearings K et, = 0,1 g-cm; the 





“In formula (9.3.57) t i8 the interval of time during which », does not 
change sign. C 


nea 
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: 


time, during which angular velocity Dp of rotation of the vehicle does not change 
sign, comprises t = 5 sec, 


Solution: By formula (9.3.58) find error ett, 


itm + Kyt=— 01-5 = 0,02452 rad 1.405° 


fr 


From example 9.6 it follows that error ¢ is substantial; therefore, quantity 


K should be sinaller than assumed in the given example, 


set 


It is necessary to note that in distinction from an HIG, for which error a 


grows in time, for a GT analogous error when Keck = const remains constant [see 
(8, 2.006)], 

Friction torques during oscillations of the vehicle also cause forced oscilla- 
tions of the float, which usually are very insignificant, 

Let us consider instrument errors of an HIG, caused by changes of its basic 
parameters; among these parameters are: angular momentum of the gyroscope; damping 
factors temperature of the liquid, with change of which in turn the specific gravity 
of the liquid, its viscosity, the location of the c.g. of the ryrofloat. and the 
center of pressure with respect to the axis of rotation of the float change; elec- 
trical parameters of the signal pickoff and the torquer, etc. 

As an example consider instrument error of the HIG due to change of angular 
momentum H of the gyroscope and of damping factor b of the liquid with respect to 
their design values. Let us assume that angular velocity of the vehicle a = 
= const and in steady-state conditions upon completion of the transient response 


angle B of rotation of the float is determined by relationship (9.3.10) 
a 
p= > uf 


Change of quantities H and b with respect to their design values will cause 
change of angle f, 1,e., error of the instrument. Let us designate true (design) 
values of H and b by Ho and bos to them there corresponds angle Bo of rotation of 


the float equal to 


Rated. (9.3.59) 


Assume that in the prepared instrument these parameters differ from their 


design values by 5H and 6b, and comprise, respectively, 


H=H,+-2H; 6=6,+ 4, (9.3.60) 


nea 


where angle 6 differs from the design value Bo by 
a" = 23 = B— 3,, (9.3.61) 


which represents error cf the HIG due to changes of the shown parameters of the 


instrument, 
By the same method we used during determination of analogous instrument error 


par 


of a OT ($ 8.2, Par, 5) for « in the given case, by analogy with (8,2,.142), we 


find relationship 
e? x. 23 = 0 ayy ye oy (9.3.62) 
OH, db, 
For partial derivatives, according to (9.3.59), we have 


1 
we ap Sie a — He gf. (9.3.63) 


o* = By wo al (9.4.64) 


Thus, for determination of gree it is necessary to know the change 6H, 6b of 
parameters of the HIG, which should be established experimentally. 

Other forns of instrument error of an HIG can be determined by the same methods 
as were expounded in § 5.5 in reference to calculation of instrument errors of an 


astatic gyroscope with three degrees of freedom, 


5. Dynamic Errors of an HIG 


Among dynemic errors of an HIG, chracterizing its accuracy in real operating 
conditions during continuous change of the measured parameter and varying external 
disturbances, it is possible to list the same errors as belong to GT's and were 


considered in § 8.2, Par. 6a. We turn to a brief analysis of these errors. 


a) Dynamics of an HIG During Harmonic Disturbances 


Here we consider the case when the input signal changes by harmonic law, 
Here, disturbances are not considered, since they are considered subsequently as 
random functions of time, 

We use equation (9.3.45) of motion of the gyrofloat, in which the input vari- 


abie is the angular velocity a, (t) of rotation of the vehicle about the measuring 


Ro 
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axis Ot (Fig. 9.2), or equation (9.3.47), in which the input variable represents 

the angle a(t) of rotation of the vehicle about the same axis 02. Solution of the 
latter equation is determined by expression (9.3.49), characterizing forced motion 
of the gyrofloat. This expression, repiacing a(t) by w(t), we can write in form 


e 
(—t 


bimbo [one Fae (9.3.65) 


The first composed of this formula characterizes the angle By = ka of rotation 
of the float, proportional to angle a of vehicle rotation, t.e., By isp the useful 
output variable, The second component is the methodical error E ayn of the instru- 


ment in dynamics: t 


. i 
unt found ™ ds. (9.3.66) 


This error depends on the character of angular velocity w,(t) of the vehicle 
and on time constant T of the HIG. In the considered case Eayn 1s the dynamic 
error of the HIG during measurement by 1c of the angle of rotation of the vehicle 
a(.). In the terminology of A, N. Krylov [67] Eayn 48 the dynamic correction 
(§ 8,2, Par. 6b). To decrease dynamic error it is necessary that time constant T 
be smell and that angular velocity a, (t) of the vehicle not be too great. 

It 18 most simple to investigate the dynamics of an HIG in that particular, 


but frequently encountered case, when a(t) varies by harmonic law 
e(¢) =a, sin wf, (9.3.67) 


where a, — peak value of the angle of rotation of the vehicle; 


< 


w-—- frequency of its change. 


Substituting (9.3.67) in (9.3.47), we obtain 
Th +8 = ka, sinvt. (9.3.68) 


Considering the initial conditions null, we limit our consideration to forced 


oscillations B,...(t) of the gyrofloat. 
By analogy with (8.2.10) Beor(t) will be determined by relationship 


0, (4) = a, A (w) sin[wt + = (u)}, (9.3.69) 


where A(w) and p(w) are amplitude and phase frequency characteristics of the HIG, 


azo 


a 


From (9.3.69) it follows that forced oscillations of the HIG, caused by a 
harmonic disturbance a(t) are also a harmonic function of time, differing from 
the disturbance in amplitude and phase, but having the same frequency w, as the 
same disturbance, 

Since, according to (9.3.47), the HIG with respect to input variable a(t) 
can be considered an apertodic network, for it the frequency characteristics A(w) 


and 9(w), by analogy with (5.6.71), will be determined by relationships 





A(e) = asi ¢ (w) =— arc tg Tw. (9.3.70) ae 


According to (9.3.69) the amplitude of forced oscillations of the HIG will be 


ak 
V1 + Ta" 3 


If the input variable a(t) acts on the HIG statically, i.e., has constant value 


pS = 0A (v) = (9.3.71) 


Ap the corresponding angle of float rotation, according to (9.2.5) and (9.3.13), 


is 
B=ak. (9.3.72) 
p° 
Ratio Ft, designated >, 1s 
0 
teceo ot (9.3.73) 


Vigra’ 

Variable \ 1s in the considered case the coefficient of dynamicity (§ 8.2, 
Far. 6b). From (9.3.73) 1t follows that to decrease dynamic distortions of HIG 
reedings in amplitude the coefficient of dynamicity > in the range of frequencies 
in which the frequency w of oscillations of the vehicle might be, should be 
sufficitently close to unity. Therefore, time constant T of the HIG should be as 
small as possible, 

Example 9.73 Calculate and construct the graph of the coefficient of dyanmic- 
ity 41, for the HIG whose parameters are given in example 9.1. 

Solutions By formula (9.3.73) for different w we determine the value of 
coefficient 4, and then construct the graph of A(w) (Fig. 9.10). 

From Fig. 9.10 it follows that for a substantial region of frequencies w 
coefficient A practically does nov differ from unity. 

For dynamic error of the HIG during change of a(t) by harmonic law we have 


g=a()— Bh (9.3.74) 


Rae 
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or, considering (9.3.67) and (9.3.69), 


¢, = 4, sinwf — 


— =A (w)sin [or + 2(w)}. (9.3.75) 


4 ; — By analogy with (8.2.13%) and (8,.2,.139), we have 
“3800 
the following expressions for errors in amplitude and 


: Fig. 9.10. Graph of X(w), 





phase; 
@, 
a, — — A(w) 
a a. k Vi+¢ Tre! 


Ae = 9(). (9.3.77) 
Example 9.83 For the HIG with the parameters given in example 9,1, determine 
the characteristics of forced oscillations of the gyrofloat under the action on 


the instrument of oscillations of the vehicle, varying by harmonic law 


e(t) =a. sin of, 


where a, = 3°, = 2e4/sec, ; 


Solution 1: By formula (9.3.73) we determine the coefficient of dynamicity 3 
aie yee 

VieTs® V+ 0001766".22 
2. According to (9.3.71), considering (9.3.73), we calculate the 


0 
20 


O. 999937 


value of amplitude £ : of forced oscillations of the zyrofloat: 


ak 
9 Tia PET 7 it = 3-05-0.9999807 = 1 .499991°. 
o 


3. Using (9.3.70), we find the angle of phase shift 9(w) 


tg ¢(e) == — To = — 0,001765.2 = — 0,003532. g(v) = aor tet, 


4, According to (9.3.72) we determined angle B of rotation of the 
float without dynamic distortion: 


Pmok=3-05— 1.5°, 


5. By formule (9.3.76) we find dynamic error of the HIG in amplitude: 


I I 
qu pl- 100% a=} § — ———______ = 0.00067%, 
| Veer | 8 [! Vismminen | ea? 


From example 9,8 it follows that due to the snallness of time constant T 
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dynamic distortions of HIG readings during change of the input variable by harmonic 


law are minute. s 


b) Dynamics of an HIG During Random Actions 

Characteristics of the input signal. As we shown [see (9.3.15) ], the input 
variable for an HIG is angular velocity w, (t) of the vehicle. If we use the 
modified equation (9.3.47) of the HIG, as the input variable it is possible to con- 
sider angle a(t) of rotation of the vehicle. Most frequently w(t)» a(t), and also 
disturbances caused by residual friction in the axis of rotation of the gyrofloat 
and components cf angular velocity of the vehicle along axes, not coinciding with 
the measuring axis of instrument, are random functions of time. Here, both HIG 
readings A(t) and also its error e(t) in dynamics are also random functions of 
time, determined by the corresponding probability characteristics, 

First, we shall consider reaction of the instrument on to random input w(t) 
or a(t); disturbances we consider absent. The Hig with the location of axes shown 
in Fig. 9.1, and installed on a ship will measure the angle of yawing of *.2 latter 


(§ 9.3, Par, 2a). Considering (8.2.140), we have 


~(=—9(), a(t) =—9(t), neat) 
where g(t) — the angle of yawing of the ship. 
Substituting (9.3.78) in equation (9.3.47), we obtain 


TB +B =— kp (?). (9.3.79) 


As it is known, o(t) is a normal stationary random function of time with s 
mathematical expectation equal to zero (§ 2.1, Par. 3a), Its correlation function 
K (7) is determined by formula (8.2.142), and spectrnl density 8, (o) is found by 
relationship (8.2.144), 
Example 9.9: Construct the curve of the spectral density S,(w) of the angle 
of yawing of a ship for the initial data (given in example 4.8): A= D [9] = 
= 0,6695+40775 yp = 0.03 1/secy 1 = 0,21 1/sec. 
Solution: By formula (8.2.144), considering (8.2.145), we calculate ordinates 
of 8 () for different values of w, The curve 8, () is shown in Fig. 9,11 (solid 
line). 


Characteristics of the output signal, Let us turn to determination of 
probability characteristics of random function A(t) at the HIG output. In 
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accordance with (9.3.47), B(t) 18 also a normal stationary random function of time 
The mathematical expectation B upon completion of the transient response, con- 


sidering that 9(€) = O [see (2.1.34)], will also be equal to zero: 


B=0. (9.3.80) 


l ile! 


We determine the spectral density S_(«) 
of random function A(t). By analogy with 
(4.6.47), we have 


S;(v) = |W (jw) ?'S (w), (9.3.81) 


where W(jw) — gain-phase response of the HIG 


determined, according to equation (9.3.47), by 





relationship 
W (ju) = —*_ 2 
1+ Tje (9.3.52) 
Substituting (9.3.82) and (8.2.44) in 
1 (9.3.81), we obtain 

Fig. 9,14. Curves of spectral rs 2A 6° 

densities S_/w) and So ( ve S, (vw) = ———. .-=+._-—__., (9.3.83) 
i+ T*u* x w! + Qaru® + o¢ 


Example 9,10: Construct the graph of spectral density S,() of random func 
tion B(t) of the angle of rotation of the gyrofloat in conditions of irregular 
yawing of a ship for the initial data of examples 9.1 and 9.9. 

Solution: By formula (9.3.83), considering (3.2.145), we calculate ordinates 
of S.,(w) for different values of w, The graph of curve Sp («) is shown in Fig, 
9.12. 

From Fig. 9.12 it 18 clear that the spectrum S_(«) of angles of turns of 
the -vrorloat 1s similar to spectrum 8, (o) of angles of yawing of the ship (Fig. 
9.11). In order to find how closely these curves coincide, we find the output 
spectrum of the HIG in the scale of the angle of rotation of the ship. For this 
using (9.2.5) (fora =) and (9.3.13), we construct in Fig. 9,11 curve = Sa () 


(shown in the figure in the form of a dotted line), It is clear that curves 


S_(w) and = S_() practically coincide. This is explained by the fact that [see 


YY 


(“.5.4%4) and (9.3.83)] the square of the modulus of the transfer function of the 


230 











HIG |W(jo)|* = ——tpx in the 


region of essential values of fre- 
quencies of spectrum S_(*) of the 
input signal is practically con- 
stant, and the coefficient of dy- 


4 


namicity \ = —————————_ differs 
1 + Tu 


the HIG reproduces a random input 





ay G2 Q3 04 0,5 06 9 signal well. 
©, /eec 
We determine dispersion — [:}1 
Fig. 9.12. Curve of spectral density S.(w). 
3 of the angle of rotation of the 


gyrofloat, We use a formula of type (2.1.41); considering (9.3.83), we obtain 


s' 2A4 O° 
D(a}—=_ | —— .-— .—_—__—_ du, 9.3.34 
(aI 47 = ott ( ) 


We designate 
B= 4k Aud? (9.3.35) 


and rewrite (9.3.84) in the form of integ~al 


I ! B 
Diel= ae J park : of = ge! + 9 - De) 


analogous (6.5.21), Then for 1[B], considering (6.5.27) and comparing (9.3.35) 
with (6.5.22), we obtain finally (A = D []): 
Dia k= pis: (9.3.87) 
MT + (bs aT? 
For the mean quadratic value Op of the angle of rotation of the yyrofloat we 


nave 
0, = V DI3). (9.3.58) 


Example 9.41: Calculate the mean quadratic value Op of the angle of rotation 
of the gyrofloat during measurement by it of the angle of yawing of a ship for 
initial data of examples 9.1 and 9.9; determine the limiting value Bn of angle 


3, assuming that the probability Q, that the current angle B will exceed limit Bw 


rod 


little from unity, and consequently, 


tate * 
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should not be more than 0.1%. 
Solution 14: By formula (9.3.87) we find [8]; 
D {3} = 0,0001672. 


2. According to (9.3.88) we calculate on 


* = V D[3] = V 0,0001672 =0,01293 radians = O°44!, 


3, For Q, = 0,1% by Table 1 (§ 4.6, Far, 10) we determine z = 3,3; 


by analogy with (+.6.87), we calculate B (for B= 0): 


oO 


Be = 29, = 3,3-0,01293 = 0,01267 radians = Prov, 


Dynamic error of reproduction of the input signal. Let us find the dynamic 


error of an HIG during measurement by it of the angle of rotation of the vehicle 
representing a random function of time, Dynamic error e(t) of the HIG, by analogy 
with the corresponding error of a GI (§ 8.2, par. 6b), is determined by the dif- 
ference between useful input signal a(t) and quantity & B(t) at the output [see 


(8. 2.464) Ja 


ef) =2(0)— 1 8(2), (9.3.89) 


where ror produc.ion to find the complete formula the angle o9(t) of yawing of the 
ship is designated a(t). 

By analogy with (8.2.162), for the mathematical expectation of error ¢(t) 
we have 


s(t) = 0. (9.3.90) 


Let us find dispersion pf{e]. We first find spectral density 8. (4) of error 
e(t). By the same method by which we obtained the corresponding expression S. (4) 


for a gyrotachometer [see (8.2.168)], we find 
S, (e) om | V, (ju), S, (), (9 23694 ) 


where the transfer function of error w.(s) is determined by general expression 
(822,169). 
Substituting formula (9.3.82) in (8.2.169), we have 





Ve) = t— Lwgyor-t. tte 
pM) hk LE Tjo 14 TO" (9.3.92) 
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Introducing relationship (9.3.92) in (9.3.91), and formula (8.2.144) for 


S..() = Sy()» we obtain 





T%.% 2A 6° 
SW ee ea 
1+T% w! + 2au* + 68 (9.3.93) 


For dispersion lI[{e] we have 


Did= J S,)de eee 
or, considering (9.3.93), 
Pot 8 2 
Di:)= if ee eee (e928) 
147%? = 84 daut 4 of 


We designate 


B, = AT’ Apt’ (9.3.95) 


and rewrite (9.3.95) in the form of integral 





1 1 as 
Phi ea Ge B, 
*. 14+T*e wo? + 2aw® + bf 


dw, (9.3.97) 


analogous to expression (6.5.36). Then for p[e], considering (6.5.40) and com- 
paring (9.3.96) with (6.5.37), we finally obtain (A = D [9]) 
2,32 
Dis} =e —C +") _p l (9.3.98) 
78+ (+ a7)" 


For the mean quadratic value o, of dynamic error of the HIG we have 
e = V Dil. (9.3.99) 


Example 9.12: Calculate the mean quadratic value # of dynamic error of an 
HIG during measuremnt by it of the angle of yawing of a snip, which is a random 
function of time, for the initial data of examples 9.1 and 9.9. Determine also 
the limiting value Be of HIG error, considering that the probability Q, that the 
current value ¢« of error will exceed Limit En? should not be more than 0,1%. 


Solution 1: By formula (9.3.98) we find n[e]: 
D[e] = 0,09395-10-°, 


2. According to (9.3.99) we calculate O. 


& = VD |e} = V0,09395-10-% = 0,9693.10-8 radians = 1.9'', 
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3. By the same method as in example 9,11, we determine es (for 
e= O): 


&_ = 73, = 3,3-0,9693. 10-5 -- 3,199-10-? radians = 6.5!', 


From example 9.12 it follows that dynamic error of the HIG during measurement 
by it of the angle of rotation of a vehicle, which is a function of time, is 
minute. 

During solution of certain problems in estimating accuracy of an HIG we may 
need to find for the same conditions the mean value of phase shifts of the output 
variable A(t) with respect to input variable a(t). The probability characteristic 
or these phase shifts, or, more exactly, the lag time of the HIG is cross~ 
correlation function Ka, a(t) of the input and output signals, 

This characteristic is determined by the same method as the corresponding 
cross-correlation function Kw a) [see (8,.2,182)] during investigation of the 


same question in reference to a QT (§ 8.2, pay, 6b). 

Dynamic error due to disturbances, Let us find a method of determining dy- 
namic errors of an HIG, caused by residual friction torques Mer in bearings of the 
float” and by the influence of component @, of angular acceleration of the vehicle 
about axis On of rotation of the gyrofloat (Fig. 9.2). In the case of installa- 
+{on of the HIG on a ship for determination of the angle of yawing the differential 
equation of the gyrofloat, taking into account the shown disturbances, appearing 
during rolling, 1s determined by relationship (9.3.32). We also obtained equation 
(9.3.33) of HIG error caused by these disturbances, The transfer function of the 
HIG Y(s) with respect to disturbances of rolling is determined by relationship 
(9.3.35). Consequently, the spectral density Seg) of dynamic error é,(t) from 
disturbance of rolling will be 


S,(@) =| ¥ (ju) [’S, (w), (9.3.100) 
where the gain-phase response Y(jw) is found by replacement in (9.3.35) 
or s by jaws 


Y (jw) = a (9.3.401) 





“see fcotnote on pe 161. 
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Substituting in (9.3.100) formula (9.3.101) and relationship (9.2.192) for the 
the spectral density S,() of the angle of rolling of the ship, we have 


Th? 2A b5 
S,, (») = eee ae aa eo a : ; e (9.353.102) 
1 4- Tj e+ 2a yw + 6) 


For dispersion p{e,] of error e,(t) we have 





D [¢,] = J S, () dw (9.3.103) 
or, considering (9.3.102), we obtain integral 
P Tit OA 2 
D{s| = oo ee eee 2 2 
J De Tie Fb tat of a (9.54404) 


which is calculated by the method, repeatedly applied in the preceding chapters, 

ASB a result we obtain the following final formula (Ap = D [6]}): 

Te? 

Disl= 5 '—+- Dit. (9.3405) 
NTT + (1+ m7) 


For the mean quadratic value o. of dynamic error cf the HIG we have 
A 
e 106 
o,=V Die). (9.34106 ) 


Example 9.13: Calculate the mean quadratic value o. of dynamic error e,(t) 
4 


of an HIG, caused by residual friction in the axis of rotation of the gyrofloat 
and angular accelerated of induced motion of rolling of the ship about this axis, 
for the initial data of examples 9.4 and 7.10, Determine also the limiting value 
4m? of the HIG error assuming that the probability Q, that the current value Eq 
of error will exceed limit E4m should not be more than 0.1%; the coefficient of 
liquid friction in the axis of rotation of the float ny = 0.3 g-cm=sec, 


Solution 1: By formula (9.3.13) we find coefficient ps 


6 2,39 g-CM=B8 eC 


2. According to (9.3.31) we determine Ty! 


T  ___0,001766 


7 aoe 


; — _  0,001740 BEC. 
1+ pn, | + 0,04904.0,3 


3. Using relationship (9.3.105), we calculate ple, J: 


D{e,] = 2,0516-10—* . 
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4, By formula (9.3.10) we determine Cee 
o, = V Die) = V 2.0516. 10-8 ~ 1,4323-10-* radians = 0.5', 


5. By the same method as in example 9.14, we calculate the limiting 


value e,, of dynamic error of the HIG (for €4 = O): 


Vig = 20, = 3,3-0,5 BAD 1.65! e 


From example 9,13 it follows that dynamic error e,(t) of the HIG is greater 
than error e(t) (see, e.g., 9.12). 
When estimating dynamic errors of the HIG we started from a differential 


equation (9.3.9) with constant coefficients, It was obtained from the more 
general equation (9.3.8), which contains variable component We of angular velocity 
of the vehicle along axis O& (Fig. 9.1). Considering disturbances o, = 0, Me = 
= f(t) = QO, since the influence of them was considered earlier, we rewrite equation 
(9.3.8) with the torquer turned off (Meg = 0) in rorm 


Jb $08 = Alo) —o, (43), (9.3.107) 


where the input angular velocity w(t) and the disturbing angular velocity w, (t) 
are normally random functions of time. We divide both parts of equation (923.107) 
by b and consider designations (9.3.12) and (9.2.13); then, instead of (9.2.107), 
we obtain ae 
TA+b=A[0.()—o, (63). (9.3.408) 
We have differential equation with variable coefficients, close in form to 
the equation (4.6.100) of oscillations of a physical pendulum during irregular 
rolling of a ship. Since, usually, angles 6 of turn of the gyrofloat are very 
small, dispersion D [we (t)B) << D (w(t) ] and for integration of (9.3,108) we can 
apply the same method of successive approximations as was used during investigation 
af equation (4.6.100). The solution of this problem for conditions when a, (t) 
and w, (t) are periodic functions of time is found in [103.1]. In these works 
it is shown that with the accepted conditions the gyrofloat, besides oscillatory 
motions, has systematic drift, proportional to time, It follows from this that 
in an HIG it is very important to eliminate the disturbing influence of component 
we (t) of angular velocity of the vehicle, For this, according to (9.3.108), angles 
of rotation of float should be close to zero, which is usually attained in practice 


by means of application of an HIG with servo drive, 
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If we use equation (9.3.107), in which we consider a component of the second 
order of smallness, then we should definitize it. For this, using Euler's equations 


(1.4.1), we obtain the exact differential equation of motion of the HIG: 


dye PHA) + 68 =H (0,059 — 9,09) — 


2 2 


oes (ue 4)(° : sin 23 4- 00,0523] +My 4M, + f(t). 





Considering », =0,M,=*M,* f(t) = O and limiting ourselves to calculation 


tq 
of components of the second order of smallness, we obtain 


J. 3 +63=H [», (t) — w, (¢) 8] _ (Yas — J,) (4) (0). 


Above we considered certain basic questions of the theory of just HIG's, The 
theory of HIG's in case of application with a servo drive, for instance, for stabili- 


zation of a platform, is expounded in Chapter it. 


6. Application of HIG's 


8) General Remarks 


Two-degree-of-freedom floated gyros have essential advantages over astatic 
gyroscopes in a Cardan suspension, usually applied. Basic advantages of two-degree~ 
of-freedom floated gyros are: 1) high accuracy; 2) small susceptibility to vibra- 
tion, shock and other disturbancesy 3) possibility of use for solving a broad class 
of problems, usually entrusted to GD's, In this connection two-degree-of-freedom 
floated gyroscopes have in recent years begun to be applied in the following types 
of precision GD's: 

1) in gyrotachometers for determination of components of angular velocity of 
a vehicles 

2) in rate-integrating gyroscopes for determination of angles of turn of a 
vehicle about its axes, 

3) in gyroscopic integrators of linear acceleration for determination of com- 
ponents of linear velocity of a vehicle; 


4) as sensers systems of active gyroscopic stabilization for direct 


—ee 


“See footnote on p. 207. 
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Stabilization for direct stabilization of individual instruments and devices, and 
also in DG's, GV's, azimuth-horizon gyros of active type and inertial navigational 
systems,” 

The gyrotachometer, in which they use a two-degree-of-freedom floated gyro, 
differs from the HIG by the fact that it has a special component, usually in the 
form of an elastic torsion rod, which creates a restoring torque. Another difference 
of this gyrotachometer, called by a floated uifferentiating gyroscope (FDG) is that 
it requires a smaller damping torque, and consequently, lower viscosity of the 
liquid than an HIG, since in an FDG this torque serves only to quench natural os- 
eciilations of the gyrofloat. Schemes of such FDG's and specifications are given, 
e.7., in the works of G.A, Slomyanskiy [149] and C. Draper [181]. There exist FDG's 
for which restoring torque is created by an electrical device with application of 
proportional electrical feedback. Such an FDG constitutes a QT with forced return 
to zero and it is usually called [149] a feedback FDG. The principle of action of 
such a GT was presented in § 8.2, par, 7 (Fig. 8.14). Theory of FDG's, not dif- 
fering in principle from theories of a usual gyrotachometer (§8.2), 18 presented in 
detail in the two works mentioned, 

Application of a two-degree-of-freedom floated gyro as an IG and the theory 
of this device were considered earlier. 

The floated gyro is also used in the gyroscopic integrator of linear accelera-~ 
tions of a vehicle; here the instrument reacts to the moment of forces of inertia 
during accelerations of a vehicle due to displacement of the c.g., of the gyrofloav 
with respect to its axis of rotation, The principle of action of such @ gyroscopic 
integrator is considered in the next section, 

Let us turn to analysis of the application of a two-degree-of-freedom floated 


«yro (HIG) as the sensor of a system of active gyroscopic stabilization, 


tb) Application of an HIG in a System of Active Gyroscopic Stabilization 


Preliminary remark, The HIG is basically applied in systems of active gyro- 
scopic stabilization, This instrument permits us here in principle to solve the 


same problems as during use of an active GS based on astatic gyroscopes with three 


“Possibilities of using of two-degree-of-freedom floated gyros are not to 
those enumerated, 
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degrees of freedom (§ 7.6, Par. 1). Indeed, application of an HIG in systems of 
active gyroscopic stabilization allows us: 1) to realize devices, ensuring direct 
stabilization of individual components and instruments; 2) to create DG's, GV's 
and azimuth-horizon gyros of active type; 3) to realize stabilization with respect 
to three axes of platforms for use of them in inertial navigational systems, etc, 

In all these cases the HIG is applied with a servo drive, Therefore, we shall 
consider the principle of construction of a scheme of joint work of an HIG and a 
servo drive; the theory of such systems js presented in Chapter 11. First, let 
us note that application of an HIG with a servo drive allows us to obtain a one- 
axis active GS, i.e., lets us stabilize a platform relative to one axis. To pro- 
duce a two~axis GS, 1.e,, a platform, stabilized relative to two axes, it is 
necessary to have two HIG's with the corresponding servo drives. Finally, for 
creation of a triple-axis GS, providing a platform stabilized relative to three 
axes, there are applied three HIG's with servo drives, 

It 1s necessary to note that a GS using floated IG's as compared to an active 
GS using a free astatic gyroscopes has one peculiarity, In the latter external 
disturbing torques are compensated not only by the torque of the stabilizing motor, 
but also gyroscopic torques, created by the free gyroscopes, Ina GS using floated 
IG's stabilization is carried out only by the torcue of the stabilizing motor, In 
this relation the considered type of GS, in general, more closely approximates a 
readout-type GS (see § 10.1). However, since in the GS using floated IG's the 
latter are connected with the stabilizer mechanically, and not through servo sys- 
tems (as in readout-type GS's), we will arbitrarily list GS's using floated IG's 
with active GS's, 

Stabilization of a single-axis platform relative to inertial space. Let us 
consider first, how an HIG is used in a one-axis active GS for stabilization of 
some platform relative to one axis, In order to relate this question to the earlier 
analysed case of application of an HIG for determination of the angle of yawing of 
a ship in heading, we shall consider stabilization of a one~axis platform in bearing, 
The axis of stabilization of such a platform is directed along the vertical, and 
we obtain a scheme of an active GS, analogous to the scheme of a DG of active type 
(§7.6, -ar. 2a), but using an HIG, 

In Fig, 9.13 we give the schematic of a one-axis active GS and HIG. On plat- 


form P, stabilized in azimuth, there is fixed an HIG, whose schematic was shown in 
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Fig. 9.2 (see also Fig. 9.3). The 
basic element of the system is a gyro- 
float rotating about axis On (Oy) 
relative to *he instrument housing, 
which is rigidly connected with plat- 
form P, Between the cylindrical 
surfaces of the gyrounit and the 
housing of the HIG is liquid, This 
system will form a float suspension, 


also fulfilling the role of inte- 


Geiss a as ta 


grating damper D, Angle § of rota- 





tion of the float is fixed by signal 
Fig. 9.143. Schematic of a one-axis GS with 
an HIG (axis of stabilization is vertical). pickoff SP, which through amplifier 
Amp controls stabilizing motor SM, 
connected though gear transmission with platform P, Motor SM serves for direct 
stabilization of platform P in azimuth, 

On the other end of the axis On (Oy) of rotation of the float is fixed torquer 
TQ, which applies to the HIG torques for initial drive of the gyroscope axis to 
zero position (B = 0), and also for realization (if necessary) of an assigned law 
of motion of the platform in azimuth, 

Subsequently by azimuth stabilization of platform P we shall mean retention of 
it in a constant position with respect to inertial space or to another coordinate 
system, moving in an assigned manner relative to the latter. 

Let us first consider azimuth stabilization of platform P relative to inertial 
space, upon realization of which the platform will not accomplish turns about axis 
Ot. Axis Of is the sensitive, or input axis (§ 9.2, Par; 4) of the floatec Ia, 
and axis On (Oy) is the output axis. The principle of work of the system consists 
on the given case of the following, 

We assume that the base or object on which the GS is fixed turns about axis 
OC (Fig. 9.13) angle @ (reletive to a direction fixed in inertial space) with 
velocity Dp = a, Together with the base platform P will start to rotate. Ac- 
cording to the known principle of action of the integrating gyroscope (§ 9.2, 
Par, 2) here theve appears a gyroscopic torque, directed along axis On (Oy) and 
causing rotation of the gyrofloat about this axis angle §, which is proportional 
to the integral in tine of O, [see (9.2.3)] or angle @ [see (9.2.5)]. Voltage 
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proportional to angle A, is transmitted by signal pickoff SP through amplirier Amp 
to stabilizing motor SM, The latter starts toturn platform P about axis OC with 
angular velocity of adjustment nay = Pe and turns the platform angle a ina 
direction opposite its initial rotation together with the base, Here the gyro- 
float will return to the initial position, at which angle B = O, and the servo drive 
will be turnec off. Actually, the servo drive works continuously and thanks to this 
platform P preserves constant azimuth orientation relative to inertial space or, 
more exactly, will be deflected at small angle, determined by the threshold of 
sensitivity of the IG and servo drive. Here, angle # will remain sufficiently 
small, Such operating conditions of the considered system we call conditions of 
geometric stabilization. 

A process analogous to the considered one will also occur in the case of a 
fixed base of the GS or object, but with action on the platform of a certain dis- 
turbing torque with respect to axis 00. Under the influence of this torque the 
platform will start to rotate about axis Of with a certain angular velocity Dp 
and the floated HIG, similarly to the preceding case, will turn on the servo 
drive. The latter will apply to axis 0% a torque, equal in magnitude, but directed 
directed opposite the disturbing one, and will turn the platform with angular 
velocity aj s 7 in a direction the opposite of the direction of its rotation 
under the influence of the disturbing to.-que. 

Thus, application of an HIG together with a servo drive effects stabilization, 
1.e., constant orientation of the platform relative to inertial space. Here, the 
gyroscope axis will be near the zero position (B = 0), which ensures the most favor- 
able conditions of work of the HIG, Let us note that in the considered scheme the 
floated gyro does not carry any load in stabilization of the platform, but is only 
the sensor of the active stabilization system, 

Application of an HIG with servo drive permits ensuring of high accuracy of 
devices of gyroscopic stabilization, Thus, according to C, Draper [180], it is 
not of any special complexity to ensure accuracy of stabilization of 1 angular 
minute, One may assume that creation of devices of active gyroscopic stabiliza-~ 
tion with a two-degree~of~freedom integrating gyroscope with servo drive is more 
promising for guaranteeing high accuracy of etabilization than gyrostabilizers 
with a three-degree~of-freedom astatic gyroscope. However, very great technical 


difficulties, appearing during creation of hermetic integrating gyroscopes, still 
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limit their wide application. 


Stabilization of a single-axis platform with respect to coordinates system, 
moving in an assigned manner with respect to inertial space. Let us consider how 


we realize another form of platform stabilization, i.e., stabilization in some 
coordinate system, accomplishing assigned motion relative to inertial space. We 
assume that the coordinate system rotates about the vertical Of (Fig. 9.13) with 


assigned angular velocity wo, t) relative to inertial space. It is required to 


s\ 
carry out constant azimuth orientation of platform P in the assigned coordinate 


system, i.e, the platform should rotate together with this coordinate system about 
axis OC with angular velocity ® galt) relative to inertial space. 


The operating principle of the system consists in this case of the following. 
For rotation of the platform with angular velocity ®, a(t) to the torquer TQ there 


should be sent a control signal, proportional to Woagit)e The torquer will apply 


to spin axis On (Oy)of the gyrofloat torque M, The magnitude of this torque, 


q° 
according to (9.3.2), 18 proportional to current intensity 1 of the control signal, 


1.e., in the considered case to angular velocity Ossg(t)> Under the action of torque 


. 


M 
tq 
portional to angle f, is transmitted by signal pickoff SP through amplifier Amp 


the gyrofloat will turn about axis On (cy)@ certain angle B. Voltage, pro- 


to stabilizing motor SM. The latter, trying to form the axis of the gyroscope to 
its initial position (8 = 0), will start to turn the platform about axis 0f with 
angular velocity Deady in a direction, coinciding with rotation of the considered 
coordinate system with angular velocity Wy agit) Rotation of platform P together 
with the HIG with angular velocity Deas 
along axis On(Oy) in a direction opposite torque Meas When eds becomes equal in 


will cause a gyroscopic torque Moe directed 


magnitude to ®esa\ads = ® 8)? the gyroscopic torque will balance torque Mey the 


float will come to a position, close to zero (8 = 0), and stabilized platform P 
will turn continuously together with the HIG around axis Of with the assigned 
Brainy velocity Degg it) relative to inertial space. 

In the considered case we have the following relationships. By analogy with 


(8,2.3), for the gyroscopic torque My caused by rotation of the platform we have 


M, = Hug = Hoy. (9.3.109) 


Torque Meg? applied by the torquer, is determined by formula (9.3.2). So 
that the gyrofloat does not spin about its axis, by analogy with (9.2.1), this 


n\n 


u, = Using + — te. : 


Then, according to (9.3,.111), current 41 introduced to torquer TQ (Fig. 9.13) 
by the control signal, should be proportional to angular velocity ur 1.,e., 


H a 1 
tm fun f (Using + tes). (9.3.113) 


With realization of the shown correction platform P will preserve with re- 
spect to the meridional plane an assigned initial angle Ao» and relative to 
inertial space it will turn at angle a, determined, by virtue of (9.3.112) and 
(9.3.113), by following relationship: 


t 
seet | (Using + tee)ae (9.5.144 ) 


Examples of application of HIG's is devices of active roscopic stabilization, 





Let us consider the scheme of a single-axis GS with an HIG, in which the platform 
should be stabilized in horizontal position relative to one axis, Such ae scheme 


is shown in Fig. 9.44. On stabilized platform P is fixed the HIG, whose schematic 
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Fig. 9.14. Schematic of a single-axis GS with an 

HIG (axis of stabilization 1s horizontal). 
was shown in Fig. 9.2. The HIG is located here so that the gyroscope axis in its 
initial position (when B = ©) is combined with verticel 0%, which is perpendicular 
to the plane of the drawings input axis O€ is horizontal and is directed along the 
spin axis of platform P; output axis On (Oy) is also horizontal, By analogy with 
what we considered earlier, during rotation of platform P about axis O& the HIG 


through signal pickoff SP and amplifier Amp will turn on stabilizing motor SM, 


which will turn the platform in the opposite directions as a result the platform 
will maintain constant position relative to inertial space, In this case the sys- 
tem works in conditions of geometric stabilization, 

Let us consider how combination of platform P with the horizontal plane is 
ensured, For simplicity assume that axis O& of the platform is directed along the 
meridional line, about which the plane of the horizon revolves with angular veloc- 
ity U cos o [see (1.2.21)]. For realization of turn of platform P about axis O& 
with angular velocity U cos » following the plane of the horizon it is necessary 
to introduce to the torquer TQ a control signal, current i of which should be pro- 
portional to angular velocity U cos 9. Then the scheme shown in Fig. 9.14 will op- 
erate in a regime of spatial integration and the platform will turn angle { Ucos 7d: 
relative to inertial space, However, with such a method of stabilization the 
platform nevertheless does not possess selectivity ("directional force") with re- 
spect to the plane of the horizon, i.e., does not itself end up in horizontal 
position, if any disturbing torques drive it from the horizontal plane. In order 
to slave the platform to the horizontal and create in it selectivity relative to 
this plane, it is necessary to use a system of pendulous correction, analogous to 
the correction system in a GV (Chapter 6) with a three-degree-of-freedom astatic 
gyro, For this on platform P there is installed a physical pendulum (accelero- 
meter) Pend, whose plane of oscillation coincides with vertical plane Onl} the 
pendulum is connected to torquer TQ of the gyrofloat. Upon deflection of the 
platform from the horizontal plane from the pendulum a signal proceeds to the 
torquer, which will start to turn the gyrofloat thanks to which the servo drive is 
turned on and the stabilizing motor SM will return the platform to horizontal 
positions then, the control signal from the pendulum will be turned off, 

In the considered case the stabilization system also works in a regime of 
spatial integration, where it is completely self-contained, since it is not 
necessary to introduce to the torquer a control signal, proportional to angular 
velocity U cos 9, as this took place without the correcting pendulum, 

Let us give as a second example the scheme of a double-axis GS (with an HIG) 
in which the platform should be stabilizea in the horizontal plar2 relative to two 
axes, Such a schematic of a double-axis GS or GV of active type is shown in Fig, 
9.15. Here, platform P is installed in the outer gimboal ring R and plays the role 


of inner ring. On the platform are two hermetic integrating gyros HIG,, and HIG 
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Fig. 9.15. Schematic of a double-axis GS and HIG. 
The measuring axis of HIG, coincides with the spin axis Of of the ring, and the 
measuring axis of HIG, coincides with spin axis On o* the platform. Thus, the 
scheme in Fig. 9.15 is, as it were, a combination of two identical schemes, such 
as depicted in Fig, 9.14, 
The principle of action of a double-axis GS is the same as for a single~axis 
GS3 therefore, we will not stop to describe it. Let us note only that the presence 
in the system of pendulous correction for two axes ensures automatic work of the 
system (without external information) in a regime of spatial integration, and this 
permits holding the platform in a horizontal plane, 
On an HIG base it is possible also to stabilize a platform relative to three 
mutually=perpendicular axes, Such triple~axis active GS's have found wide appli- 
cation in inertial navigational systems (Chapter 11); the schematic of a triple- 
axis GS with an HIG is given, e.g., in [149]. 
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condition should be satisfied: 
M,+M,., = 0; " (93.410) 
substituting here (9,3.109) and (9.3.2) we obtain 


Hw, = kl, 
whence 


tan ow, (9.3.444) 
a, 
Consequently, feeding torquer TQ of the floated IG current 1, proportional 
to angular velocity Ose? the servo drive will turn platform P with the assigned 
angular velocity with respect to inertial space. Here, angle a of platform ro- 
tation, according to (9.3.41141) and inasmuch as 4 = Wagg? Will be determined by 


relationship 


t e 
© ay [ey (=) ds 2 4 + At Fide, (9.3.12) 


where ay — the value of angle a for t = 0, 

From expression (9.3.1412) it follows that angle a is proportional to the in- 
tegral with respect to time of the input variable — current 1, fed to the torquer 
by the control signal, which in turn 1s proportional to the assigned angular veloc- 
ity ® 55 (t) of rotation of the platform relative to inertial space. In this con- 
nection the considered operating conditions of the system are called conditions of 
integration [149, 180). 

Thus, application of an HIG with servo drive with introduction of the corre~ 
sponding control signals permits stabilization, i.e., constant orientation of 
the platform in a system of coordinates, accomplishing any assigned motion with 
respect to inertial space, 

Let us consider an example which wili explain what has been said, Earlier 
we already reported that the scheme in Fig. 9.143 is in essence a DG of active type. 
If it is required that the axis of the gyroscope or platform keep, e.g., constant 
orientation in azimuth relative to the plane of the meridian for this it is 
necessary to carry out rotation of the axis of the gyroscope (platform) about the 
vertical Of with respect tc inertial space with angular velocity Up» determined 
by relationship (1.2.25) 
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§ 9.4, Gyroscopic Integrators of Linear Accelerations 


1. Function and Types of Gyroscopic Integrators 
of Linear Acceierations 


As was shown in § 9,1, one variety of IG is the gyroscopic integrator of linear 
accelerations of a vehicle. It is usually called [161] a gyroscopic integrator or 
gyrointegrator; the latter designation we shall use henceforth, 

The gyrointegrator is a GD, intended for determination of the component of 
linear velocity of thec.g., of an object along an assigned direction, In it there 
is epplied an unbalanced gyroscope, sensitive to accelerations of the object. The 
moment of corresponding forces of inertia of forward motion of the latter causes pre- 
cession of the gyroscope, the anguiar velocity of which is proportional to the shown 
moment, 1i.e., to the magnitude of acceleration of translational motion of the object. 
Consequently, the magnitude of the actual angle of precession will be proportional to 
the corresponding composing of linear velocity of the object, which justifies the 
accepted designation of the instrument, 

One feature of the gyrointegrator is that 1t measures, in general, the projection 
of absolute linear velocity of an object on the axis of sensitivity of the instrument. 
The gyrointegrator, as also the accelerometer, reacts to apparent acceleration of the 
object, 1.e., to the difference between absolute linear acceleration of the object and 
gravitational acceleration, which leads to corresponding distortions of readings cf 


the instrument.” In connection with what has been said A. Yu. Ishlinskiy [50] 


“accelerations measured by an accelerometer are discussed in detail in § 11.6, 
Par, eb. 
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considers it useful to call such accelerometers newtonmeters. 

There exist various types of gyrointegrators, in which there are applied 
three- and two-degree-of~freedom gyroscopes. As it is known [30, 180, 161], most 
widely used are the following types of instruments: 

1) a gyrointegrator with a three-degree-of-freedom unbalanced gyroscope of 
myropendulum type3 

2) a gyrointegrator in which there is applied a three-degree-of-freedom 
myroscope with additional mass and compensating loads; 

3) a gyrointegrator in which there is used an unbalanced two-degree-of-freedom 
eyroscope with float suspension, 

By analogy with gyrotachometers (§ 8.2, Par. 1) 1t 1s possible to distinguish: 
e) gyrointegrators of direct readings, for which the measured linear velocity of the 
object is fixed in the form of the angle of rotation of the outer gimbal ring rela- 
tive to its initial positions b) gyrointegrators with feedback or "zero drive," for 
woiich measurement of linear velocity of an object is carried out by means of com-~ 
pensation of the moment of forces of inertia (caused by forward motion of the object) 
oy a certain artificially created torque, which ensures retention of the gyroscope 
axis near the zero position, 

We shall give schematics of gyrointegrators, we shall consider principles of 


tnetr action, and we shall derive their basic relationships. 


2, Gyrointegrator of Linear Accelerations of Gyropendulum Type 


e) Schematic, Basic Relationships 

The schematic of a gyrointegrator of linear accelerations of gyropendulum type 
(44, 1145, 58] 18 shown in Fig. 9.16. The basic component of the instrument is an 
unbalanced (heavy) gyroscope, The gyrorotor is fixed in gyrohousing (inner ring) Gh; 
the rotor and gyrohousing are statically unbalanced with respect to the axis O'x! 
ot oscillation in the outer ring (frame) R. With respect to spin axis Or (vy)of the 
rrame the system is completely balanced. The distance of c.g., 0 of the syro- 
housing from its spin axis O'x! is equal to 2. To increase accuracy of work of the 
syrointegrator axis Oz of the gyroscope should remain perpendicular to the axis 
O-, \ of frame R. For this we have a correction system, consisting of signal 
pickorr SP (fixed on the spin axis O'x! of the gyrohousing) and stabilizing motor 
SM, controlled by it, which is connected by gear transmission with the instrument 
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Fig. 9.16. Schematic of a gyrointegrator of 
linear accelerations of gyropendulum type. 

In Fig. 9.16 the signal pickoff is in the form of a contact attachment. In 
this case the torque, applied by the stabilizing motor to axis On (Oy), has a con- 
tact (relay) responses this creates a natural oscillating conditions of motion of 
the gyroscope, in which the center position of axis Oz is perpendicular to axis 
On (Oy), and, consequently, all disturbing torques acting effective on this axis 
are compensated, Natural oscillations should be with great frequency and small 
amplitude. The presence of natural oscillations leads also to lowering of the 
friction torques in axes of the suspension, In principle there is also possible a 
linear law of control of the stabilizing motor; for this as the signal pickoff it 
is possible to apply, e.g., an inductive pickoff, which control the motor through 
an amplifier (not shown in Fig. 9.16). 

Let us designate the angle of rotation of gyrohousing about axis O'x! with 
respect to frame Fr by f, the angle of ~otation of frame Fr about axis On (01) by a, 
Readings of the gyrointegrator (magnitude of linear velocity of the object), pro-= 
portional to angle a, are received in the form of voltage from potentiometer Pot, 

Axes O€n€ we consider connected with the vehicle (ship, aircraft); axes Oxyz, 
combined in initial position (when a = 6 = 0) with axes Ofnl, are connected with the 
zyrohousing; axes Oxyz are in this case Resal's axes (§ 1.1). Euler's angles a and 
B, determining the position of axis Oz of the gyroscope relative to Ofnt, can be 
selected just as for the gyrovertical (Fig. 1.6). Axis On is the measuring, input 
axis, or the axis of sensitivity, since the gyrointegrator reacts to component w 


linear acceleration Woof the vehicle on this axis. Axis On can also be considered 
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‘Fig. 9.17. Deriving the basic relationship for a 

gyrointegrator, 
the output axis, since angle a of rotation of frame Fr about it is proportional, 
as will be shown, to the integral in time of linear acceleration w, 1.e., component 
v of linear velocity of the vehicle along axis On. 

Let us derive the basic relationship for the considered gyrointegrator, estab- 
lishing the functional connection between input variable w(t) and output variable 
a(t), For this we use a modified gyrointegrator schematic, shown in Fig. 9.17. 
Here it is conditionally shown that gyrohousing Gh has static instability with re- 
spect to its spin axis Qx due to the presence of an additional load with mass rigs 
fixed distance 12 from the point of suspension 0, So that here the system is 
balanced with respect to axis On (Oy) which in reality is carried cut in the gyro- 
integrator (Fig. 9.16), we add to frame Fr another load with mass m, at distance 
1, from axis On (Cy). The condition of balance of the system with respect to axis 


On (oy) will be expressed by relationship 
ml—m,l, = 0. , (9.4.4) 


Let us assume that axis On (Oy) 1s directed along the longitudinal axis of a 
vehicle, which moves in a direction, parallel to this axis, with acceleration w, 


The magnitude of the corresponding force of inertia I will be 


ji | = me. (9.4.2) 


"considering e real scheme of an instrument (Fig. 9.16), by m one should 
understand the mass of the rotor and gyrohousing, 1.e., the mass of the gyromotor. 


<o0 
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The moment of this force with respect to point O is directed along the spin 
axis Ox of the gyrohousing and is equal to 


M,= mlw. (9.4.3) 


Under the influence of moment M, frame Fr of the instrument will start to 
process about axis On (Sy) with angular velocity a, determined, according to pre- 


cession theory, by formule (1.6.8); then, considering also (9.4.3), we have 


5 ce ee ay 
i= 4 (9 ) 


Since quantities m, 2, and H for a given instrument Pre constant, we intro- 


duce designation 


ba 2 (9.4.5) 
: a 

Then we rewrite (9.4.4) in form 
a= ky, (9.4.6) 


where k — transmission factor of the gyrointegrator, 
From (9.4.6) 1t follows that the angular velocity of rotation of the instru- 
ment frame is proportional to the linear acceleration of the vehicle, Integrating 


(9.4.6) and assuming that in the initial moment, when t = 0, a(0) = 0, we have 
t 
amb [ winds, (9.4.7) 


i.e., the angle of rotation of the gyrointegrator frame is proportional to the 
integral in time of linear acceleration of the vehicle. Designating by v the 
component of linear velocity of the vehicle along axis On, we rewrite (9.4.7) for 


initial conditions t = 0, v(O) = O in form 
a= kv. (9.4.8) 


Consequently, the angle a of rotation of the instrument frame is proportional 
to linear velocity v of the vehicles here the proportionality factor is the trans~- 
mission factor k of the gyrointegrator, the dimensionality of which, according to 
(9.4.5), will be [k] = sec/cm, 

Let us note that during motion of the vehicle, and consequently also of mass 
My with acceleration w there appears a force of inertia Ih equal in magnitude to 
mW. However, it does not affect rotation of the frame about axis On (Oy), but causes 
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only additional load in the supports of this axis.” 

Expressions (9.4.6) and (9.4.8) are approximate, since in them we do not con- 
sider inertial terns, and also we do not take into account friction torques in the 
suspensior. axes and the torque of the stabilizing motor, Let us first consider the 
influence of these torques on operation of the gyrointegrator, limiting ourselves 
to the framework of precession theory, Torque Mg om of the stabilizing motor with 
respect to axis On /Oy) (if we assume for simplicity a linear charecteristic of 


correction), by analogy with (2.3.2), is determined by formula 
M, , =— $3. (9.4.9) 


Considering friction in the suspension axes liquid, according to (2.3.72), 


for friction torques in axes On (Oy) and Ox we have expressions 


M,, =— 1,4; M,, = 23. (9.4.10) 


Considering (9.4.3), (9.4.9) and (9.4.10), we can express total torques with 


respect to axes Ox and On (Oy) by relationships 


M, = mlw + 1,5; (9.4.11) 


M,=—S}—nyz. (9.4.12) 


We introduce (9.4.44) and (9.4.12) in equations of precession (41,6.8): 
: ml : e* ? 
em ot hs p=—~—p— ta, (9.4.43) 


Eliminating frog (9.4.13) variable 6, we obtain fcr a the following equation: 








a x'a = hw + he’, (9.4.44) 
where 
a’ == . xan 5. ’= A ° 
Hu H® 


“we correct an inaccuracy in Part I of this work, In (5.5.29) by P one should 
understand the weight of the outer ring, and by lo, displacerent of its c.g., along 


axis OK (Fig. 3.2). Moment lp,P of unbalance of the outer ring with respect to f 
axis Ox, is quenched by reaction of the bearings of this ring. Therefore, during 


calculation of azimuth drift of a gyroscope due to static unbalance one should not 
consider component LoyPe 
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k = a [see (9.4.5)]3 » — specific velocity of correction [see (2.3.5)]. 
We integrate equation (9.4.14) once with respect to time for zero initial 
conditions 


e+e mht hx’. (9.4.16 ) 


The integral of this equation for initial conditions t = 0, a(0) = O will be 


t 


o ag! a’? —e’ f . 
a=xkhe "| we dz +. khu’e "J vet (9.4.47) 


Performing partial integration and considering initial conditions t = 0, v(0O) = 
t 


= O, 4(0) = Jodz|o= 0, we obtain 


4 
a = }’ [- —x’s if wt ferrae | he’s —h (ay fea, (9.4 ,18) 


t 
where s = { vdt is the path passed by the vehicle. 
0 
Analyzing formula (9.4.45), we note that » = S/H is usually smail {see example 


n,n 
6.1)3 since aye << 1, then »* also is small, Therefore,in (9.4.48) it 18 possible 
H 


to disregard terms which contain as a factor (nt)*, Then, instead of (9.4.18), we 


obtain 


a a h’ (v — x’s) + hr’s. (9.4.19) 


With accuracy accepted by us we can replace relationships (9.4.15) by the 


following ones: 


wWae/1—-4%) ; eve (1— 2%). (9.4.20) 
u H 
Considering (9.4,20), we rewrite (9.4.19) in form 
ore le aes (9.4.24) 
Hu H* 


Comparing (9.4.24) with (9.4.8), we see that friction in the bearings of the 
gyrointegrator introduces systematic errors in readings of the instrument. Error 
nh 
from component kv — in a real instrument is usually minutes error caused by 
H 


nn 
KN a s, will grow with increase of distance s, traveled by the vehicle, 
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Therefore, in such instruments they seek to substantially decrease friction in the 
suspension, to decrease the specific velocity of correction » and to increase 
angular momentum H of the gyroscope. 

Besides the shown ones, there can appear other systematic errors, for in-=- 


stance due to rotation of the vehicle, rotation of the earth, etc. 


b) Equations of Motion of a Gyrointegrator ‘faking into Inertial Terms 


Above during composition of equations of motion of a gyrointegrator we started 
from precession theory, 1.e., disregarded inertial terms of the equations. When 
writing equations of a gyrointegrator taking into account inertial terms one should 
consider that the position of axis Oz of the gyrcscope is determined by the same 
angles a and § as for a gyrovertical (Fig. 1.6). Therefore, by analogy with equa- 
tions (6.3.49) of the gyrovertical, considering also liquid friction torques in the 


suspension axes, we write equations of a gyrointegrator in form 


J. f—Hi+naj=—M, 


. (9.4.22) 
a J,0+ Hit+aa=M, 


Here; J, Sa total moment of inertia of rotor and inner ring (gyrohousing) 
with respect to axis O'x! (Fig. 9.416), which instead of (3.2.4) 1s determined by 


relationship 


J.0=I,tI, tm? (9.4.23) 


(m — mass of rotor and inner ring); Jon — total moment of inertia of rotor and 
inner and outer gimbal rings, determined by a relationship of type (3.2.5). 

We consider the moment of forc:s of inertia of translational motion of the 
vehicle moment My [see (9.4.3)]. For moment Monn We take torque Mae applied by 
stabilizing motor SM (Fig. 9.16) to axis On(Oy). Taking in*o account what was 


said we revrite equations (9.4.22) in form 


J, @—Ha+n§=— mw 


nf (9.4.24 ) 
d.4¢ + H3+n2 = M., 


If we assume that the stabilizing motor is turned off, instead of (9.4.24) we 


obtain equations 


J, P—He+n3 =— mw 


z : (9.4.25) 
J,¢ + Hp +az=0 j 


Roa 


which differ from the equations of motion of a gyrovertical (6.3.53) only by the 
presence in the right part of the first equation of the moment miw of forces of 
inertia of translational motion of the vehicle, 

Equations (9.4.25) characterize the following motions of the gyrointegrator: 
1) basic precessional motion of the outer gimbal ring, determined by relationship 
(9.4.8) or for w= const by expression a = kwt, which can be obtained from the 
first equation of (9.4.25), if in 1t we reject inertial term J, ef and do not con- 
sider moment of friction np in the spin axis of the inner gimbal rings 2) basic 


precessional motion of the inner ring, determined for w = const by expression 


B = ~otkwt, which is obtained from equations (9.4.25), 1f in them we 1eject iner- 
tial terms and not to consider small moment nb of forces of friction in the spin 
axis of the inner gimbal rings 3) attenuating nutation oscillations of the gyroscope 
axis, determined by expressions of type (6.3.57). Relationships given in paragraphs 
4 and 2 are valid for zero initial conditions, 

We shall give certain considerations about analysis of motion of a gyrointe- 
grator taking into account torque Me om? applied by the sta.ilizing motor, For a 
relay (contact) characteristic of correction (Fig, 2.18¢) torque Mg.m 18 determined 


by relationship (2.3.17) 


M, ,=—L,f, (0) (9.4.25) 


where f amp (PB) — a nonlinear function, expressed by a formula of type (2.3.18). 
Substituting (9.4.26) in (9.4.24), we have 


Wt t Hi + az——L,/,0) 
Being interested in motion of the gyrointegrator in coordinate B, we obtain 


when w = const for 6 the following equation in operational form (p = 4x)! 


[4.. ot eP + (J, a, + J,,f) p* + (nn, + IP) P| 3 = (9.4.28) 
= — HL, f, 3) — ayn, 
analogous to the second equation of system (6.3.61). 
If moment miw of forces of inertia of translational motion of the vehicle is 
equal to zero, equation (9.4.28) will take form 
[J fe + (4. + J..f,) P+ (4,2, + Ht") p| 4= 


=— IL,f, (3), Paar 
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analogous to the equation (6.3.62) of motion of a gyrovertical with a relay char- 
acteristic of correction, Investigation of equation (9.4.29) can be carried out 

by the same method of harmonic linearization of nonlinearities which we used in 

§ 6.3, Par, 34 during analysis of equation (6.3.62) of a gyrovertical, Solution 

of an analogous problem in reference to a gyrointegrator is given in the book of 

Ye. P, Popov and I, P, Pal'tov [115]. On the basis of what was presented in 

§ 6.3, Par, 3d it follows that the gyrointegrator will accomplish natural oscillating 
motions, the frequency of which, determined by formula (6.3.76), is equal to the 
frequency of nutation oscillations of a free gyroscope. Amplitude of these netural. 
oscillations is determined by a relationship of type (6.3.78). 

From formulas (6.3.76) and (6.3.78) 1t follows that to obtain natural oscilla- 
tions with high frequency and small amplitude (which is of essential importance for 
increasing accuracy of the gyrointegrator) it is useful to [145]: increase angular 
momentum of the gyroscope; decrease moments of inertia of rings of the Cardan sus- 
pensions increase damping (coefficients ny and No of viscous friction); as faras 
possible decrease the torque of the stabilizing motor. In order to satisfy the last 
requirement it is necessary to decrease moments of forces of friction in the sus- 
pension axes, and also instability (unbalance) of the system with respect to axis 
On (oy) (Fig. 9.16). 

Above we analysed the question of natural oscillations of a gyrointegrator with 
equality to zero of the moment of forces of inertia of translational motion of the 
vehicle, This question, taking into account this moment, when the equation of 
motion of the gyrointegrator is determined by relationship (9.4.28), ts considered 
in the above-indicated book [145], Referring those interested in a detailed solu- 
tion of this problem to that book, we indicate the following, In the presence of 
disturbance miw the gyrointegrator also accomplishes natural oscillations, whose 
frequency is deterrined by the same relationship (6.3.76) as in the absence of an 
eevee disturbance, Moment miw affects the amplitude of natural oscillations, 
and also causes displacement of the center of oscillations, which leads to addi- 
tional errors of readings of the gyrointegrator, The limiting value of moment mw, 
permissible during use ot the instrument, is determined by the possibility of a 
breal: in natural oscillations. From what was said above it follows that in examining 
the theory of the gyrointegrator, and also questions connected with selection of 
parameters, it is necessary to use complete equations of motion, considering also 


inertial terms. 
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c) Application of Gyrointegrator 


It is possible to indicate examples of application of the gyrointegrator on 


vehicles having considerable accelerations with comparatively small time of motion, 


Such a gyrointegrator was used in the German ballistic rockets of V-2 type. The 


? 


schematic of it is analogous to the 
diagram given in Fig. 9.16. The instru- 
ment had to determine the component of 
of linear velocity of the rocket along 
its longitudinal axis and automatically 
to send a cut-off signal to the motor 
upon achievement by the rocket of the 


assigned design speed, The latter was 





set before launching on a special me- 
Fig. 9.18. Determining of apparent ac- chanism for routing the command signals 
Celene tons for turning off the rocket engine, 

The principle of action of this integrator does not differ from that considere2d 
earlier, Diagrams of the instrument and its description can be found in a number of 
books and articles (see, e.g., [58, 7, 161, 195, 194, 205]). Referring those who 
wish to become acquainted with the instrument in detail to this literature, we note 
only one of its peculiarities, connected with the curvilinear nature of the path 
of the c.g., of the V=2 on its powered=flight section [161, 7]. For this we first 
find the expression for the component of the apparent force of gravity, having an 
effect on the gyrointegrator during curvilinear motion of the rocket. 

In Fig, 9.18 there are shown elements c* motion of the rocket in the vertical 
plane. Tangent OM to the path of the rocket c.g. forms with the horizontal plane 
angle 93 the angle between OM and the longitudinal axis of rocket On is the angle 
of attack p, On the gyrointegrator there act: force of gravity mg (m — mass of 
rotor and gyrohousing); force of inertia mw of translational motion of the rocket 
(w — longitudinal] acceleration of the rocket, directed along axis OM); centrifugal 


force of inertia @, caused by rolling of the rocket about its transverse axis 





“Here for composition of the equation of motion of the gyrointegrator we use 
D'Alembert's principie (method of kinetostatics [85]), according to which to acting 
forces there are joined forces of inertia. 
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cn in the powered=flight trajectory (v — longitudinal velocity of rocket). The 


resultant force, acting on the gyrointegrator in the direction of longitudinal 
axis On of the rocket, will be 


P = m lwcos,—eb sing + gsin (+9). (9.4.30) 
Then the moment M, of this force with respect to the spin axis Ox (Fig. 9.16) 
of the instrument frame will be 


M, = mi [weosp — sing + gsin(8 +p]. (9.4.31) 


Substituting (9.4.34) in (9.4.4), we obtain 


me A [weosy — vbsing + gsin(@ +9) 
or, considering (9.4.5) 

e= hk (woos, —ob sing + gsin(9 +,)], (9.4.32) 
from which, for initial conditions t = 0, a(0) = 0, we have 


' ¢ 
em kf [wcosy —vbsing + gsin@ +») d:. (9.4.33) 


Since in the considered case angles of attack p are minute, and angular veloc- 
ity 6 18 also smali, instead of (9.4.33), we obtain approximately, 


t 
eS e eain ids (9.4.34) 


Thus, the gyrointegrator, in general, determines linear velocity v of the 
rocket, but has methodical error k } g sin 9 dt, i.e., determines the apparent 
velocity of the rocket. : 

The considered gyrointegrator possesses deficiencies, which are caused 
basically by the following factors: 1) low sensitivity of the instrument; 2) in- 
fluence on accuracy of readings of components of accelerations of the vehicle on 
axes, not coinciding with the input axissy 3) variations of parameters of the 
instrument (m, 1, H) from their design values; 4) instability, or "drift" of zeros 
5) deflections of the real character of the trajectory (for instance, angle 6) 


from design, etc. 
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3. Other Types of Gyrointegrators of Linear Accelerations 


Let us consider briefly certain other types of gyrointegrators. In Par. 1 
of this section we will mention the gyrointegrator in which there is applied a 
three~degree-of=freedom gyro with additional mass and counencaticni loads, The 
schematic of such a gyrointegrator [30, 109] is shown in Fig. 9.19. 

In the outer ring R there is fixed gyrohousing Gh, The spin axis On of ring 
R coincides with the longitudinal axis of the vehicle, which moves with velocity 
v and acceleration w. To the gyrohousing at distance 1 from axis On there is 
fastened a load, whose mass is equal to m, Consequently, the gyrohousing is 
statically unbalanced with respect to its spin axis. For balancing the system 
with respect to axis On to ring R there are fastened two compensational loads, 
whose mass is m&, Springs Sp, connecting the gyrohousing with these loads, serve 
to keep the axis of the gyroscope in a direction, perpendicular to axis On. During 
movement of the vehicle with acceleration w there appears force of inertia mw, the 
moment of which with respect to point 0 will be equal to miw. This moment causes 
precession of the gyroscope about axis On with angular velocity a, determined, by 
analogy with (9.4.4), by relationship 


Co = w= hy, 
from which, with zero initial conditions, we obtain 


a = ho, 
4.e., the given instrument determines linear velocity v of the vehicle, More 


detailed investigations of this gyrointegrator are carred out R. Grammel [30]. 





Fig. 9.49. Schematic of a gyrointegrator with an 
additional mass and compensational loads, 
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Let us consider a gyrointegrator in which there is used an unbalanced two- 
degree-of-freedom gyroscope with float suspension, This gyrointegratur is described 
in a number of articles (for instance, [180, 179, 83]) by the name of floated inte- 
grating accelerometer, Let us note that instruments considered by us earlier are 
eyrointegrators of direct readings, but the floated integrating accelerometer 18 a 
gyrosuntegrator with feedback or with "zero drive" (Par. 1). 

The schematic of a floated integrating accelerometer (gyrointegrator of 
linear accelerations with float suspension) is shown in Fig. 9.20. The basic com- 
ponent of the instrument is the gyrofloat GF, fixed in hydrostatic suspension in 
the case of the instrument. To the float there is fastened a load, whose mass is 
m, thanks to which the float is statically unbalanced with respect to its spin 
axis On. On this axis there is fixed signal pickoff SP, controlling amplifier Amp 
torquer TQ. The latter, through a gear transmission, is mechanically connected with 
gear Gr, rigidly fastened to the case of the instrument, which is fixed on stabilized 
platform P, Angle a of rotation of the gyrointegrator about axis Of with respect 


to platform P is fixed by pickoff PO. 


The principle of action of the 
gyrointegrator is the following. Let ur 
assume that the vehicle on which platform 
P is placed, together with the gyrointe- 
grator, moves with acceleration w along 
axis 02. Here, there appears force of 


inertia — mw, whoge moment of respect to 





e axis On will be miw, This moment causes 
rotation of the gyrofloat about axis On (Oy) 
j a certain angle f, as a consequence of 

; aM which signal pickoff SP; through amplifier 
(i Amp, turns on torquer TQ. The latter 


“Fig. 9.20. Schematic of a floated inte-— 


grating accelerometer starts to rotate the case of the gyro- 


integrator about axis Of with a certain 
angular velocity w, which causes the appearance of gyroscopic tcrque M. = Hw, 
directed along axis On (Oy)s torque M, = Hw compensates the moment miw of forces of 
inertia of translational motion of the vehicle and thereby returns the gyrofloat to 


its initial position (B = 0). Obviously, in the equilibrium position 
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He = miu, 





whence 


on Som he, (9.4.35) 


i.e., angular velocity w of rotation of the gyrointegrator is proportional to the 
linear acceleration of the vehicle. If by a we denote the angle of rotation of 
the case of the gyrointegrator about axis 0f with angular velocity » = a, then, 
according to (9.4.35), we have (when a(0) = 0] 


a= fot dz, 


from which, with zero initial conditions, we have 
e = ky, 

Consequently, the angle of rotation of the gyrointegrator case about axis 02 
is proportional to the linear velocity v of the vehicle. 

Merits of the considered gyrointegrator are the following. 

4, Since the gyroscope works near zero position (Bf ~ 0), there is provided a 
wide range of measurement by the instrument of accelerations of a vehicle, 

2. Application in the instrument of feedback permits us to achieve constancy 
of zero, 

3, Friction in the spin axis of the float is reduced to a minimum, which 
ensures high sensitivity of the gyrointegrator to linear accelerations of the 
vehicle, Actually, for any type of gyrointegrator, and in general, any accelero- 
meter, minimum linear acceleration Wain is determined by the magnitude of the 
least moment of forces of inertia MUWin of translational motion of the vehicle which 
overcomes the moment of friction in the spn axis of the gryohousing (float), 1.e., 


With is found from condition 


mi 
Minin >|, | 
or 
ed Le (9.4.26) 


where Ky — the modulus of dry friction torques in the axis of the gyrohousing (float), 
From formula (9.4.36) it is clear thet to increase the sensitivity of the Ss 

gyrointegrator one should decrease dry friction torque in supports of the sus- 

pension and increase magnitude mi, 1.e., increase the static moment of the os 


pendulum, equal to mgl. Since for a gyrointegrator with float suspension the 


r61 a 





a et - = eee aware 


: = ~ ee) ES Pacman e Ay na ate. 
ad 





4 


RTS 





stew dr ene te ed 


ec 0 202135 di eer apnaect ae DE i al ETN SNE ttl RS a oa 


residual torque of dry friction is minute, such an instrument possesses greater 
sensitivity to accelerations than other types of gyrointegrators and accelerometers 
with supports on ball bearings, 

4, Instrument errors due to deviations of parameter from their rated values 
appear only due to inaccuracy of stabilization of the frequency of the current 
feeding to the gyr ° otor, which causes corresponding oscillations of ancular 
momentum H of the gyroscope, 

There are indication [180] that a gyrointegrator with float suspension is 
promising for inertial navigational systems. Certain theoretical research of this 


gyrointegrator is contained in article [83], 
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CHAPTER 106 
CERTAIN QUESTIONS OF GYROSCOPIC STABILIZATION 


Designations Appearing In Cyrillic 


p= for = forced 
r @€ = gyroscope 
rp # lo = load 


r.8 = @.e@ = gyroequator 


2 
a 


8 = ship 

c= 8s = stabilizing 
cT = Bt = static 

tT=b = braking 
Br= AG = Auxiliary Gyroscope 
[p= Lo = Load 
rC = GS = Gyroscopic Stabilizer 
TY = GD = Gyroscopic Device 
Tl = PM = Precessional Motor 
P= F = Frame 

C= S = Stand . 

T= B = Brake 


§ 10.4. Purpose and Types of Gyroscopic Stabilizers 


In systems of automatic regulation and control of different installations and ( 
systems, in particular for realization of their automatic stabilization, wide i 
application has been found by gyroscopic methods of stabilization. By gyroscopic 
stabilization we understand stabilization of a system (object) with the help of 
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gyroscopic devices, 

Gyroscopic stabilization is carried out by gyroscopic stabilizers (G8). One 
of the varieties of such GS by the name of active GS, or gyroframes, was in detail 
considered in Chapter 7. However, besides activated GS, there exist also other types 
of gyroscopic stabilizers applied in different areas of technology, 

General purpose of gyroscopic statilization consists of automatic stabilization 
of separate instruments and devices; conditions of use of them on a rocking and 
maneuvering object (shin, aircraft) are near to conditions of operation on land. 

In certain cases there is provided automatic stabilization not only of instruments, 


devices and installatious, but also of the very objects on which they are located. 


In accordance with this a gyroscopic stabilizer is defined as a gyroscopic device 
intended for retention of a certain direction or coordinate system connected with 


the object in constant position with respect to earth or inertial space, 

Depending upon its purpose we distinguish: 1) gyroscopic stabilization of 
separate instruments, devices and installations on oscillating objects (ship, air- 
craft); 2) gyroscopic stabilization of the objects themselves, Example of the first 
of these varieties is stabilization of a certain platform on a rocking ship. Examples 
of the other variety of gyroscopic stabilization are the damper of rolling of a ship 
and the autopilot, one of the basic tasks of which consists of automatic stabilization 
of oscillatory motions of aircraft near its center of gravity, 

We distinguish full and partial automatic stabilization. The first stipulates 
stabilization of object relative to all three axes of its rotation and is carried 
out theoretically exactly, 1.e., without systematic errors, Thus, for instance, 
stabilization on a rocking ship of a certain platform relative to three axes of its 
rotation (1,e., elimination of the influence of rolling and pitching and yaw of the 
ship) will be complete if influence on it of oscillatory motions of the ship is 
compensated without any systematic errors, However, in reality the platform even 
with full stabilization will not be exactly held in plane of horizon and in the given 
azimuthal direction due to errors of stabilization appearing under actual conditions. 

Partial stabilization stipulates stabilization of the object relative to one 
or two axes of its rotation; thus st.oilization in principle is carried out inaccu- 
rately (roughly), first of all due to corresponding systematic errors, Thus, for 
instance, damping of tossing of a ship usually is produced only relative to its 
longitudinal axis, but rolling ia not completely removed, but only somewhat moderated. 


According to the principle of action, gyroscopic stabilizers can be divided 


into the following varieties: 
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1) direct GS; 
2) active GS, or gyroframes; 


3) read-out GS, 


Direct gyroscopic stabilizer is defined as a gyroscopic device whose principle : 
of action 1s based on direct use of stabilizing properties of the astatic gyroscope, 


Indeed (§ 1.3, Par, 4), if axis of such a gyroscope is forced to change its 
position in space, then there appears gyroscopic moment which is used for stabiliza- 
tion of the object. For creation of stabilizing effect the gyroscope should have 
very large angular momentun, 

One of the important characteristics of direct GS is the presence of mechanical 
coupling with the stabilized objects. Therefore, during the analysis of such GS R, 
Grammel [30] considers " ... systems in which the gyroscope constitutes a consider- 
able part of mass of system and influences, due to the appearance of gyroscopic 
effects, the position and state of motion of the system directly, without any control 
elements, Such gyroscopes can be called direct stabilizers," 

Let us indicate certain varieties of these GS, Direct stabilization of position 
or motion of a body is most simply carried out when the body itself represents a 
gyroscope with sufficiently large angular momentum.* Among such gyroscopes it is 
possible to include celestial bodies, a gyroscope in Cardan suspension, a rapidly 
rotating elongated missile and others. 

Sometimes for direct gyroscopic stabilizaticn there is used a gyroscope** which 
constitutes only part of the system (which itself is unstable). An example of such 
a device is gyroscopic stabilizer of railroad car of monorail railroad. Direct 
gyroscopic stabilizer can be used also for quenching of oscillations of a stable 
system, Gyroscopes of such kind are applied in dampers of rolling of a ship,*** 

Direct GS, along with considerable stabilizing effect and acceptable accuracy, 
possess a series of important deficiencies connected with large weight and dimensions, 
Furthermore, for gyroscopes applied in them with large angular momentum, a considerable 
time of acceleration is characteristic, this considerably increases time of prepara- 
tion of the entire gyrostabilizer for operation, 

Of the enumerated types of direct G8, we will consider subsequently gyroscopes 
applied in dampers of rolling of a ship. With properties of objects which are 

*Such a gyroscope sometimes is called directional [30]. - 

**Such a gyroscope sometimes is called rectifying [30]. 
***This gyroscope is frequently called damping [30]. 
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themselves gyroscopes (celestial bodies, fast-rotating elongated missiles and others), 


it is possible to become acquainted in special literature (see for instance, [30, 

65, 20, 190]). Analysis of application of the other type of direct GS, for instance, 
in gyroscopic stabilizer of railroad car of monorail railroad, is given in a number of 
books on applied gyroscopy (for instance, [30, 190, 118, 6, 446)" 

Another type of gyroscopic stabilizers — active GS, or gyroframe — was considered 
in Chapter 7. Power GS have certain advantages over direct GS: for instance smaller 
weight and dimensions, due to application in them of special motors for creation of 
stabilizing torques which serve for overcoming of influence on object of external 
perturbing torques, However, active GS (gyroframe) successfully applied for direct 
stabilization of separate instruments and installations on objects cannot be used 
as direct stabilizers of the objects themselves, for instance in dampers of rolling 
of a ship. Therefore, in these cases there are applied only direct G8 in which there 
are used stabilizing properties of astatic gyroscope, 

The enumerated two types of GS are stabilizers of active type. 

In the third type of GS — read-out gyroscopic stabilizers — there are used 
gyroscopic devices of indicated type (§ 2.4, Par, 1) which are sens‘ng devices 
of stabilization system. The latter control through amplifiers the corresponding 
stabilizing motors, which stabilize the object, which is usually installed in a 
Cardan suspension, 


Thus, read-out gyroscopic stabilizer constitutes a system of automatic control 


whose sensing or pick-up elements are GD roscope devices) of read-out type, which 
control servo drives carrying out stabilization of the object. 

In read-out stabilizers, GD are connected with the stabilized object not 
mecranically, but with help of servo systems; due to this these GD do not directly 
carry a power load with respect to stabilization, In read-out GS there are created 
certain conveniences for distribution of elements of stabilizer, Application of 
powerful servo drives makes it possible to carry out statilization of objects 
possess ing considerable inertial masses, Usually read-out GS have considerably 
smaller dimensions and weight than direct GS or gyroframe, Furthermore, for read- 
out GS due to application of comparatively small gyroscopes, time of setting the 
stabilizer in action ig small, and power drains are less than for other types of GS. 
As gyroscopic elements of the indicated GS there are used gyroverticals and directional 


*See Also: Ye, L, Nikolai. Theoretical mechanics, Part III, State United 
Scientific and Technical Press NKTP YSSR, 1939. 
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gyroscopes of the indicated type, which serve fcr determination of angular deviations 
of the wbject frcm its assigned position, 

With the help of the read-out GS, there may be, for instance, carried cut 
stabilization on a ship of a certain platform relative to three axes of its rotation; 
thus there 1s eliminated the influence on it of rolling and pitching and yawing of 
the ship, In this case, sensing devices of the GS are: 1) gyrovertical, which 
determines angles of rolling and pitching of the ship; 2) directional gyroscope, 
which determines angles of yawing and turning of the ship. These angles are trans- 
mitted with help of servo systems to servo drives, which introduce pitch and yaw 
angles of the ship for stabilization of the platform fixed in a Cardan suspension, 
The given example of read-out stabilization will be more specifically considered in 
§ 10,4, 

Active GS (gyroframes) were in detail discussed in Chapter 7; therefore, further 
there are considered only direct ana read-out gyroscopic stablizers — their design, : 


principles of operation and basic relationships. 


§ 10.2, Remark on General Principles of Gyroscopic Stabilization 


We will make several remarks on certain general principles of gyroscopic 
stabilization. As was shown, as one of the means of stabilization of objects, there 
are applied gyroscopic stabilizers, which in a number of cases make it possible to 
improve stabiiity of system or make an unstable system stable, 

If there 1s selected a system of stabilization and there are assigned parameters 
of the object and stabilizer, then, by using criteria known from theory of automatic 
control, for instance of Hurwitz, Mikhaylov, Nyquist and others, it is possible to 
reveal stability of the "object + stabilizer" system, and also, by using appropriate 
methods, to find quality of system and its other characteristics. However, during 
development of GS, before we become occupied with investigations of these questions, 
it 1s necessary to distinctly show: 1) what influence is rendered, for instance, 
by gyroscopic forces, dissipative force or other categories of forces on character 
of motion of the object; 2) if it 1s possible to provide or to improve stability of 
motion of the system by means of addition of some category of forces to forces which 
act on the system under actual conditions of operations. 

The above mentioned and other criteria of stability do not give an answer to r 
such questions, However, in mechanics there ar2 known certain general principles i 
of stabilization of systems which make it possible during designing to correctly 
approach the discovery of the fundamental possibility of stabilization of the object 
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and to outline in broad terms the scheme of the stabilizer, These principles were 

developed in the classical works of Thomson and Tait [203]. Further development of 
these ideas is contained in a number of works, from which it is necessary first of 

all to mention works of recent years, in particular those of D. R. Merkin [90] and 

I, I. Metelitsyna [95]. 

In them, besides other questions, there is considered the application of methods 
of Thomson and Tait to nonconservative systems, with which it is necessary to deal 
in the appendices. Certain questions of gyroscopic stabilization are considered 
by N. V. Rose [124]. Basic principles of gyroscopic stabilization, along with general 
theory of stability of motion, are presented in the monograph of N. G. Chetayev [170]. 

Using these works, we will give certain basic principles of gyroscopic stabiliza- 
tion. To those interested in this question more specifically, including the 
corresponding mathematical bases, we refer the mentioned literature, 

Let us recall certain necessary definitions, In the differential equations of 
motion of different GD which were considered in the preceding chapters, there were 
contained gyroscopic torques (gyroscopic reaction torques), Such terms of equations 
were called gyvoscopic, According to the definition of Thomson and Tait [203], 
force are called gyroscopic, if the sum of their works on any real infinitesimal 
displacement of the system is equal to zero, Here by gyroscopic force we understand 
gyroscopic torque M, [see (1.3.33)]. Actually, "force" Mi, 4s gyroscopic, since 
[90] its elementary work on ir.finitesimal displacement adt 


Mi, eat =(& xo). Sat ee 


de identically equal to zero if we consider the known property of the vector-scalar 
product containing two equal vectors o. 

Gyroscopic forces can be [90] real forces applied to the system, as well as 
Simply certain terms of the equations of motion; therefore the term gyroscopic 
"force" is arbitrary. 

In examining of gyroscopic stabilizers we will frequently meet with categories 
of forces which we call dissipative. Among such forces are included force of fluid 
drag, which act on points of the system in the direction opposite their velocity, 
and are proportional to the size of the latter. As it is known (see, for instance, 


[85]), generalized drag Qy is called dissipative if it satisfies the relationship 


oD 
Q=-—-—., 10.2.2 
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where ay — generalized velocity of system; 
® — a certain positive guadratic form of velocities ay: 

Function © 18 called dissipative fumction or Rayleigh dissipative function 
[155]. If function © contains the derivatives of all velocities dys then dissipation 
1s called total; in the opposite case it ie2 called partial [170]. 

Subsequently it will be necessary for us to meet also with the idea of potential, 
conservative and nonconservative forces, We assume that force F acting on a material 
particle is such that its projections on coordinate axes can be represented as partial 
derivatives with respect to the corresponding coordinates of a certain function of 


the coordinates U (x y z), which is called in this case the force function, i.e., 





= wu. - wv. =n OU. (105-243) 
f. as’ F, dy’ * a 


Instead of force function U, sometimes we consider potential energy Il, connected 


with force function by the dependence 


40,2544 
=U, ( ) 
Then (10.2.3) can be rewritten in the form 
om dll ont 
F —_s oe * ae — * o— 10.2. 
: ax’ F, dy ' F, a: ( 5) 


Thus, if projections of acting force F satisfy relationships (10,2.5), then 
the field is called a potential field; quantity I(x, y, z) 18 called potential energy 
of field; and force F is called potential, or conservative, All other forces are 
called nonconservative, 

If on the system there act only potential forces, then the law of conservation 
of total mechanical energy of system is valid, Among conservative forces it is 
possible, for instance, to include gravity, force of elasticity, and so forth, 
Nonconservative forces are, for ‘instance, forces of drag. In accordance with what 
was said, mechanical systems are subdivided into conservative and nonconservative. 

During the analysis of gyroscopic stabilizers there are considered also forces 
of radial correction, With such "forces," which are corrective torques with propor- 
tional characteristic, we met during the study of motion of a gyrovertical, in which 
there is used a three-degree-of-freedom astatic gyroscope with proportional correction 
(§ 6.3, Par. 2b), This correction was called radial, since in the presence 
of it the axis of gyroscope returns to initial position in the shortest direction 
(trajectories of vertex of gyroscope are a family of straight lines, passing through 


«69 





*-—- pee pe ewrnretn— ones — owtleing 


origin of coordinates; Fig. 6.3). 

In theorems, pertaining to gyroscopic stabilization, sometimes there is used 
the term degree of stability, where in it there is a different content than in the 
same conce})t which we used in § 7.3, Par, 3e. In order to explain the meaning 
of this term, we will assume that certain conservative system (in the absence of 
gyroscopic and dissipative forces) is described in normal coordinates qy by equations 


of form 


a+eq=0 G=1,2,..., 20), (10.2.6) 


each of which contains only one coordinate, 

If any number Cy > O, then motion along the corresponding coordinate will be 
stable; if Cy < 0, then motion along this coordinate is unstable, Therefore, numbers 
c, are called (see, for instance, [90]) stability factors of the system, and the 
number of negative Cy 1s called degree of instability, Subsequently not the number 
of unstable coordinates, but its evenness will be significant, Let us designate 
the determinant consisting of coefficients Cy by C = [e413 then it is possible to 
formulate the following rule [90]; if determinant C > 0, then number of negative 
stability factors is evens if C < 0, then number of negative stability factors is 
odd, 

Let us give certain theorems pertaining to gvroscopic stabilization. 

In the beginning we will consider several theor.2ms of Thomson and Tait [203, 
170], which reveal the influence of dissipative forces (formulations of theorems 
are taken from different works, to which there are given references): 

1) dissipative forces do not disturb stability; 

2) if equilibrium is stable during the presence of potential forces, then it 
becomes asymptotically stable with the addition of dissipative forces with total 
dissipation; a 

3) equilibrium isolated and unstable in the presence of potential forces cannot 
be stabilized by dissipative forces, 

One of the remarkable theorems of Thomson and Tait pertains to the possibility 
of stabilization of the position of equilibrium of a system by gyroscopic forces, 
This theorem states (203, 90]: if instability of isolated position of equilibrium 
of conservative system has odd degree, then stabilization of equilibrium by gyro- 
scopic forces is impossible, 

Sometimes this theorem is formulated in the following way [29]: gyroscopic 


stabilization 18 possible only for systems with even number of unstable degrees of 
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freedom, 

This and other theorems were obtained by Thomson and Tait from analysis of 
first approximation of perturbation equations [170]. The given theorem has important 
practical applications, which will be discussed further in examining of concrete 
@yroscopic stabilizers, 

Question about stability of system under action of only gyroscopic forces was 
investigated by D, R. Merkin [90]. He proved the following theorem: in order that 
position of equilibrium of a system on which there act only gyroscopic forces be 
stable, it is necessary and sufficient that determinant composed of gyroscopic 
coefficients not be equal to zero, 

In order to explain what gyroscopic coefficients are, we will write expression 
of gyroscopic torques contained in differential equations of motion of gyroscope 
in the form [90] HG 44443 here H is angular momentum of gyroscope, qy is generalized % 
(controlling) angular velocity of axis of gyroscope, By4 ia gyroscopic coefficient, 
Thus, for instance, for equations (1.6.1) gyroscopic coefficients will be cos B. 

From the above theorem it follows that if on system there act only gyroscopic 
forces and it has odd number of controlling coordinates, then any position of the 
system is always unstable. 

As an example in which there can take place such motion, it is possible to give 
the two degree-of-freedom astatic gyroscope whicn is applied in the gyrotachometer 
(Chapter 8), if in it there are disconnected spring and damper. 

It is necessary to note that the last theorem has important value during re- 
solution of question about the possibility of application, during investigation of 
motions of a gyroscope, of the so-called simplified (shortened) equations of its 
motion (§ 1.6, Par. 8). 

D. R. Merkin [90] proved also the following theorem of possioility of gyroscopic 
stabilization of unstable equilibrium of a conservative system: if to an unstable 
conservative system there are applied gyroscopic forces satisfying the following 
conditions: 1) the determinant composed of gyroscopic coefficients is not equal to 
zero; 2) simplified system 1s stable; 3) of the frequencies of the simplified system 
there are none which are equal, then for sufficiently large H unstable equilibrium \ 
of conservative system-will be stabilized by gyroscopic forces, a 

In real systems, besides gyroscopic forces there will act other dissipative 
forces, In connection with this we will give corresponding theorems of Thomson 


and Tait [203, 90, 170] about stability cf systems during action on them of gyro- 2 
HI 
scopic and dissipative forces, a 
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1. If motion of conservative system near position of equilibrium is stable, 


2 SERRE © 


then upon addition of arbitrary gyroecopic and dissipative forces (the latter are 
not necessarily of total dissipation) stability of equilibrium is conserved. 
2. If equilibrium is stable for some potential forces, then it becomes 


asymptotically etable with addition of arbitrary gyroscopic forces and dissipative 
forces with total dissipation. 


NTR 


3. Equilibrium which is unstable under action of conservative forces remains 


unstasle after addition of any gyroscopic forces and dissipative forces if the latter 


possess total dissipation, 


From the last theorem it follows [90] that if conservative system is unstable 
without gyroscopic forces, then in the presence of dissipative forces with total 
dissipation it is not possible to stabilize it by any gyroscopic forces, If total 
dissipation does not occur, then in certain cases such stabilization can be carried 
out, 

The mentioned fact is formulated by the following theorem [170]. 

4, Under certain conditions, equilibrium which is unstable under action only 
of potential forces can be fixed or stabilized by addition of suitable gyroscopic 
forces, if degree of instability is not odd and there are not added dissipative 
forces possessing total dissipation. 

The question of the possibility of gyroscopic stabilization in the presence of 
dissipative forces (damping) is also dealt with by the following theorem [203, 29]. 

5. If in the system there is no damping, then stabilization of even number 
cf degrees of freedom always can be attained with the help of sufficiently powerful 
gyroscope; on the contrary, if in the system there are degrees of freedom with 
damping, then for possibility of gyroscopic stabilization the system should have 

also artificlally disturbed degrees of freedom, 

Thus, if of two degrees of freedom one experiences damping, then for possibility 
of gyroscopic stabilization the second degree of freedom should receive artificial 
perturbation. This theorem found practical application during realization of 
gyroscopic stabilization of railroad car of monorail railroad [30].* 

As was shown in Theorem of Par. 3, unstable conservative system in the presence 
of dissipative forces with total dissipation is impossible to stabilize any 
gyroscopic forces, Under actual conditions there always exist small dissipative 


*See also: Ye, L, Nikolai, Theoretical mechanics, Part III, State United 
Scientific and Technical Press NKTP USSR, 1939. 
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forces with total dissipation, as a consequence of which gyroscopic stabilization 

of unstable equilibrium of conservative system will be disturbed. Therefore, stabil- 
ity existing with only potential forces, Thomson and Tait [203] proposed to call - 
secular, and stability obtained from gyroscopic stabilization — temporary. 

To questions of gyrosxopic stabilization of nonconservative systems there are 
dedicated works of D. R. Merkin [90], I. I. Metelitsyn [95], and others. Not having 
the possibility to present theorems obtained in them. we will be limited only to 
certain remarks, In these works, vesides conservative, gyroscopic and dissipative 
forces, there are considered accelerating forces [90], the character of action of 
which is opposite to dissipative forces, and forces of radial correction. Thus, 
in them there are considered systems of more complicated structure, and different 
forces acting under real conditions, 

If the system satisfies the earlier enumerated conditions [1) the determinant, 
composed of gyroscopic coefficients is not equel to zero; 2) simplified system is 
stable; 3) of the frequencies of the simplified system there are none which are 
equal], then for sufficiently large H frequencies of the system are divided; half 
of them become very small (on the order of fc); and the second half become very 
large (on the order of H), The first group of frequencies approximately coincides 
with frequencies of simplified system to which there correspond slow precessional 
oscillations, but the second group of frequencies to which there correspond fast 
nutational oscillations, coincides approximately with frequencies of the system, 
as if 1t moved under action of only gyroscopic forces (for system with gyroscopes 
— as if it moved by inertia) [90]. Let us note that each group of frequencies is 
calculated independently of the other. 

Thus if condition of stability is satisfied and gyroscopic forces are dominating, 
then to oscillations with higher frequencies there corresponds more intense damping 
than to oscillations with low frequencies, 

With such a phenomenon we meet, for instance, in the gyroscopic damper of 
rolling of a ship (§ 10.3, par, 2c) and in a gyropendulum (§ 11.4, Par, 3c). 

The given theorem makes it possible in applications to be limited by study of 
slow precessional motions of a gyroscope due to the comparatively fast damping of 
its nutational oscillations, 

Let us give one more theorem important for gyroscopic stabilization [90]. 

If force function of perturbed mocion of conservative system has an isolated ] 
minimum (all stability factors are negative), then: 


a) for odd number of controlling coordinates and any nonlinear terms, the system 
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cannot be stabilized by any gyroscopic, radial-corrective, accelerating or dissipative 
forces; 

b) for even number of controlling coordinates and under the condition that on 
the system there act forces of total dissipation, for stabilization it is necessary 
to simultaneously add gyroscopic and radial-corrective forces (independently of non- 
linear terms). 

In the example with the railroad car of the monorail railroad, unstable conser- 
vative system having in position of equilibrium minimum of force function is stabi- 
lized by addition of gyroscopic, dissipative and accelerating forces without forces 
of radial correction, 

With theorems pertaining to the possibility of obtaining asymptotic stability 
of nonconservative systems, it 1s possible to become acquainted in work [90]. 

Above there were given certain theorems characterizing general principles of 
gyroscopic stabilization, Proofs of these theorems are contained in the above- 


indicated literature, 


§ 10,3. Direct Gyroscopic Stabilizers 
1. Preliminary Remarks 


From all types of direct gyroscopic stabilizers we will consider only gyroscopic 
dampers of rolling of a ship, which can serve as an example of use of gyroscope 
as a direct stabilizer and which have received the greatest practical application, 

We will analyze fundamental designs of gyroscopic dampers, principles of their action, 
basic relationships and their behavior in dynamics, 

Gyroscopic dampers, like other types of dampers of rolling of a ship, in 
principle of operation can be passive or active. As it is known [5],* passive dampers 
are set in action due to energy created by the rocking of the ship, and do not require 
additional expenditure of power, Work of active dampers is carried out from 2 
separate source of power in the form of a special mechanism; it is connected with 
a'certain expenditure of power and is usually controlled by an automatic control 
device, Dampers of rolling of active type, especially if we consider gyroscopic 
stabilizers, have a series of essential advantages over gyroscopic dampers of passive 
type. Nevertheless, we in the beginning will consider the devices of passive type in 
order to reveal their fundamental deficiencies and to compare them with dampers of 
active type. 


*See Also: A. N. Shmyrev, V. A. Morenshil'dt, S. G, Il'ina. Roll dampers of 
vessels, Sudpromgiz, 1961. 
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Creator of gyroscopic roll damper of active type is usually considered to be 
E. Sperry, who proposed such a gyroscopic stabilizer in 1911. In reality, priority 
in the matter of development of the design and theory of the gyroscopic roll damper 





belorgs to A. N. Krylov, In connection with this, A. N. Krylov himself wrote [63]: 
"In 1909 there appeared the question about installation of a gyroscopic damper on 
the yacht "Strela," Then I developed the detailed theory* of this instrument and 
designs of it... If the Naval ministry had appropriated 50,000 rubles for installa- 
tion and test of the gyroscope-daemper on the yacht "Strela," we would be in this 


matter ahead of Sperry." 


2. Gyroscopic Passive=Type Roll Damper of Ship 
a) Fundamental Design. 

From the preceding paragraph it follows that the gyroscope can serve for energy 
dissipation of a system which oscillates near position of stable equilibrium, and 
damping in such a way its oscillations, This property is used in a gyroscopic roll 
damper of a ship, in which the gyroscope is applied for damping and subsequent 
dissipation-of kinetic energy of oscillatory motion of the ship due to motion of 
the sea, Actually, gyroscopic torque appearing due to rolling of the ship (jointly 
with stabilizer) causes oscillations of gyroscope together with its frame with re- 
spect to the ship. Consequently, energy of waves rocking the ship will be con- 
verted by the damper into energy of oscillations of the frame of the gyroscope. If 
these oscillations are artificially braked, then there partially is dissipated energy 
of oscillatory motion of the ship which leads to constant damping of its oscillations, 
1.e., to calming of rolling. 

Gyroscopic roll damper of passive type of a ship was proposed by ©. Schlick [1°7] 
and subsequently was installed on several ships [63]. The fundamental diagram of 
the stabilizer 1s presented in Fig, 10.14. Its basic element is a rate gyroncope 
whose rotor is fixed in frame F, suspended in supports; the latter are placed in 
stands S rigidly joined with the ship. Axis of rotation of frame is parallel to 
transverse axis of ship. In the lower part of the frame there is factened a load 
Lo, due to which the frame obtains pendulum properties, For damping of oscillations 
of the frame relative to body of ship there serves a brake B, made in the form of a 
band brake or hydraulic damper, 

For obtaining from the stabilizer of maximum effect, the axis of the gyroscope 


*With theory of gyroscopic roll damper of active type it 1s possible to become ; 
acquainted in the book of A. N. Krylov [65]. 
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in position of equilibrium should be perpendicular to vector of angular velocity of 
rolling, 1.¢., to longitudinal axis 

of the ship. Therefore, axis of gyro- 
scope can be located vertically (Fig. 
10,1) or horizontally, parallel to 

the transverse axis of the ship. OO. 
Schlick took the vertical location of 
axis of the gyroscope, for which for 
obtaining of restoring force of the 
frame there can be used the weight of 


load Lo. With such location of the 





Fig, 10.1. Fundamental diagram of gyro- axis, the gyroscope is not influenced 


scopic passive~type roll damper. by yawing of ship, and pitching is 


influenced cnly due to work of brak:. 

Brake absorbs that energy which supports the rocking of the ship and appears 
as a result of action of waves on the ship; furthermore, the brake limits swings 
of the frame. Indeed [110] in the absence of the brake oscillations of frame and 
ship occur with phase shift of 50°; between ship and gyroscope there is accomplished 
continuous exchange of energy without; change of total sum of this energy, and damping 
of oscillations is not observed, With brake turned on, phase shift decreases, and 
in parallel with the exchange there occurs energy dissipation between gyroscope and 
ship, for instance in the case of a hydraulic damper — in the form of kinetic and 
thermal energy of the liquid used ‘in braking, 

Principle of action of the considered damper in broad terms consists of the 
following. During rolling of ship about its longitudinal axis Ox (Fig. 10.1) with 
angular velocity 8, there appears a gyroscopic torque approximately equal to M, = 
= HO and directed along the axis OY, of rotation of the frame. Since velocity g 
has an oscillatory character, then gyroscopic torque My, which causes oscillatory 
motion of the frame around axis Og: will have the same character, Let us designate 
angular velocity of rotation of frame around axis °, by B, During this mction of 
the frame with the gyroscope there appears also a gyroscopic torque which is 
approximately equal to My =M, = HB and directed along the axis Ox; this torque is 
transmitted through bearings of the body of the ship; we will call it subsequently 
stabilizing torque, Actually, for the direction of angular velocity 8 of rolling 
shown in Fig, 10.1, the ship rolls to the starboard, i.e., rolling torque caused 


by action of waves is directed in positive direction of axis Ox, The stabilizing 
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torque Oy, appearing during oscillatory of the frame around M. is directed in negative 
direction of axis Ox, 1.e., opposite to the roljing torque; this leads to damping 
of roll of the ship. With more detailed account of principle of action of gyroscopic 
passive-type roll damper it is possible to become acquainted in special literature 
(for instance, [110, 26]). 
b) Dynamic Characteristics. 

Equations of motion, We will form differential equations of motion of considered 
dynamic "ship + damper" system, Being limited to linearized equations usually 
applied during investigation of gyroscopic roll dampers, we use for their composition 
the method Kudrevich (§ 1.6, par, 2). For this we will construct an auxiliary 
drawing (Fig. 10.2), on which there are drawn the same coordinate axes in Fig, 10,1. 


Let us introduce the following designa- 


tions: a moment of inertia of mass 
of ship relative to its longitudinal 
axis Ox; 6 — angle of roll of ship, 
taken as positive during roll of the 
de Ap . latter to the starboard; a — effective 


angle of slope of wave}; by — drag 





Date) coefficient of water pertaining to 
i 
be oscillations of the ship; D — weight 


of ship; h — metacentric height; J - 
Fig. 10.2. For deviation of equations of G. 


motion of ship with roll damper, — moment of inertia of gyroscope 
together with frame with relative to 


axis OY, of its rotation; B — angle of rotation of frame around axis Oy,, taken as 


’ 
positive for slope of axis Oz, of gyroscope is diametrical plane of ee toward the 
nose; H — angular momentum of gyroscope; ae = weight of load fastened to lower part 
of frame (Fig, 10.1); 2 — distance from center of gravity load to point 0 of sus- 
pension of gyroscope; M, — braking torque of frame during its rotation around axis 
OY, caused by action of brake and friction in axis of rotation of frame. 
Along longitudinal axis of ship Ox (Fig. 10.2) there are located vectors of 
torques}: J,8 — moment of forces of inertia of ship; d,8 — moment of drag forces of 
water pertaining to oscillations of the ship; Dh sin (9 —a@) © (Dh (9 — a) — moment 
of forces of weight of ship (Dhé — restoring torque or moment of stability; Dha — ( 
moment of perturbing action of waves, or rolling moment ) : HB — gyroscopic torque. ' 


Relative to an axis OY, of rotation of frame there act: aes moment of forces 


J 
& 
of inertia of frame with gyroscope; Piol sin B » Pi tB — static moment of load 


nee 


aS <2 Tae Oe ty ad 
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fastened to frame; M, — braking torque; Hi = gyroscopic torque, 





In accordance with D'Alembert's principle, sums of these torques with respect 
to axes Ox and OY, respectively have to be equal to zero; therefore, using Fig. 10.2, 


we find differential equation of rolling of ship about axis Ox 


J A+ 66+ DkO—a) + Hi =0 (10.3.1) 


and differential equation of oscillations of frame together with gyroscope about 


axis OY, 


: 


d,, f+ ?,,8—M, — Hb =0, (10.3.2) 


1.e., the system of equations characterizing oscillations of ship (supplied with a 


gyroscopic damper) and frame of damper, 


J,5 + 65+ Dho + H3 = Dha (t) (10363) 
J,, b+ P,8—M,— Hd =0 


From these equations it follows that action of gyroscope on ship appears in 
the form of gyroscopic torque HB directed along longitudinal axis of ship and con- 
stituting stabilizing torque Me 

Braking torque M, can have different expressions depending upon design of brake. 
Subsequently we will consider, as this occurs in roll dampers of passive type, that 
braking forces act according to a definite law independently of the character of 
waves, and that their torque M, is determined by the expression 


eee. (10.3.4) 


where b, — braking force coefficient of oscillations of frame around axis OY. 


Placing (10.3.4) in (10.3.3), we will obtain 


18+ 66+ Dhd+ Hi = Dhr(t) 


. 10.3565) 
J, P+6$+P,—Hb=0 


Transfer Functions, For investigation of behavior of ship (supplied with damper) 
in transient response, and also for determination of forced oscillations of ship 
and frame with gyroscope on sea swells, it is necessary to know their transfer 
functions with respect to disturbance of waves a(t), which subsequently we will 


designate by f(t). Let us divide first equation of system (10.3.5) by J,» and the 
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second equation by J Then, replacing a(t) by f(t), we will rewrite (10.3.5) in 


&.e° 
the form 





bas b+ Poy S wt eA) 

















Je. ® e8 
Let us designate 
2, DA. ; 2, Prot 
" 4, Z me Jee 
; . 10.50% 
: 4s * See 
by 
We v.uszsform ratio yy in the .ossowing way: 
ry 
eR on, 
Bt taNY, sees (10.3.8) 
“= a 
C oe 
*'2V Dal, (10.3.9) 
Be 
Analogously for we have 
&.e 
fm 
, . J. cs Day (103,10) 
d Je. y 22 
Je. 
where 
Go : 10.3.11 
‘Ve : ( 


Considering designations of (10.3.7), (10.3.8) and (10,3.10), we will rewrite 
equation (10.3.6) in the form 


0+ 2,0, + ni + bid = al f(t) (10.312) 
b+ ng + np — kh =0 | 


From equations (10,3,.12) it follows that ny, constitutes frequency of natural 


sustained oscillations of ship with damper turned off, i.e., with non-rotating rotor 


SS ee Coe ee ee ~~ sera isos es _ 7 s = Sa 





is a lb ages wh BS ag al Bi ss ees 


na > (10,3.13) 


Then for period of the indicated oscillations of the ship we have 


Tye Bane fh, (10.3.i4) 


2 is frequency of natural sustained oscillations of frame with 
gyroscope with non-rotating rotor (H = 0; K, = 0)" 


Analogousy n 


y= f reek (10,3.15) 


Then for period of indicated oscillations of frame we have 


oe fe. 40.3.16) 
T= 7, = a ( 


Quantities Oy and bo are relative attenuation factors of oscillations cf ship 
and frame of damper (where Go constitutes braking coefficient). 
Let us write equations (10,3.12) in different form; tor this we introduce, 


by analogy with (4.3.23), time constant T, of ship and time constant Ty damper: 


1 
T=—3 T=. (10,3.17) 


Let us divide first equation of system (10,3,12) by ci and second equation 
by né and designate 


k ke 
k=; k= =. (10,3,18) 
wR; Ry 


Then, considering (10.35.17) and (10.3.18), in place of (10.3.12) we obtain 


716 + 2,764 9443 = f(s) 


: (1053.19) 
73+ 2,7,3+3—44 =0 


*Quantity can aiso be treated as frequency of natural sustained oscillations of 
frame with rotor rotating (H # 0), but for 0 = 0, 


PRO 


Let us rewrite equations (10,3.19) in operator form (p = So): 


(71P° + 2%,7,p + 1) 0+ £,p3 = (4) 
E (10,3,20) 


—hpi + (737 + 2.,7 p + I)3 =0 


For elimination of variables 6 and B we will find principal determinant A of 
system (10,3.20) and determinants 4g and Ags obtained from A by means of replacement 


of corresponding columns by the column of right sides of equation (10.3.20). We have 
3 
Tp'+%7Tpt+) = kp 


—kyp Ty' +2 p+! 
(Te +27 p+ 1) (Tp" + 2,7 p + I) + keep"; (10,3.21) 


. bua 








Ty +2 Tp +! 
= (Typ' + 20,7.) + PAG! (103,22) 


aw (FM) kp i 
a, ’ | 


Te +27 p+! (t 
4,-| om s P+ ae = kpf (t). (10,3.23) 


— kp 


Since Ae6 = Ag» AB = das then we obtain following differential equations for 


6 and B in operator form: 


[(7ie" + 2,7 ,p + 1) (Trp* + 2,7,p + 1) +4,h,p') 0 = 
= (7° +2,7p + NF) 
[(Tie* + 2,7, + 1) (Tie + 2,7,p +1) + 
+ h,h,p'|B = kp f(t) 


(10.3,24) 


Applying to (10,3,24) Laplace transform, we find expressions for transfer func- 


tions 


o, ,(s) = ®,(5) = 2, ®, (9) =, (s) = oO (10.3.25) 


in the form 


73s? + 22,7,5+1 


Sa a ee (10.3,26) 
Wie at ys + 1) (Tys? + 2,7 y5 41) ~ byhys? 


b,(s)= 
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, () = ———______*# (10.3.27) 
(Tie + 22,7, 54 1) (73s? + 22,7,54 1) +a, ays? 


Above there were obtained differential equations of motion of ship supplied with 
gyroscopic roll damper of passive type. Let us give differential equation and trans- 
fer function of ship without damper, In this case, according to (10.3.19), we have 
equation of rolling of ship in the form 


Tb QT br Ge PCO), (103,28) 


whence for transfer function 5 2(s) = 0, (8) we find exnression 


©. (s) = s 10,342 
ib) Tisk+ 7 s+1- ee Mae: 





which can be obtained from general formula (10.3.26) if in it we put parameters of 
damper Ty = O, Go = OQ, ky = K, = 0, 
c) Transient Responses, 

Determination of transient responses of "ship + damper" system is a very in- 
portant problem of the theory of a roll damper and in calculation of its basic 
parameters, Of the greatest interest is analysis of stability of system and natural 
oscillations of ship with damper, Let us dwell briefly on these questions, 

First of all it is necessary to find characteristic equation of system, It is 
easy to obtain (§ 7.3, Par. 2), if we know expression of transfer functions 
(8) or ,(8)3 moreover, in both cases this equation is obtained to be the same, 
‘3 ®, (s) is written, for instance, in the form of (7.3.2), then, by analogy with 


(7.325), characteristic equation of considered system will be 
Nu Q) = 0, (10,3.30) 


1.e., for finding of this equation it is necessary to replace in (10,3.26) s by A 
and to equate denominator of transfer function %, (8) to zero, Then we will write 


characteristic equation in the form 
8 - \¢ * . , 4 
(Tre + 2,724 I(T + T+ 1) + bby}? = 0. (10.3.34) 
After simple transformations we will obtain 


a)! + a,)? + a,j? + a,). + Qa = 0, (10, S32 ) 


RBZ 
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where 


a,=! 

Q, = 2(,,7, + &7;) 

@, = T4724 42,.,7,7, +h ky (20,3533) 
Q, = 27,7 (347, + aT) ; 

a,=TiT; 


According to the Hurwitz criterion, in case of characteristic equation of 


fourth degree, necessary and sufficient conditions of stability are the following: 


a>0; o,>0; a>0; a>0; a,>0; 
‘la, a, O 
Ay= 0, 0, a,| = a, (aa,—a,a,) —a,a? >0. (10.3.4) 
In accordance with (10.3.33), positivity of coefficients ay, ... a, is fulfilled, 
Let us note only the following. If equation (10,3.32) is divided by Ais then last 


a 
term of thie equation will be =, Taking into account (10,3.33), (10.3.17) and 
4 





a P 
O Ta -: 2.2 D lo 
(10.3.7), we have — = — = =njn5 = : hl. Product ht should be positive 
’ a ay Tere 41°2 Jy Jeg.e ’ 


1.e., h and 2 have to have the same sign. Consequently, load Lo (Fig. 10.1) must be 
installed lower than point 0 of gyroscope suspension; this condition is satisfied in 
design of damper. If frame is made to be balanced (i = 0), then = = 0 and, according 
to (10.3.32), one root of characteristic equation will be zero; in other words, posi- 
tion of equilibrium of frame 1s arbitrary, and such a stabilizer will damp rocking of 
ship not relative to its straight position (9 = 0), but relative to angle of its 
slope 95 at the moment of turning on the stabilizer. 
According to second condition (10,3.34), considering (10.3.33), we have 
2(3,7,+7,) (7: +7, +4, QT Ty hk) 27,7, (4.7, 27,) — 
OTT (7, F272) | ATT (B72 + UT,)" 0. (10,3.35) 


Let us note that during development of the damper, it is attempted to make 
natural frequencies ny of oscillations of ship and ns of oscillations of frame with 
gyroscope be equal, since in this case resonance between frequency o1 waves and 
frequency of rolling of ship becomes simultaneously resonance between frequency of 
waves and frequency of oscillations of frame with gyroscope. This promotes 


enhancement of the effect of damping of rolling [30]. This 1s all the more expedient 
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for conditions of irregular roughness of sea, when predominant frequency of rolling 


oscillations of ship is its natural frequency Nn,» Considering (10.3.17), for n, = 


= No) time constants Ty) of ship and Ts of roll damper are also equal: 


T= T= T. (10,3.36) 
Putting (10.3.36) in (10.3.35), we have condition 
4.0.7? + hk, > 0, (10.3.37) 


which is always satisfied, since Gy Go» ky and k, are positive values. 

It is easy to show that gyroscope would begin to damp natural oscillations of 
ship even in the case when resistance of water to oscillations of ship is absent, 
iie., for oy = 0, Actually, from (10,3.33) it is clear that for O = 0 coefficients 
of characteristic equation are all positive, and inequality (10.3.37) is satisfied, 
Consequently, gyroscope will damp not only forced, but also natural oscillations 
of ship. 

Analysis of transient response and basic characteristics of quality of the 
dynamic "ship + dumper" system can be carried out by methods known from theory of 
automatic control, in particular with help of the frequency method of a.alysis of 
quality applied during investigation of transient response of active GS (§ 7.3, 

Far, 3), which is based on use of real frequency-response curve of the system, 

Let us note certain general properties of natural oscillations of ship with 
damper. We use results of analysis of these oscillations obtained in the literature 
(see, for instance, [30, 20, 146, 110]). 

Characteristic equation of system is an equation of fourth degrees using known 
relationships* between roots end coefficients of characteristic equation, it is 
possible approximately to determine roots, and consequently to find law of free 
oscillations of system, Such a problem of analysis of natural oscillations of ship 
supplied with gyroscopic roll damper of passive type is considered in a concrete 


— oe we ee ee ee ee 


Aos Ags Ay are roots of equation of fourth degree 
x! + ax? + bx? +cx+dx#0, 

then the mentioned relationships are expressed by equalities [146] 

@ == — (Ay + Ay + ds 4 dy) 

B= Myke H Aghy + Ryda -b Dada + Mgdy -t Pad, 

C= — (Ahaha t dada Tabata + latated 

d= dpa 


fe ly = ee eee 


numerical example [146], where it 1s shown that these oscillations have an attenuating 
character. Presence of gyroscope increases period of natural oscillations of ship 
and causes more intense decrease of amplitude of oscillations, 


This same problem was considered by B. V. Bulgakov [20]. According to (10.3.7), 


V 3x%g.¢ 


we designate k= |/ kik, = fee If k” = 0, which can take place only at 


H = O (i,e., when damper does not work), then iy = k,, = O and characteristic equations 
corresponding to equations (10,.3.12) or (10.3.19) break up into two quadratic 
equations, which characterize independent oscillations of ship and frame with gyro- 
scope, If k =o, which corresponds to a gyroscope with very large angular momentum 
H, then osc llations of system are separated into slow (precessional) and fast 
(nutational), On the basis of investigation of this case it is shown [20] that for 
obtaining of the strongest possible damping of natural oscillations of the ship, 

it 1s advantageous to increase braking coefficient Oo of frame of damper, whercas 
unlimited increase of angular momentum H of gyroscope, even if it were possible, is 


not at all userul, Let us note that quantity t= 


: I,4¢.¢ 


for sufficiently large 





HK 1s close to frequency of fast nutational oscillations of gyroscopic system, and 
quantity fio" 5 frequency of its slow precessional oscillations. 

Analysis of natural oscillations of ship supplied with gyroscopic roll damper 
of passive type, under the assumption that it is possible to disregard resistance 
of water to oscillations of ship, and for equality of frequencies n, and No» given 
alsc in the book of R. Grammel [30]. Under these assumptions there are selected 
optimum values of angular momentum of gyroscope and braking coefficient of oscil- 
lations of frame of damper for the purpose of obtaining of aperiodic damping of 
natural oscillations of ship. 

d) Dynamics of Ship with Roll Damper, 

During determination of efficiency of roll damper, most important is calcula- 
tion of forced oscillations of ship supplied with damper, Such calculations usually 
were produced for conditions of regular sea swells (see, for instance, [30, 20, 146, 
65, 110]), when disturbance f(t) -a(t) due to sea swells is a harmonic function of 
time. For determination of forced oscillations of ship under these conditions, we 


will use first equation (10,3.24), which we will write in the form 
(a,p' + ayp* + a,p* +-a,p + a,) 4 = (b,p? + byp + hy) f(t), (10.5.8) 


where for coefficients 4), ..+ Ay, Dor «e+ Do, considering (10,3.38), we have 
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ay = 1; : b, = j 

a, = 2(,7, + 2473): 6, = 21,7, 

a, = T + i + 4,,,,7,7, +A by 8, = T; (10.3.39) 
@, = 27,7, (5,7 + 2a); 

a, = TT; 


Disturbance f(t) we will represent in the form 


S(t) = a sin vt, (10.3,40) 


where ao = the biggest angle of wave slope; 
» — frequency of wave. 
By analogy with (8,2.126), forced oscillations of ship 9,.,(t) are determined 


by relationship 


0, (0) = agA (w) sin [wt + = (w)], (10.3.41) 


where A(w) and 9(w) — amplitude and phase frequency-response curves of "ship + damper" 
system, 
For determination of A(w) and 9(w) we will use general method presented in 
§ 3,2, Par. 3d. Comparing (10,.3.38) with (3.2.36), for a(w) ... d(w), considering 
(3.2.38), we will obtain 


a(w) = by — b,u*; 6(o) = bw 
¢ (w) = ay — Aw? + aw, d(v) = aw —aw*® (10.3.42) 
Putting (10.3.42) in (3.2.41), we find 
Ata)» |/ ete ee _ 
(Gq — ayo + ayo)! + (ay — ayo) (1.0. 3543) 
7 (uw) = arctg elon — eat * aul) (be — bent (ay — a0") (10.3.4) 


(by — 638) (ay — yn? + ayu') + Oyu (ay — ay") 
Since we will be interested only in amplitudes of forced oscillations of ship, 

then, according to (10.3.41), we will obtain 

0° = aA (3). (10.3.45) 


For determination of final expression for A(w), we substitute (10.3.39) in 


(10.3.43); then 
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} (0 (E+ TF + 4yCgF Ty + 4,4) 0? + iT Zo")? + 


Kee 





(10,3.46) 


© F[2(Gt + GTa)e— 27,73 (Ta +47)? 
Thus, analysis of amplitudes of forced oscillations of ship is reduced to 
investigation of expression of amplitude-frequency characteristic A(w) depending 
upon parameters of ship and damper, Usually during determination of forced oscil- 
lations of ship with damper, we are limited to consideration of a simpler case [3013 
namely, we do not consider resistance of water to oscillations of ship (0, = 0) and 
consider time constants of ship and damper to be identical (T, = T, = T); then 


(10.3.46) can be rewritten in the form 
a t. 3 02 24? 
Awe) = }/ Sa eeeiee ee e +40 
{1 —(2T? + kik, )ot + T4]8 + (2, To(] — Tet) (10.3.47) 


Putting (10.3.47) in (10,3.45), we will obtain 


2/ olan ne ae: (10.3448) 
: (27 + bik) ot + Thott + (25, To (1 — Teed) 


With help of formulas to type (10.3.48), in Fig. 10.3 there are constructed 
[110] curves of amplitudes of forced oscillations of ship supplied with damper, 
Along the axis of ordinates there is plotted ratio of 


amplitude @° of oscillations of ship to its static 





for 
O 
deviation Qos 1.e., op and along the axis of 
0 


abscissas — ratio of period of natural oscillations 


= = wI, Let us note that ratio 





_o 
o a5 1 Wc as OS ¢é 
Period pe GAOLLIRE AONE ot A = aa (10. 3.49) 


Fig. 10.3, Curves of rel- 
ative amplitudes of oscil- 


lations of ship witn damper. >.> 6b), which in considered case is equal to A(w), 


constitutes dynamicity coefficient system (§ 8.2, 


1.€., A(W) = A(@). 


In Fig, 10.3 it is shown that for turned off damper (H = 0), rolling of ship 
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of ship to wave period, or, which is the same, quantity 


acer wae 


occurs according to curve I; however, in reality amplitude of rolling does not attain 
infinitely large values due to presence of resistance of water to oscillations of 
ship, which in (10,3.48) was not considered by us, In this case (Ky =k, = 0, bo = 

= 0); according to (10.3.48), dynamicity coeffictent will be determined by relation- 


ship 
Danneel 
¢  1-Tet’ (10.3.50) 


which is represented by curve I in Fig, 10,3. 

When damper works without braking (6, = 0), rolling of ship is determined by 
curve II, Here there exist two positions of resonance, of which one corresponds to 
coincidence of wave period with period precession of gyroscope, and the other with 
period of nutation, It is clear that application of damper without braking is 
harmful, since there increases probability of appearance of large amplitudes of 
rolling. In the presence of braking of frame of damper, oscillations of ship follow 
curve III, which shows that amplitude of rolling under these conditions nowhere 
attains large magnitude. The most favorable is section between intersection points 
cf curves I and II, Outside this section amplitude of rolling of ship even some- 
what is increased. Damper works especially efficiently in the case when wave period 
is close to period of natural oscillations of ship. 

Let us note that graphs similar to the given ones (see, for instance, [ 30, 20] ) 
can be useful for selection of optimum values of angular momentum of gyroscope and 
braking coefficient of frame. In particular, here increase of angular moment'm of 
gyroscope is expedient. Principal disadvantages of gyroscopic roll damper of passive 
type, which are revealed already from analysis of curves in Fig, 10.3, wiil be 
discussed further on, 

Determination of amplitudes of forced oscillations of ship (supplied with 
damper) on regular sea swells permits us to reveal only certain fundamental pecu- 
lierities of the damper, Effectiveness of its action should be calculated for 
conditions of the irregular roughness of sea, which exists in reality. 

Let us give certain general considerations about method of calculations. For 
carrying out the latter it is necessary first of all to know probability characteris- 
tics of disturbance f(t) = a(t) caused by the waves, Methods of their determination 
for the general case of a three-dimensional irregular agitation are shown by A. A. 
Sveshnj*.ov [140, 139). For tentative calculations relative to two-dimensional 


irregular agitation it is necessary to know spectral density S (©) of random function 
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a(t) of angles of wave slope, and thus to take into account effective angle of wave ! 
slope with consideration corresponding reduction coefficients [110]. 

As the dynamic characteristic of a ship with roll damper there serves the 
amplitude-phase characteristic ©, (jw), which is obtained by means of replacement in 


expression (10,3.26) of s and ju: 


= 2 : 
(1—Tie? + 2,7 jo) (1 — Tym? + 2,7 ,j0) — hybgw?” 
Spectral density Sg(“) of angles of rolling of ship with damper is determined, 
by analogy with (4.6.47) by formula 


S, (w) = | ®, (ie)? S, (v) (10, 5.52) 
or, considering (10.3.51), 
1— T}e? + &,T,je : (10.3.53) 
Begs eee ee eee 3. 
(1—T 7+ 25, Tujw) (1 — THe? + 22,7 ju) — eytye? | * as 


For dispersion D [8] and root-mean-square 0, value of angles of list of ship 


we obtain the following expressions: 


D{®} = ais, (w) dw = 
f 1-73, * +2 T, ie 
= a w)dw 
lise 4% T ju) (t— Tze? + Tye) aa ee (10,3.54) 


— 
«=F Die. (203.555) 
Thus, knowing parameters of ship Tyo Gas parameters of gyroscope damper Tos Gos 
Kk,» Kp, and also spectral density S,(o) of random function a(t), we can determine 
D [8] and dy. 
Since angles of roll of ship during operation of damper also follow a normal 
law, then it is very simple to determine mean value E, of angles of roll, and also 
limiting (in the probability sense) value of residual angle of roll of the ship, or Z 
to solve the problem of "overshoot" of angles of roll beyond some given value (5 Buls 
ar. (23s 
In order to reveal effectiveness of action of roll damper on irregular sea 


swells, it 1s also necessary to find probability characteristics of rolling of ship 
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with turned off damper. For this we will use equation of rolling of ship (10,3.28) 
and its transfer function (10.3.29). Designating angle of roll of ship without 

t 
damper by 6, by analogy with (10.3652) we find expression for spectral density 


Sp'() of angles of roll of ship 


Sy.(w) = [© (im) FS, ), (10,3.56) 


whence, considering (10.45.29), we have 


S,. (#) = | ————_—_—_- w). 
> 1— Tie? + 2,7 iv fs. ae 





' 
Then for dispersion D[@ ] and root-mean-square value o,' of angles of roll of 


I ship, we will obtain following expressions: 








Diijjmo( 5, @doe 2 f(—__! 5 w) du 

4 | ae . \ |e le (10.3.58) 
=) D6. 
“ (" (10.3.59) 


Effectiveness of roli damper of ship on irregular sea swells can be characterizea 
by a certain coefficient y, which is the ratio of root-mean-square value of angle 
of roll of ship without damper to root-mean-square velue of angle of roll of ship 


with demper: 


qes. (10.3.60) 


Besides probability characteristics of oscillations of ship, it is of interest 
to find probability characteristics of oscil*ations B(t) of frame with gyroscope 
on irregular sea swells, For spectra? density S$, (©) of these oscillations, consider- 


ing expression (10.3.27) of the corresponding transfer function o,(s), we have 


See | SS: 10.3.61) 
, (1—Tye? + 2,7 jo) (1— Tye? + a) ee a) ( 


whence ror dispersion D [8] and root-mean-square value Of of angles £ we will obtain 


: following expressions: 
Dipl=2 J S,(w) do = 


=2 lenaeen aa eee sae 
‘ (U— Tie? + 27, jo) (1 — Tyo? + 22,7 ju) — bye? 


{= y D{3]. 
230 


[s (w) du, (10,3.62) 


te tee ee EP ts 


e) Evaluation of Damper. 
Passive-type gyroscopic roll damper of a ship was in the beginning of this 


century installed on several ships [65, 110]; however, subsequently they did not 
receive wide use in practice due to a series of fundamental deficiencies, Briefly 
we will indicate dome of them, Usually the damper is calculated for resonance 
frequency, i.e., for frequency of natural oscillations of the ship, and therefore, 
for disturbances with different frequency turns out to be little effective, especially 
during irregular motion of the sea characterized by a certain spectrum of frequencies. 
Constant displacement of center of gravity of frame relative to axis of its rotation 
satisfactorily stabilizes rocking of ship only under certain conditions of distur- 
bance, Partially this deficiency is removed by means of braking of the frame; 
however,action of brake responds to any disturbing influences in an identical manner, 
while for achievement of best effect it is desirable that braking respond continu- 
ously to the changing influence of the waves. The latter is accomplished in roll 
dampers of active type. 

Pitching affects operation of damper insignificantly. More dangerous is 
yawing of the ship on its course, Investigation of this question (see, for instance, 
{30, 146]) shows that with deviation of axis of gyroscope from the vertical and during 
prolonged turns of the ship, the frame with gyroscope under the influence of the 
thus appearing gyroscopic moment can turn about axis Oy (Fig. 10.1) to the horizontal 
position, or even be overturned by the additional load upwards. During yawing of 
the ship on its course, due to the perturbing gyroscopic mement there appear lateral 
oscillations, Removal of influence of yawing of ship on operation of gyroscopic 
damper is possible in principle by means of application of two gyroscopes (rotating 
in opposite directions), axes of housings of which are mechanically connected by 
toothed sectors (as in a two-gyrcscope active GS, § 7.1, Par, 2b}. in connection 
with this one should note that the idea of active gyroscopic frame came into gyro- 
scopic technology from corresponding two-gyroscope devices applied in ship roll 
dampers and stabilizers of railroad car of monorail railroad [30]. 

These and other deficiencies of a passive-type gyroscopic roll damper of a 
ship led to the fact that further development of gyroscopic roll stabilizers went 


in direction of creation of devices of active type. 


3, Gyroscopic Roll Damper of Ship of Active Type 


2) Basic Design. 
Basic distinction of gyroscopic roll damper of ship of active type from damper 
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of passive type is that precession of frame and gyroscope is not a consequence of 
perturbing action of waves, but is created artificially with help of a so-called 
precessional motor, which 1s controlled from special auxiliary gyroscope reacting 
to rolling of the ship. Due to precessional motion of frame with gyroscope there 
is created gyroscopic (stabilizing) moment, which is directed along longitudinal 
axis of ship opposite to rolling moment of waves. Due to automatic control of 
operation of stabilizer, the active damper considerably better reacts to variable 
conditions of disturbance and does not have the majority of the deficiencies of the 
passive damper, The biggest effect from damper of active type can be obtained if 
as the manipulated variable we use not angle or angular velocity of rolling of ship, 
but angle of wave slope a(t) or its derivative; however, measurement of these 
parameters directly on ship is connected with large difficulties [30]. 

Of all active-type gyroscopic roll dampers of a ship the most well known are 
gyrostabilizers of Sperry [202], “hich were installed on a number of ships (see, for 
instance, [110, 30]). Fundamental design of this damper is represented in Fig, 10.4. 
Its basic element is an astatic rate 
gyroscope, the rotor of which 1s fixed 
in frame F, suspended in supports; 
supports are placed in stands S which 
are rigidly joined to the ship. Axis 
of rotation of rrame is paralle. to 
transverse axis of ship; axis of gyro- 
scope is located vertically. Frame F 


is connected through gear transmission 


| 
4 
j 
; 
e 


with precessional motor PM; which is 





controlled from auxiliary gyroscope AG, 
Fig. 10.4. Schematic diagram of active 
gyrcscopic roll damper, The latter is an astatic gyroscope with 
two degrees of freedom of the type of 
a gyrotachometer, therefore, it determines angular velocity a(t) of rolling of ship, 
which is the control signal frr precessional motor,.* 
Principle of action of the considered damper in broad terms consists of the 


following: During rolling of ship about its longitudinal axis Ox (Fig. 10.4) with 


srovuit pr vel sity @, auxiliary gyroscope fixes magnitude of @ and transmits it in the 


"As will be shown further on, in reality, the torqu’: applied by the precessional 
motor to the frame is proportional to the sum of 6 and @, 
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form of a control signal to the precessional motor, The latter through a gear 
transmission applies to the frame a moment which causes its rotation about axis OY, 
with certain angular velocity Bs there appears a gyroscopic (stabilizing) moment 

M, = HB directed along the axis opposite to rolling moment of waves; this compensates 
roll of ship. Thus, in active damper there always appears stabilizing moment directed 
opposite to instantaneous rotation of ship during rolling. 

Precessional motor rotates frame of gyroscope in the same direction in which it 
would itself rotate under the influence of disturbance of waves with freedom to turn 
about axis OV g But with such a possibility precession of frame could occur up to 
turn of it by an angle of 90° relative to initial position, and stabilizing action 
of damper would be ceased, It follows from this that in a number of cases preces- 
sional motor should render a braking influence, lowering rate of precession of frame 
to the necessary magnitude, For this, on axia of rotation of motcr there is fixed 
a brake, which regulates its operation, With help of active damper it 1s possible 
to cause artificial rocking of ship, This, for instance, protects it from freezing 
in ice, In more detail the principle of action and design of active roll damper is 
described in the special literature (see, for instance, [110, 63]). 

b) Dynamic Characteristics, 

Equations of motion, For obtaining of equations of motion of ship supplied 
with active gyroscopic roll damper, we will use equations (10.3.3) for the case 
of a passive damper, In these equations we should set Pio = O, since in active 
damper frame is balanceds furthermore, braking torque Mp should be replaced by torque 
M, which precessional motor applies to axis of rotation of frame. Then equations 


(10,3.3) will be rewritten in the form 
J,6 + 6,4 + Dh 4+- Hi = Dha(t) (10,3.63) 
1, §-Ho=M 


Usually it is considered [30] that moment M is proportional to angular velocity 
6 of rolling of ship. However, there are grounds to consider [146] that magnitude 
of moment M should be selected such, that angular velocity B precession of frame 


turns out to be proportional to angular velocity @ of rolling of ship, i.e., 


b= mi, (10.3.64) 


shere m— constant coefficient, 


Then, considering (10,3.63) and (10.3.64), we will obtain following system of 
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equations of motion of ship with damper: 


J 564.0, + DAS + 113 = Dha(t) 
J.-H M eee?) 


$= m! 
4.e., three equations for determination of variables 6(t), 6(t) and M(t). 


Transfer functions, According to (10.3.65), for determination of angle @ of 
roll of ship with damper, by replacing a(t) by f(t) (Par. 2b), we have equation 


J,6+ (6, + mH)5 + DhS = Dhf (t), (10,3.66) 


from which it follows that action of roll damper (with the selected law control of 
the damper) reduces to artificial increase of resistance of water to oscillations 
of ship. 

Let us divide (10,3.66) by Jy3 we will obtain 


(10.3.67) 
Ry analogy with (10.3.7)-(10.3.9), we will designate 
Dh, b&b +mH bh +m 
Re—;, i= 
ie 4, 4; 2,7, ly 2V Dad, : (10.3968) 


where ee trequency of natural sustained oscillations of ship; 
om — relative attenuation factor of oscillations of ship supplied with damper, 


Considering (10.3.68), we will rewrite equation (10.3.67) in the following way: 


G4 A abt ap—ai f(s) (10.3.69) 


or, by introducing, according to (10.3.17), time constant Ty of the ship, we have 


equation 


7 b+ 20,7040 = £0, (10.3.70) 


which differs from equation (10,3.28) of oscillations of ship without damper only 
in the magnitude of coefficient ogs Therefcre, transfer function , (s) of ship 


with damper will be determined by formula (10.3.29), if in it we replace O1 by Org! 
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I 
Sea a Peon or (40.5671) 
From (10,3.71) it follows that ship can be considered an oscillating element 
similar to a physical pendulum (§ 4.3, Par, 2) or gyrotachometer (§ 8.2, Par. 3c). 

Therefore, frequency-response characteristics A(w), 9(w), P(w), Q(w) of the ship 

will be determined by formulas (4.3.34) and (4.3.35), if in them we set k = 1, and 
replace T and ¢ by T, and Sas Amplitude-phase characteristic ®, (Jw) of the ship 

has the same form as for physical pendulum (Fig. 4.14), whence it follows that during 
action on ship of perturbation f(t) from the sea waves, which changes by a periodic 
law, steady-state oscillation of ship will be periodic, of the same frequency as 
f(t). Absolute value of ©, (jw) attains maximum for  <n,, where n, — frequency 

of natural oscillations of ship. 

c) Transient Responses, 

Question of transient responses of ship represented as on oscillating element 
is resolved by the same method as for a gyrotachometer (§ 8.2, par, 4a). Transfer 
function 6, (t) of ship under disturbance of waves in the form of unit step input 
[1] (2.3.107) 18 determined by relationship of type (8.2.97), if in it we replace 
T and € by T,and O14? and also to set k = 1: 


0, (¢) = ects cos ae 


i+ 


1—¢ 


¢ 
+ sin ——___Z ¢ ; (10.3.72) 
Vi-d, n 


whence it follows that transient funct’ dn of ship characterized its natural damped 


oscillations, Damping of these oscillations can be very effective, since, according 





to (10.3.68), attenuation factor O44 = VE by means of selection of corresponding 
value of angular momentum H of gyroscope can be made quite large, 
| Indices of quality of the considered system are determined exactly as in the 
case of a gyrotachometer (§ 8.2, Par. 4b); thus it is of interest to find optimum 
value of attenuation factor oa 4° However, for a ship roll damper this value of S14 
is more expediently found from analysis of its forced oscillations, considering thus 
desirable degree rolling of ship. 
d) Dynamics of Ship with Roll Damper, 


For determination of effectiveness of action of a roll damper, most important 


ig calculation of forces oscillations of the ship supplied with the damper. Such 
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calculations usually were produced for regular sea swells (see, for instance, [30, 
146, 63]), when disturbance due to f(t) of the sea waves 1s a harmonic function 
of time and is defined by expression (10.3.40), Then forced oscillations of the 
ship with damper, by analogy with (10.3.41), are determined by relationship 


0, (¢) = 2A (w) sin [wt + 7 (»)], 


where A — the biggest angle of wave slope; 


A(w) and 9(w) — amplitude and phase frequency-response characteristics of 
"ship + damper" system, 


For A(w) and @(w) we have expressions which can be obtained from formulas 


(4.3.34), if in them we set k = 1, and replace T and € by T, and OO! 


A (w) = a ee 


V (ihe) ah rhe (10.3.73) 
te (0) = — ui (10.3.74) 
‘“ Re a* 
0 


In the future we will be mainly interested in amplitude 6 of forced oscil- 


for 
lations of ship, for which, according to (10.3.41), we have expression 





Of = A («) (10,3.75) 
or, substituting (10.53.73), 
(= ee ; 
V (t— 7st) 4 a3? 720? (10.3.76) 


ae 0 
from the last formula it follows that amplitude Oa of forced oscillations of ship 


can be made sufficiently small by increasing attenuation factor ouae The latter 

can be achieved, according to (10,3.68), by correrponding increase of angular 
momentum H of gyroscope and coefficient m, 

» we will introduce dynaminity 


for 
coefficient » (§ 8.2, Par. 6b), Since static deviation of ship is O54 ™ A, then 


For finding the influence of e414 on amplitude 9° 


by analogy with (8.2,131) and considering (10.3.76), we have 
6 ! 


Les — = 
4 y ( i Thw?)? + GTR? : (10.3277) 


If, similarly to (8.2.132), we designate 


(40,3:.78) 


then (10.3.77) can be rewritten in the form 


he : : 
(1—e)+ ae (10.3.79) 


Curves (€,) for different values of attenuation factor Ot are shown in Fig. 
8.7. Such curves permit us to substantiate depending upon permissible magnitude of 
amplitude of forces oscillations of ship with damper, the expedient value of atten- 
uation factor Say and consequently also optimum values of angular momentum H of 
gyroscope and coefficient m [see (10.3.68)]. 

Having expression (10,3.41) for forced oscillations Peor(t) of the ship [in 
which A(w) and 9(w) are defined by formulas (10.3.73) and (10.3.74)], from third 
equation of system (10,3.65) we can find law 6,..(t) of forced oscillations of frame 
with gyroscope, and further, according to second equation of this system, iaw of 
change of torque M(t) applied by precessional motor to frame with gyroscope. 

We will give certain considerations about calculation of effectiveness of an 
active gyroscopic roll damper of a ship for irregular disturbances, As the dynamic 
characteristic of ship supplied with roll damper there serves the amplitude-phase 
characteristic ©, (Jo), which is obtained by means of replacement in (10.3.71) of 
Ss by Jw: 


®, (je) = : 


b— The? +X, Tye ; (10.3,80) 


Spectral density §,() of angles of roll of ship with damper is determined, 
by analogy with (10.3.52), by the formula 


S,(o) = | ®, (fo) 7S, () (10,3.81) 


or, considering (10.3.80), by 
i 
S, (#) = ——_—________ § (w), (10.3.82) 
(8— To)? + MiyTiet - 
whe re 8, () is spectral density of angle of wave slope, 
For dispersion D[@] and root-mean-square 89 value of angles of roll of ship, we 
will obtain the following expressions: 
ea. 
BE = 21S ia) tor 


1 
=? | aap apr tea (10.3,83) 
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= V DIM. (10.3, 84) 

Thus, knowing parameters of ship and damper Ty» On? and also spectral density 
8, (#) of random function a(t), we can determine D[@] and Og. Since @(t) follows a 
normal law, then further it 1s possible to calculate mean value Eg of angles of roll, 
and also limiting [in the probability sense] value of residual angle of roll of ship, 
or to solve the problem of “overshoot" of angles of roll beyond a certain assigned 
value (§ 5.7, Par. 2). Effectiveness of action of roll damper of ship under irregular 
disturbance from the sea can be characterized by coefficient y, determined by formula 
(10,3.60), where dg — root-mean-square value of angle of roll of ship with damper, 
which 1s found from relationships (10,3.84) and (10.3.83), and o, — root-mean-square 
value of angle of roll of ship without damper, determined from formulas (10.3.59) 
and (10,3.58). 

Besides probability characteristics of oscillations of ship, it 18 also inter- 
esting to determine probability characteristics of oscillations 6(t) of frame of 
damper under irregular disturbance from the sea. On the basis of third formula of 
system (10.3.65), we have for correlation function Ka (t) of random function §(t) 


the expression [for 6(0) = 0]* 
K,(s) = m'[K,(s) + K,(0)]. (10,3.85) 


Then for dispersion D[f] and root-mean-square Or of angles 6, we will obtain 


following formulas: 


D[p} = 2m'D (5) (10,3, 86) 
= V Dil. (10.3.87) 


Let us find probability characteristics of torque M(t), which is applied by 
precessional motor to axis W, (Fig. 10,4) of rotation of frame with gyroscope. In 


virtue of second and third equations of system (10.3.65) we have 


M = mJ, 6 — Hb, (10,3.88) 


whence for spectral density Sy() of random function M(t) we find 


ro % 


Sy (0) = H'S, (w) + m Jt S.(w)— mis. | S;,(u) +S, (w]. (10.3.89) 


It is assumed that v(t) and @(%) are uncvrrelnrted (see [120 p. 334)]), 
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where 855(») and $96 () are mutual spectral densities, whose method of determination 
was discussed in § 2.1, par. 3e. 


e) Appraisal of Damper. 

The considered active roll damper of a ship is installed on a number of ships 
[65, 30, 110]. In distinction from passive gyroscopic stabilizer, active roll damper 
retains effectiveness of operation for different frequencies of waves, In active 
damper it is possible to apply rotors of smaller dimensions than in passive. On 
irregular sea swells active damper acts more effectively. Yawing leads to different 
effectiveness of damper during right and left turns of the ship. For elimination 
of influence of yawing there was developed a stabilizer using two gyroscopes, analo- 
gous to the one shown in Par. 2e. Application of gyroscopic roll damper of active 
type, as experience of operation has shown [110], makes it possible to decrease roll- 
ing of ship to several degrees, even under conditions of strong disturbance. 

General deficiencies of gyroscopic roll dampers are: complexity of design, 


large dimensions, difficulty of disposition on ship, high cost, and others. 


4, Direct Gyroscopic Stabilization of a Platform on a Ship 

In Chapter 7 there was considered application of active gyrostabilizers for 
stabilization of a certain platform on a ship. Thus, for instance, in Fig. 7.28 
and 7.29 are given diagrams of two-gyroscope and four-gyroscope verticals of active 
type, in which stabilization of platform relative to plane of horizon is carried 
out with help of stabilizing motors, controlled through amplifiers by signal pickoffs 
installed on axes of precession of gyroscope housings. 

Stabllization of such a platform on a ship relative to plane of horizon can 
be carried out also with help of direct gyroscopic stabilizers, Different methods 
of direct gyroscopic stabilization of bodies on ship were shown by A. N. Krylov 
[65]. He gave the theory of stabilization of a »latform fixed in Cardan suspension 
with the help of gyroscopic stabilizer of Schlick type with an electromagnetic Drake, 
To investigation of passive and active direct gyroscopic stabilizers under conditions 
of irregular rolling of ship is dedicated article [126]. 

Above mentioned methods of direct gyroscopic stabilization in practice are 
quite complicated, Therefore, A. N. Krylov [68] indicated a method of read-out 


gyroscopic stabilization of a platform, Information about this is given next. 


§ 10.4, Read-Out Gyroscopic Stabilizer 
1, Fundamental Scheme of Stabilizer 


As an example of a read-out gyroscopic stabilization we will consider 
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stabilization of a platform on a ship. Let us give one of the schemes of such 
stabilization, developed by A. N. Krylov [68]. 

During stabilization of some body on a ship it is necessary that it have relative 
to the ship all three degrees of freedom corresponding to rotation, For this the 
stabilized body A (Fig. 10.5) 1s installed in the inner ring of a Cardan suspension, 
which in turn is suspended in the outer 
ring C. The latter is installed by its 
journals in journal bearings D and E, 
whicn are rigidly joined with the ship. 
For retention of the body A in a con- 
stant position relative to plane of ho- 
rizon and at a given azimuthal position, 
elements of Cardan suspension should 


turn on angles of yaw @ (Fig. 2.2), 





Fig. 10.5. Schematic diagram of read-out pitch y and roll 6 of the ship. Namely: 

Bynes caute et abi hirer. rotation of body A (Fig. 10.5) relative 
to inner ring B occurs on angle of yaw 
g about axis Oz; rotation of inner ring 

B relative to outer ring C — on angle of pitch % about axis Oy; rotation of outer 

ring C relative to ship — on angle of roll 6 about axis Ox, During continuous intro- 

duction of these parameters, body A will unier conditions of rolling and yawing of 

the ship retain constant position with respect to plane of horizon and assigned 

azimuth, Sensing or pickoff elements of this design of stabilizer are: gyrovertical, 

which determines angles @ and y, and directional gyroscope, which, determines angles > 

of yaw and turn of the ship. These angles are transmitted with the help of servo 

systems to servo drives, which introduce angles 9, y and @ into turning of the 

corresponding elements of the Cardan suspension. 

The considered scheme constitutes a read-out gyroscopic stabilizer, since GD 
applied in it do not carry out actual direct stabilization of body A, but, being 


devices of read-out type, only control servo drives, which in turn provide stabiliza- 


tion of the body. 


2. Dynamic Characteristics of Stabilizer 
For determination of dynamic characteristics of system we will consider as an 
example operation of servo drive turning outer Cardan ring C (Fig. 10.5) by the 
angle of roll 6, General block diagram of roll stabilization system is shown in 
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Fig. 10.63 it 18 a typical scheme of a closed system of automatic control [153]. 
From the pickoff element (gyro - i 





f(t) vertical) there proceeds the input 


variable 6(t) — angle of roli of 


Gyre 
vertioal 





the ship. On the adder, from 6(t) 
there is subtracted the outpui 
variable y(t), 1.e., the angle of 


rotation of the outer Cardan ring 


Fig. 10.6, General block diagram of roll sta- 
-  bilization system, CHEB eo) BEY RL ARES ON 


Difference e(t) = @(t) — y(t) 18 
the unbalance, or error of the servo system, i.e., the error in dynamics of stabiliza- 
tion of the body with respect to rolling of the ship, 

Unbalance e(t) goes to controller (Fig. 10.6), from which the controller action 
z(t), which 1s related by a definite functional dependence with e(t), goes to the 
controlled object. Under actual conditions of operation, to the system there will 
be applied certain disturbances f(t). In the considered case to body A (Fig. 10.5) 
where will be applied induced inertial torques during rocking of the ship (due to 
unbalance of body A), frictional torques in axis of rotation of Cardan ring C and 
others, Furthermore, among disturbances it is possible to include error 60(t) in 
determination by gyrovertical (Fig. 10.6) of angle of roll of ship, which goes as 
interference along with the desired signal 6(t) to the input of the servo system, 
Thus, to the input of the servo system of stabilization there proceeds variable $(t), 
which is equal to 

0 (t) = 9 (¢) + 25(0). as en 

For expression of transfer functions of servo drive of statilization we will 

use general formulas applied in theory of automatic control for investigation of 


servo systems [153]. 


Differential equations of stabilization servo drive will be represented in the 
following form: 


1) equation of controlled object 
Dip) (t) = Mp) f(t) + K (pz (0); (10.4.2) 
2) equation of controller 


R(p)2(t) = N (p)e(f): (10.4.3) 


Pan 


>) equation of unbalance or error 


here D(p), M(p), K(p) — 


y(t) — output variable; 
f(t) — disturbance; 
z(t) — controller action or output variable of controller; 
R(p), N(p) — operator polynomials depending on parameters of controller; 
6(t) — manipulated variable or reference input, determining re- 
quired law of change of output variable y(t); 
e(t) — deviation of real change y(t) of output variable from re- 
quired law of change 9(t). 
To equations (10,4.2)-(10,4.4) we will apply Laplace transform; we will introduce 
designations 
tat “a: ; 
PEpe Lira fe“ yt (sm ot ju; o>0); (4604 18) 
O (s) = L [0 (t)] = fer“ o(nde (10.4.6) 
etc, 
Considering initial conditions to be zero, we find 
D(s)T (s) = M (5) F (s) + K (s)Z(s) 
R(s)Z(s)=N(s)E(s) ; (10.4.7) 
E(s) =  (s) — (s) 
By means of simple transformations, we will obtain 
V3) V (s) 
F(a) = Pe!) _ 9 (yy 4 Vp, 
) b+ 7, (s) «) t+ W,(s) 6) (10.4.8) 
and 
E(3)= gare — _ Vs) 
( b+ Fats) 6 (s) 1+ Wen | (10.4.9) 
where 
W(s) K (9) M(s) 
Vv oa Se; V(s) = M&) We 
Designating 
(10.4,11) 


S(t) = O(t)— 4 (0); (10.4.4) 


certain operator polynomials depending on perameters of 
controlled object; 





7, (s) 
© (s) = — 2), 
) 1+ W(s) 
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V(s) 


Y)= 9.0" (10,4,12) 
1 
© (3) = 1-00" T° (10,4,13) 


we will rewrite (10.4.8) and (10,.4,9) in the form 


TP (s) = © (s) 8 (s) + Y (s)F (s), (10.4,44) 
E(s) = ©, (s) 6 (s) — Y (s) F (s). (10.4,15) 
As 1t 1s known [153], 
r 
Ou = 50 (10,4,16) 


is the transfer function of system of automatic control (SAC) with respect to manip- 
ulated variable 6(t); 
T(s) (10,4,17) 
Y = ete 


is transfer function of SAC with respect to disturbance f(t); 


0,4 = (10.4.18) 


is transfer function of error; 


Mom (10,4.19) 


1s transfer function open SAC with respect to manipulated variable 6(t) (element 


measuring unbalance ¢(t) is disconnected from the output; Fig. 10.6); 


r 
V(s) = 7 (10,4,20) 
— transfer function of closed SAC with respect to disturbance f(t) 

Thus, for calculation of error e(t) of stabilization of the body A it is nec- 
essary to have transfer function of the stabilization servo drive, and also charac- 
teristics of manipulated variables and disturbances, If we knowing these charac- 
teristics of the read-out stabilizer, we can consider transient responses occurring 
in stabilization servo drives we use for this general methods applied in theory of 


automatic control, 


3. Method of Determination of Stabilization Errors in Dynamics 


We will consider manipulated and variables and disturbances under conditions of 
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irregular rolling of ship as normal stationary random functions of time. Then, if 
the considered dynamic system, consisting of servo drive and stabilized object, is 
linear, then stabilization errors also will be normal stationary random functions 
of time, for determination of which we should use probability methods. 

For finding of probability characteristics of stabilization errors, it is 
necessary to know probability characteristics of manipulated variables and distur- 2 
bances, and also dynamic properties of the considered system which are determined 
by its transfer functions, 

As was shown, in the given scheme of stabilization, the manipulated variable is . 
a random function 6(t) of angles of roll of ship; its probability characteristics 
were given in § 2.1, Par. 3. Among disturbances one should include random functicn 
Sé(t), which characterizes error of gyrovertical in its determination of angle of 
roll of ship, Probability characteristics of error 66(t) were given in § 6,5, Par. 

2 and 3. Furthermore, among disturbances there are included variables f(t), which 

are directly applied to the stabilized body A and constitute moments of induced forces 
of inertia during rolling due to unbalance of body A, frictional torques in axis 

of rotation of outer Cardan ring, and others, Probability characteristics of random 
function f(t) have to be determined for concrete conditions, 

Error e(t) of system in dynamics 18 expressed by relationship (10.4.4), If 
considered stabilization system is linear, then general expression for spectral 
density $.(w) or error e€(t) will be the sum of spectral densities of components of 
error caused by: 1) reproduction of manipulated variable @(t); 2) interference 60(t); 
3) disturbance f(t). Therefore, before we find general expression for S.(®), we will 
consider two particular cases, 

1, Interference 66(t) and disturbance f(t) are absent, 66(t) = f(t) = )3 6(t) # 
FO. 

Spectral density 8. () of controlled variable y(t) at output of system will be 


S, (0) = | © (Ju) |*S, (w), (10.4,21) 


where ©(jw) — transfer function (amplitude-phase characteristic) of system with 
respect to manipulated variable; 


S,() — spectral density of manipulated variable 4(t). 
For determination of spectral density 8, () of error of reproduction by servo 
drive of desired input signal @(t), 1t 1s sufficient to replace in formula (10.4,21) 


o(j-) by transfer function of error %, (Jw); then 
S, (0) = | , Ju |*S,(w), (10,4,22) 
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where, according to (10.4.413), 


® (ju) =1 — % (ju). (10,4.23) 


2. Disturbance f(t) is absent, f(t) = 0; 60(t) 4 O; O(t) #0. In this case 


S,(v) = | ©, (jw) fPS, (w) +| Y, Gj») PSu (w) + 


+O) (ju)S, ay (w) ¥, (in) + PG) Sy, 4 (0) ¥7 Ve), (10,4.24) 
where ¥, (J) - on function of system with r_spect to interference 
bée(t); 


S.g() - spectral density of interference 66(t); 
Sg pel®) S59 9() ~- mutual spectral densities. 
In formula (10,4,24) asterisk designates complex conjugate quantities. 
Considering that desired signal 6(t) and extraneous signal bé(t) are applied 


to the same point of the system (to its input ) and therefore 


Y, (jo) = © (/»), (10.4,25) 


we will rewrite (10,4,24) in the form 


S,(w) = | ©, (fu) |*S, (uw) + | © Fu) |*S,, (w) + 
- ©° (ju) S,. rg () © (ju) + , (ju) Sy, 4) 0° (jw). (10.4,26) 
Let us turn to consideration of the general case. On the system there act 
extraneous signal and external disturbance, 66(t) #0, f(t) # O; @(t) # O. 
Random functions 66(t) and f(t) we will consider for simplicity to be unconnected, 
Then, by analogy with (10.4.26), we will obtain 


S,(0) = | O, Uw) |S, (w) + | (Ju) *S,, (u) +1 ¥ Yu) i*S, (w) + 
+O; (Je) Sy 44 (w) © (ix) + (fu) Sy, g(r) ©° (fo) + 
+O (ju) S, ,(w) Y Jw) + 9, (fu) S, ,(w) ¥* (fw, 


where Y(jw) - ne function of system with respect to disturbance 
. f(t); 


(20 4h 727) 


S,(») — spectral density of disturbance Ft) 3 
Sg ¢(») end Se g(%) — mutual spectral densities. 
Knowing spectral density S.(%). it is possible to calculate dispersion D [e] of 


error e(t) by the formula 1 
Dis = 2 Su) de, (10.4,28) | 


where S.(») 1s defined by relationship (10.4.27). 


For mathematical expectation € of error e(t), by analogy with (4.6.135) we have | 
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the following general expression: 


Sm ©, jo) |F + © (je)| 85 + ¥ (iu) |7, (10.4,29) 


where 6, 60, F are respectively mathematical expectations of manipulated variables 
interference and disturbance, 

Since e(t) obeys a normal law, then it is very simple to determine mean value 

E. of error, and also to find its limiting (in the probability sense) value €, or 


to solve the problem of "overshoot" of error € beyond a certain assigned value €, 


(§ 5.7, Par. 2). 
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GYROSCOPIC NAVIGATIONAL SYSTEMS 


Designations Appearing in Cyrillic 


Subscripts and Abbreviations 


&@= a= peak 


ak 


UeB 


U3 


np 
p 
¥Trans. Ed, Note: Prior 


script to designate 
has been replaced by 


= 
el 5 


to this point the Latin letter "g" has been used in the 
text in place of the Cyrillic subscript "I" and has meant "gyroscope," 
page 311 in this chaper the Russian author has used the Latin letter "g" as a sub- 
gravity" or "gravitational" ; therefore, from paged75 onward ue 
gyr", and the subscript "g 


ac = accelerometer 
g(eyr) = gyroscope* 
gc = gyrocompass 

Pp = gyropendulum 
gl = gyrolatitude 
g@.e = gyroequater 

d = damping 

ar = drift 

i.v. = inertial vertical 
sur = surplus 

cor = corrective 

8.p = simple pendulum 
nut = nutational 

red = reduced 

turn = turn 

sp = spring 


yaw = yaw 


should be read as 


However, on 


gravitational", 


“aa 





| 


CT = 


dou = 
Y= 


os 
Designations 


T= 
PB = 
ITH = 
TK = 
Dk = 
IM = 
THC = 
Tos 
C= 
PCn = 
Ty = 
ril= 
PK = 
Qs 
IM = 
Y= 
B= 
WHC = 
K= 
Ks 
T= 
l= 
B= 
Ip = 
Ps 
C= 
Cy = 


v = velocity (superscript) 

st = static 

fr = friction 

acc = acceleration (superscript) 
p.p = physical pendulum 

circ = circulation 


e = equatorial 
of Materials, Instruments, etc, 


G [Gyroscope] 

GV [Gyrovertical] 

GHC [Gyrohorizon Compass] 

GC [Gyroscopic Compass] 

Gh [Gyrohousing] 

GP [Gyropendulum] 

GNS = [(Gyroscopic Navigational System] 
Gs = (Gyrosphere ] 

GS [ Gyrostabilizer] 

GSP [Gyrostabilizer platform] 
GD [Gyro Device] 

GL [Gyrolatitude} 

GLC [Gyrolatitude Compass ] 

MO [Motor] 

TQ [Torquer] 

I [Integrator] 


IV [Inertial Vertical] 
INS [Inertial Navigation System] 


H [Housing] 

C [Cardan Ring (outer) ] 
P [Potentiometer] 

PL [Platform] 

Ve [Vertical Erector] 
Sp [Spring] 

F [Frame] 

SL [Shaft] 

AD [Adder] 


§ 11.14. Purpose and es of Gyroscopic 
Navigationat Sten 


For solution of different problems of sea and air navigation it is necessary to 
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know: 1) position of object (ship, aircraft), characterized by latitude 9 and 
longitude 4; 2) parameters of motion of object: course K, speed v, distance passed 
over S, altitude h, and so forth; 3) position of vertical of place on moving object. 7 

For determination on ship and on aircraft of these and other parameters, there 
are applied various methods, the main ones of which are astronomical, radio naviga- 
tional and self-contained, 

Astronomical and radio navigational methods possess high accuracy and are widely 
used in the navy and in aviation; however, they have an important deficiency — they 
are not self-contained, Therefore, even greater application is being enjoyed by self- 
contained methods of navigation using different "mechanical" devices, 1.e., devices 
whose principle of cperation is based on laws of mechanics. 

Of self-contained navigational systems, a large place is occupied by gyroscopic 
navigational systems (GNS). Of systems of this type, the most widely known is 
gyroscopic compass (GC), which determines direction of meridian of the place, and 
thereby the course of the ship. During solution of individual navigational problems 
there is used also the gyroscopic pendulum (GP), for instance in sextants, for pro- 
duction in them of artificial horizon. In essence application of GNS was limited up 
to recent years to these two gyroscopic devices, i.e., they were used basically only 
for determination ot course and position of vertical on the moving object. 

However, aS will be shown further, on GNS can in principle solve all problems 
connected with determination of position of an object and parameters of its motion. 

Really, it is possible to create a gyroscopic device making it possible to find 
latitude of a place. Such instruments received the name of gyrolatitudes (GL) or 
gyrolatitude compasses (GLC); the latter, besides latitude of the place, can also 
determine course of the object. Combination in one instrument of gyrocompass and 
gyrovertical (gyrohorizon) gives a system called gyrohorizon compass (GHC). This 
system makes it possible to determine course and position of vertical on a moving 
object. 

In a number of articles and books (for instance, [10, 48, 50, 117, 121, 162, 
142}])* there are considered questions of creation cf so-called gyroinertial 
navigation systems. Such systems usually include a gyrostabilized platform, acceler- 
ometers, integrators, computer devices, and in principle can determine location and 
parameters of motion of object, and also position of the vertical. Application of 
the gyrohorizon compass in combination with accelerometers, integrators and computers 
also makes it possible to obtain inertial navigational system, 

Thus, among GNS there are included: 1) gyropendulums; 2) gyrocompasses; 3) gyrc- 
latitudes and gyrolatitude compasses; 4) gyrohorizon compasses; 5) gyroinertial 
systems, 


*See also: I, A, Gorenshteyn and others, IInertial navigation, "Soviet Radio", 
1962; A. A. Yakushenkov. Fundanentals of inertial navigation, "Naval Transport,"1963. 
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To expound theory of all GNS at present book is impossible — all the more so 
because to investigations of gyrocompasses and gyropendulums there has been dedicated 
much literature. Therefore, during account of theory of GC and GP we will give only 
general information, but will consider in more detail questions of theory of inertial 
navigational systems, which may find application in sea and air navigation, 

Theoretical foundations of the different schemes of other uNS (gyrolatitudes 
and gyrolatitude compasses) we will not be given, since these systems have still 
not found practical application. 

Before we go on to consideration of GNS, we will dwell on certain ideas of 


Foucault, who pointed out the possibility of creation of gyrocompasses and gyrolatitudes, 


§ 14.2. Foucault Gyroscopes 
4. Gyroscope with Three Degrees of Freedom 

The first experiment of Foucault was carr’ed out with symmetric astatic gyroscope 
with three dezrees of freedom, fixed in a Cardan suspension in such @ manner that on 
it, insofar as possible, there did not act perturbing torques (friction and others), 
This experiment, described by Foucault in his reports [187] to the Paris Academy in 
1852, had it as its purpose to prove rotation of the Earth, Idea of experiment was 
based on the fact that for an astatic gyroscope on which do not act moments of 
external forces (i.e., a free gyroscope), the axis of angular momentum preserves con- 
stant direction in motionless (inertial space (§ 3.1, Par. 1). Since in the exper- 
iment, axis of rotation of outer Cardan ring was fixed vertically, and axis of gyro- 
scope was fixed horizontally, then visible drift of the latter in azimuth had to 
occur eastward with the vertical component of angular velocity of terrestrial rctation 
U sin 9 [see (1.2.21)]. In the experiment there really was established visible drift 
of axis of gyroscope eastward, but is magnitude differed from theoretical, Failure 
of the experiment of Foucault was basically due to inadequate balance of the gyro- 
scope and the presence of friction in axes of the suspersion through which the axis 
oe the gyroscope was carried along by rotation of the Earth. Later, certain investi- 


sators successfully used gyroscopes for proof of rotation of Earth [29]. 


2. Gyroscopes with Two Degrees of Freedom 


a) Foucault Gyroscope of the First Kind 


Fundamental scheme. Foucault gyroscope of first Find is an astatic gyroscope 


with two degrees of freedom, axis of which can shift in plane of horizon, Such a 
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gyroscope can be obtained from a three-degree of freedom astatic gyroscope in the 
following way. 

Let us consider system of coordinates Ofnt (Fig. 14.1); axes Of and On are located 1 
in plane of horizon and axis O€ is directed along the vertical; axis On is oriented — 
to the North, Axes Oxyz are connected with gyroscope, Axis Oy of rotation of outer 
Cardan ring is located vertically. Inner Cardar. ring is rigidly fastened with outer 
ring in a mutually perpendiuclar position, In initial position axes Oxyz and O€nf 
coincide, With turn of outer ring by angle a and axis Oz gyroscope will be displaced 
in plane of horizon and Resal axes will occupy position Ox, YZ. 

We will assume that Foucault gyroscope of first kind is fixed on base motionless 
with respect to Earth and axis Oz gyroscope is deflected by angle a from direction 
On, 1.e., from plane of meridian, Axes OfnC participate in diurnal rotation of Earth, 
Projections Us s Uys Ur of induced angular velocity U of axes O&nf determined by 
relationships (1.2.21) 

u.=0; u, = Ucos 3, u, = Usin?. (A1.28.45 

In this rotation of axes O&nf there will participate axis Oz of gyroscope, since 

it always remains in plane of horizon, Due to this motion of axis Oz, there appears 


gyroscopic moment W,, which is defined by analogy with (1.3.40) by relationship 


= 2a 


M,~= HX u, (44,,2,2) 


where H is spin angular momentum of gyroscope, 


Motion of gyroscope with outer Cardan ring will be influenced only by component 


Moe of gyroscopic torque along axis 0%, which, according to (11.2.2), is determined 
by expression 
From Fig. 14.4 we have 
Hy= —Hsine? H, = Hoos. (4? ht) 


Putting (11.2.1) and (14.2.4) in (11.2.3), we will obtain 
M,, = — HU cos¢ sine, (11.2.5) 
whence it follows that gyroscopic torque Mor is directed in negative direction of 
axis OC, and in the absence of perturbing torques along this axis tends to bring 
axis 0, of the gyroscope into plane of meridian Of7n. Consequently, Foucault gyroscope \ 


of first kind possesses properties of a compass, Considering whav has been said, ( 


torque Mor is called directional torque or directional force of the gyrocompass., 
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In accordance with this, the component U cos » sin a [see (11.2.5)] of angular velocity 
of rotation of Earth is called in the theory of gyrccompasses the useful component of 
angular velocity of Earth's rotation. ) 
The considered gyroscope can be included in the class of displacement gyroscopes 
(§ 2.4, Par, 1), since it possesses selectivity with respect to plane of meridian 
of a place, Appearance in the two-degree-of-freedom astatic gyroscope of properties 
$ of a compass is caused by rotation of the Earth, i.e., we have a purely "mechanical" 
compass. Let us note that "directional force" of gyrocompass [see (11.2.5)]: 1) is 
increased with increase of angular momentum H of gyroscope; 2) decreases with increase Z 
of latitude » and decrease .f angle a of deviation of axis of gyroscope from plane 
of meridian, 
The experiment formulated by Foucault (third experiment of Foucault [187, 29]), 
with adduction of axis of two-degree-of-freedom gyroscope into plane of meridian 
turned out to be a failure. Cause of failure was insufficient magnitude of "direc- 
tional force" {see (11.2.5)] due to smallness of angular momentum H of the applied 
gyroscope, and the considerable frictional torque in axis cf rotation of outer 
Cardan ring, 
Equations of motion and transfer function of GC. For composition of equation < 
of motion of Foucault gyroscope of first kind it is possible to use equations (1.4,2) 
of motion of gyroscope with three degrees of freedom, Being interested in motion 
of outer Cardan ring together with rotor about axis Oy (0C) (Fig. 11.1), we should 


turn to the second of these equations 
dq 
4(2 + Pr) —Hp, = M, = M,. (11.2.6) 


For projections p,, Q» vy of absolute angular velocity of Resal axes on axes 


Ox, ys from Fig, 14.1 we find expressions 


ae? 
Pp, = —4,sina; q=atu; r=, cosa (4257) 
or, substituting (11.2.1) . 
p= —Ucos¢sina, gq =a+Using; 1, =Ucos7cos2. (47.2.8) 
Projections p, q, r of instantaneous angular velocity of gyroscope on axes 
Ox,yZ, according to (1.2.13), will be 
P=Pi 9G Frente. (14.2.9) , 
where q¢! — angular velocity of rotation of rotor relative to inner ring. 


Considering (11.2.8), we have 


p= —Ucos;zsinz;qgu2+Using; r= 7’ + Ucos;zcosz. (11.2.10) 


Plane of 
meridian 





Plane of 
horizon 


Fig. 14.4. 
kind, 


Foucault gyroscope of first 


Putting (11.2.8) and (11.2.10) in 
(11.2.6), we find (for 9 = const) 


J,(a —U*cos* 4 sinzcos2) + 


+ HU cos; sinz = M,. (11.2,11) 


In the obtained equation it 1s 


possible to disregard term Ju cos’ @ 


sin a cos a, which is small as compared 
to term HU cos 9 sina, Then, replacing 
Je by Jeps* we will rewrite (11.2.11) 

in the form 


J.a+ HU cospsinam M,.  (11.2.12) 


It is necessary to turn attention 


to the circumstance, that two-degree-of-freedom Foucault gyroscope has one controlling 


coordinate, and therefore, during its analysis it is impossible to use the corres- 


ponding shortened equation (§ 1.6, Par. 8), 


Let us assume that relative to an axis OC(y) there acts damping torque, deter- 


mined by relationship of type (2.3.33) 


M,= — 6,2. 


(14.2.43) 


Furthermore, let us assume that relative to axis OC(y) there is applied also 


disturbance f(t). Then torque My will be 


M, = M, + f(t) =—62 + f(t). 


(41.2.44) 


Since in properly designed instrument angles a of deviation of axis of gyroscope 


from plane of meridian should be small, then in (141.2.12) it is possible to replace 


sin a by a, 


Considering what has been said, and putting in this equation in place 


of My the relationship (14.2.14), we will obtain 


Jat 6,2 4+ HUcosz-0= f(t). 


(41.2.45) 


Thus, we have differential equation of mot ion of GC with constant coefficients, 


if latitude m in a certain interval of time is considered to change little. 


We rewrite (11.2.15) in the form 


Spl dt St em fh 
n ee re 





*According to (3.2.5), in Jor 


(41.2.16) 


there are considered equatorial moments of inertia 


of rotor, of inner ring, and moment of inertia of outer ring relative to axis 0€. 
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we designate 


4 HU cos 
a aia maar (442.17) 


whence we will obtain formula for frequency ny of natural sustained oscillations of 
GC relative to plane of meridian: 


m=) [Meas (11.2.18) 


Then for period of these oscillations of GC we have 


oe Seer merge tothe mI ay 


J 
T on ae we Be yee, 
C.8 a HU cosy (11,.2,19) 
by 
Let us transform the ratio — 
ee 


= Di fis (11.2,20) 


where Cy ~— relative attenuation factor, determined by relationship 


C ae ee ere (eed 
: 2Vf 4,,Hu cos ¢ 
Let us introduce designation 
past. 
i= a (122,22) 


Considering (11.2.17), (141.2.20) and (11.2.22), we will rewrite equation 
(11,2,16) in the following way: 
C+ Kina + nts = pi f(t). (11.2,23) 
Let us represent (11,.2.23) in different form; for this, by analogy with (4.3.23), 


we will introduce time constant Ty of gyrocompass 


1 
i (14.2.2) 
or, according to (11.2.18), 
Je: 
T,= V wis : (11.2,25) 


Let us divide (11.2.23) by ns and designate 


1 J 4, i 
oa 


al Jy, HU cosy HU cos; ea eeP) 


Considering (11.2.4) and (11.2,.26), we will rewrite (11.2.23) in the form 
Tha + 2,72 a= S(t). (UN 2 Jor) 
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Let us determine transfer function of GC with respect to disturbance f(t), Let 
us represent (11,2.23) in operation form (p = fe): 
(P?+ Xap + ni) = pS (t). (4152.28) 
Applying to (11.2,28) Laplace transform, we will obtain following expression for 


transfer function of GC: 


W (s) = 2). Ai ' 41.2.2 
) Sgt as tat ( 2 





This formula can be represented in different form, if its numerator and 
denominator are divided by ns and we conaider designations of (11.2.24) and (11.2.26): 


= A . 
W (s) rie +&,Tt1 (14.2. 30) 


Comparing (11,2.30) with (4.3.26); we see that transfer function of GC has the 





same form as transfer function of physical pendulum, i.e., GC with respect to 
disturbance f(t) can be considered as an oscillating element, Therefore, all other 
frequency-response characteristics of the GC will be the same as for an oscillating 
element, for instance a physical pendulum (§ 4.3, par, 3). 

Transient responses of a GC, From (141.2,12) it follows that for My, = O, 
position of equilibrium of axis of GC will be a = 0 ora=n, However, it will be 
stable only at a = 0, Consequently, in case of absence of disturbances, axis of 
Foucault gyroscope of first kind has as its position of equilibrium the plane of 
the meridian of the place. 

We will consider transient response of a GC caused by application to it of 
disturbance f(t) in the form of a unit step function [1] [see (2.3.107)] for zero 
initial conditions, Considering in (414.2.27) f(t) = [1], we will rewrite this equation 


in the form 


Tie + XT +0 = p, [1], (11.2.31) 


which is analogous to equation (4.4.1) of oscillations of a physical pendulum, 
Particular solution of this equation will be 
e,= p(t]; (11.2. 32) 
it characterizes error of GC in steady state, 1.e., static error a(©); consequently 
[see (11.2.26)], 
i 


€ (co) =p, [1] = “Heay [1]. 


(iL i2 135) 


Expression for transfer function a, (t) ef GC for unit step input and zero initial 


conditions [for t = 0, a,(0) = 0 and a, (0) = 0] can be obtained from transfer function 
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of physical pendulum [see (4.4,13)], if in this formula we replace [cf (4.4.1) and 


(442,54) ] i by 9,» and T and C by T, and C4! 
; ~ a 
@,(¢) =5,] l--e ne cos ea 
; 8 
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i.e., axis of gyroscope in the presence of damping (C4 # 0) will accomplish damped 
oscillations, Frequency of these split, according to (4.4.10), is determined by 


expression 


and their period will be 


or. 2: Tee 
T,. a8 & =, (11.2, 36) 


where Tee is period of natural sustained oscillations of GC determined by formula 


(42.2219), 





In the absence of damping (C4 = 0), according to (11.2.34), we have 
#4 (t) = p4(1 —c0s 5) = t4 (1 — cost), (14.2.37) 
a 
i,e., sustained oscillations with frequency n, [see (11.2.13)] and with period T, , 


[see (11.2,19)]. 

The possibility of use of Foucault gyroscope of first kind as a GC. From 
formula (11.2.19) it rollows that period Tee of oscillations of gyroscope is minute; 
this in practice excludes the possibility of use of Foucault gyroscope of first kind 
as a GC on a rocking and maneuvering base (ship, aircraft), since, for instance, 
period of rolling of ship can be of the same order as period Tyee Let us note that 
increase of period Tec due to increase of moment of inertia Jee of system [see 
(142.49)4 is connected with increase of its dimensions and weight; this leads to 
increase of friction in supports of the suspension, If for increase of Tee we 
decrease denominator of formula (11.2.19) by means of lowering of angular momentum 
ll of gyroscope, then there decreases the directional torque of the GC [see (11.2,.5)]. 

Another essential deficiency of Foucault gyroscope of first kind during its 
use as GC is influence of slopes of base on which the instrument is fixed relative 


to plane of horizon, Slopes of base lead to change of period of oscillations of 


GC and to appearance of errors in its readings [7]. 
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Oscillations of the base, for instance rolling of a ship, especially greatly 
affect two-degree-of-freedom GC, Let us assume for simplicity that longitudinal 
axis of ship coincides with axis On (Fig. 14,1) and that there occurs rolling with 


angular velocity 6. In this case, instead of (11.2.8) and (11.2.10), we will] obtain 


p, = —(Ucos¢ + 6) sina; q,=2 + Usin?; 


aaAe eet 8) cee (44,838) 
p= —(Ucos¢ + 4) sina; g=a+Usin7; 
rm 9’ + (Ucoss + 4) cosa 

Putting (11.2.38) in (11.2.6), we find (for » = const) 

4, [a — (Ucos¢ + 6)*sinacos a| + 
+ H(Ucos¢ +6) sina = AM, (11.2, 39) 

or, disregarding terms of higher order of smallness and replacing Je by Jers 

J+ H(Ucos; | 4)2=M,. (414.2, %0) 


In torque My there is contained frictional torque in axis Oy(C)of rotation of 
outer Cardan ring during yawing of the ship on its course, For instance, in the 
presence of liquid friction, by analogy with (2.3.73), for frictional torque Mer y 


fora << yaw we have 


M,, = — 1,9, (¢). (44.3445 
t 
where De = coefficient of fluid friction; 


@ — angular velocity of yawing of ship, directed in negative direction of 


yaw axis Ot(y) (Fig. 11.41 and 2.2). 
Putting (11.2,.41) in (11.2.40), we have Mp. Se My) 
J+ H [Ucos 7 + 6(0)] 2 = — nia, (0). (11.2.42) 


From equation (411,2.42) it follows that rolling and yawing of ship essentially 
affect accuracy of readings of GC. It is possible to be convinced of this by means 
of integration of equation (11.2.42) by one of the methods of approximation; thus, 
it is necessary to consider that 6(t) and Ovaw 
Thus, Foucault gyroscope of first kind cannot be applied as a navigational GC; 


(t) are random functions of time, 


in the latter there is used a gyroscope with three degrees of freedom (§ 11.5). 
However, Foucault gyroscope of first kind has been applied as a GC for orientation 

of underground mine surveying for its control, for survey of dull holes, and so forth 
[39]. Such a compass is called a "land" compass, Questions of theory of land GC 


are presented in a number of articles (for instance, [42, 143, 144]). 
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B. V. Bulgakov [20] considered the problem of motion of two-degree-of-freedom 
Foucault gyrcscope in the general case, when axis of gyroscope remains in some plane 
connected with the Earth,* From this general solution there are easily shown 
particular cases of the gyrocompass and gyrolatitude. To stability of motion of 


Foucault gyroscopes with two degrees of freedom is dedicated article [156]. 


b) Foucault Gyroscope of Second Kind 


Fundamental scheme, Foucault gyroscope of second kind is an astatic two-degree- 
of-freedom gyroscope whose axis shifts in plane of meridian, Such a gyroscope can 
be obtained from three-degree-of-freedom astatic gyroscope in the following way. 

Let us introduce system of axes Ofnt (Fig. 14.2) criented just as in Fig. 11.1. Axes 
Oxyz are connected with the gyroscope, Axis Ox of rotat.on of outer Cardan ring 

is located horizontally in plane of prime vertical.** Inner Cardan ring is rigidly 
fastened with outer ring in mutually perpendicular position, In initial position, 
axes Oxyz and OfnC€ coincide. With turn of outer ring by angle B and axis 0z of 
gyroscope will be moved in plane of meridian Onl and Resal axes will occupy position 
Oxy 42. 

We will assume that Foucault gyroscope of second kind is fixed on a base motion- 
less with respect to Earth and that its axis Oz is deflected in plane of meridian 
by angle B from plane of horizon, The object on which gyroscope is fixed is at 
latitude 9; anguler velocity U of diurnal rotation of Earth is directed along the 
axils of the Earth OPQ» which is inclined to plane of horizon by angle o. Axes O€ne 
participate in diurnal rotation of Earth, Projections of induced angular velocity 
U of axes O€ne are determined by relationships (11.21,1). In this rotation of the 
reference system O&€nf there will also participate axis 0z of the gyroscope, since it 
is always forced to remain in plane of meridian. Due to this there appears gyroscopic 
torque, which is determined by expression (11.2.2). Motion of gyroscope together 
with outer Cardan ring will be influenced only by component Moe of gyroscopic torque 


‘long axis 0€, which, according to (11.2.2), is determined by expression 
My = Ae, — He, (11,.2.43) 
From Fig. 14.2 we have 


*Analogous problem (polytrope of siff) was considered by Ye, L, Nikolai, Theo- 
retical mechanics, Part III, State United Scientific and Technical Press NKTP USSR, 


1939. 


**Plane of prime vertical is defined as the vertical plane O&f, which is perpendic- 
ular to plane of meridian Ofn and plane of horixon O€n. 
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H,=Heosp, H, = Hsin3. (11.2.44) 


“iy ; Putting (11.2.1) and (11.2,44) 






reat in (11.2.43), we will obtain 
My = Hosp Using —HsinB Ucos; = 


Plane of = HUsin(> —§). (11,2,45) 


horizon 
Consequently, gyroscopic torque Moe 


directed along the axis Ox(f) of 
rotation of outer Cardan ring, tends 
to combine axis of gyroscope Oz with 
Earth's axis OP: Really, according 
to (11.2.45), gyroscopic torque 

Moe = 0, when sin (p-B) = 0, i.e., 
for 


Fig. 11.2. Foucault gyroscope of second kind. 
B= 9. (44.2546) 

Thus, under the influence of torque Moe? axis of gyroscope Oz will shift in 
plane of meridian O&n until it coincides with Earth's axis OP,» and angle B of turn 
of axis Oz from plane of herizon is equal to latitude of the place 9. Consequently, 
Foucault gyroscope of second kind possesses properties of a latitude indicator, l.e., 
is a gyrolatitude (GL). In this case torque Moe is "directional torque" of gyro 
latitude; due to appearance of this torque, the instrument possesses selectivity 
with respect to direction of axis of Earth. 

The Foucault experiment (second experiment of Foucault [187, 29]), with bringing 
of axis of two-degree-of-freedom gyroscope into coincidence with Earth's axis, also 
turned out to be a failure due to impossibility of decreasing friction, Furthermore, 
even small noncoincidence of center of gravity of gyroscope with point of its sus- 
pension involves appearance of gravitational torque, which is comparable with 
gyroscopic torque which is small in magnitude HU sin (p-B) [see (11.2.45)]. This 
difficulty has not been overcome up to now and is apparently one of the causes of 
the fact that, in contrast to the gyrocompass, the gyroscopic latitude indicator 
has still not been realized in practice [20]. 

Equation of motion of a gyrolatitude. Being interested in motion of outer 
Cardan ring together with the rotor about axis Ox(&) (Fig. 11.2), we should turn 


to the first of equations of system (1.4.2): 
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1, (4 --a7,) + Ha M,,=M,. (11.2.47) 
For projections Pas Uys Ty of absolute angular velocity of Resal axes on axis 
Oxy,2, from Fig, 11.2 we find 
pP,=—8; 9, = u,cos3 —u, sind; r= u4,cos3 + usin 3 (11.2.48) 
i or, substituting (14.2.1), 
p,=—$; 9, = Usin(z —3); 7, =Ucos(z — 3). (14.2.49) 
Projections p, q, r of instantaneous angular velocity of gyroscope on axes 
Oxy42, according to (11.2.9) and (11.2.49), will be 
=— 3; q=Usin(?7—3); r= 37’ +Ucos(; —3). (14.2.50) 
Putting (14.2.49) and (14.2.50) in (11.4.7), we find 
i; (—§—U'sin (7 — 3) cos (7 — 3] + HU sin(; — 3) = M,,. (42,2551) 
Let us designate 
e—f=1, (11.2.52) 
where y — angular deflection of axis Oz of gyroscope from axis of Earth OP he 
Then equation (11,.2,51) will be rewritten in the form 
J,(3—U'’sin x cosz) + HU sin; = M,. (11.2.53) 
Discarding small term us sin y cos y, replacing Je by Joes” sin y by y and 
considering for simplicity that My = O, we obtain equation of small natural oscilla- 
tions of axis of gyroscope near axis of Earth 
Jat + HU, = 0, (11.2.54) 
which can be rewritten in the form 
1+ a7 =0, (14.2.55) 
where 
e HU 
ote (122 56) 
aa ee 
Quantity 
‘ HU 
My V Ja 
is frequency of natural sustained oscillation of GL neir axis of Earth, 
Period of these oscillations of GL will be 
2x Jet 
Tha a | ae (11. 2.58) 
¥See Footnote on page 313. 
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From equation (11.2.54) it follows that position of equilibrium of instrument 
occurs at y = 0, i.e., when axis of gyroscope coincides with Earth's axis, 

Further investigation of motion of Foucault gyroscope of second kind can be 
carried out by the same method as investigation of motion of Foucault gyroscope of 
first kind, 

Possibility of use of Foucault gyroscope of second kind as a gyrolatitude,. 
Above it was said that Foucault gyroscope of second kind still has not been used as 
& gyrolatitude in practice due to friction in its suspension and possible instability 
of the gyroscope, It is also difficult with necessary accuracy to hold axis of 
gyroscope in plane of meridian. Furthermore, inevitable oscillations of the object 
can lead to appreciable errors of the instrument. If for removal of influence of 
oscillations of the object the Foucault gyrolatitude is installed on a platform 
stabilized relative to planes of horizon and meridian, then errors of it stabiliza- 


tion will nevertheless cause considerable instrument errors [8]. 
§ 11.3. Generalized Gyropendulum (GP) 


1. Fundamental Scheme of Generalized GP 


Gyroscopic navigational systems considered further on — GP and GC — are GD of 
positional type possessing selectivity of "directional force" with respect to direc- 
tions of vertical and meridian line. Presence in GP and GC of positional properties 
1s explained by the fact that in these instruments there is applied a gyroscope with 
three degrees of freedom, whose center of gravity is displaced relative to point of 
suspension, In the GP the axis of gyroscope is located near the vertical, and center 
of gravity of gyroscope is displaced along its axis below noint of suspension, In 
the GC, axis of gyroscope is located horizontally,* and center of gravity of gyro- 
scope is displaced in its equatorial plane below point of suspension, 

However, it is possible to imagine a "generalized" GD in which center of gravity 
of gyroscope is displaced arbitrarily relative to its point of suspension. Such 
a GD is called a generalized gyropendulum. This term was introduced by B. I. 
Kudrevich [71], to whom the first theoretical investigations of such a gyroscope 
device are due. By generalized GP we will understand a gyroscope with three degrees 


of freedom, whose center of gravity G (Fig, 14.3) lies in plane of symmetry** of ~ 
gyrvscope at distance 1 from point of support 0; thus axis of gyroscope Gz forms a 


*What has been said about direction of axis of gyroscope in GP ani GC pertains t. 
idealized conditions, i.e., on the assumption that for thes. instruments any errors 4 
“ure absent. 

**By plane of symmetry of gyroscope we will understand the plane, passing through 
axis Oz of the gyroscope. 
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certain constant angle $y with line 0G, 
which connects point of suspension with 


center of gravity and is directed along 
vertical 0&. This displacement of center 
of gravity of gyroscope leads, during 
deflection of axis of gyroscope by a certain 


angle relative to initial position Sos Lo 





Fig. 11.5. Diagram Fig. 114.4, Diagram appearance of corresponding gravitational 


of generalized GP of generalized GP ; 
with displaced cen- with spring. torque. 
Roe ae) ase Expediency of introduction of concept 


of generalized GP and its investigation is fully evident, Actually, for $6 = O, center 
of gravity G of gyroscope is located on spin axis Oz of the latter below point of 
suspension 0, and in this case we have a gyropendulum vertical (§ 6.1, Par. 1). At 
$y = 90°, center of gravity G of gyroscope will be in equatorial plane of the latter 
below point of suspension O, and generalized GP turns cut to be transformed into a 
gyrocompass, For $5 = 90° -9 (where p is latitude of the place), as will be shown 
further, we will have a gyrolatitude. Furthermore, from generalized GP there can be 
»otained so-called gyrocompass of "East-West" type. B. I. Kudrevich composed a table 
[2] of different types of gyroscope devices obtained from generalized GP and their 
basic characteristics, To the development of theory of generalized GP are dedicated 
individual works (see, for instance, [123]). 

Generalized GP may also be created [71] not by means of displacement of center of 
gravity of gyroscope, but on the basis of a balanced gyroscope whose turn relative 
to its initial position $5 is limited by a spring (Fig. 11.4), which introduces a 
torque analogous to gravitational torque in generalized GP with displaced center of 


gravity (Fig. 11.3). 


$2, Equations of Motion of Generalized GP 
We will compose differential equations of motion of a generalized GP. As system 
of reference we choose axes O&n€ (Fig. 11.5), which are oriented just as in Fig, 14.¢: 
axis On is directed in plane of horizon to the north, and axis 00 is along the true 
vertical. Axes Oxyz are connected with the gyroscope, Upon azimutha!: turn by angle 
ain plane of horizon, axes Oyvyyz will occupy position OX, Zo» for which axis 02, forms 
with the vertical 00 a constant angle $s Then center of gravity of the gyroscope is 


at point G, on axis 0C; OG, =i. Let us impart to the gyroscope rotation about axis 


0 
Ox, by angle 6, Then Resal axes connected with gyrorousing will occupy position UX, ¥ 2s 
which relative to reference system O&€n€ is characterized by angles a and ($5 + 5) or 

a and B, where 


fp = 90° — (8, + 2). (14.3.4) 


were a ee ae ee ee _ - - -——---- Bry ' 


ee mee 


During turn of gyroscope by angle 5, its center of gravity will shift to point 
G, i.e., line OG will turn relative to vertical Of by angle 6, 

During account of theory of generalized GP we will consider only the particular 
case of installation of it on a base whic: is motiouless with respect to Earth. Axes 
O&nf participate in diurnal rotation of Earth; projections ar wy Oy of angular 
velocity U axes of O&nt are determined by relationships (11.2.1). For composition 
of equations of motion of generalized GF we will use equations (1.4.2) of motion 
of gyroscope with three degrees of freedom; mass of Cardan rings for simplicity 


will not be considered, Let us use first two equations of system (1.4.2): 


4, (2 = #) 4-Hq,= M,. 


(14.3.2) 
dq, i 
4,( a + pr.) Hp, = M,, 


For projections Pas qs Ty of Resal 
axes on axes Ox, yz of absolute angular 
velocity, from Fig. 11.5 we find expressions 

Py=—8+u, sins 
q,=— (2 +4,) sin (8, +2) + u,cosrcos (A + 2) 
r= u, cos asin (8, + 4) +(3 + u,) Cos, = 4) 
(145,332) 

Projections p, q, r of instantaneous 
angular velocity of gyroscope onto axes 
Ox,yZ, according to (1.20143) and. (04,.3¢3),, 
will be 





pa=—éitu,sinz 
Fig. 11.5. Angles a and + 6) which ‘ > 
eee 5 ition of ORS ene : a5 ( “ “) a (" - 4 : ee a ‘ 
rag’ + u,cosasin (9 + é) + (2 +- u,) cos (, + 3) 
(11.3.4) 

where 9! — angular velocity of rotation of rotor relative to the inner ring. 

As torques * and My » contained in equations (11.3.2), we will consider only 
the components of gravitational torque M,, caused by displacement of center of gravity 
G of gyroscope relative to point O of its suspension (Fig. 11.5). For torque 


Ho by analogy with (2.3.25), we have expression 
=—— > 
M,=TxP, (11.3.5) 


where P = eee: es weight of gyroscope. 
By projecting (11.3.5) onto axes Of&nf we find 
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May = 1P,— LP, 
M,. = 1P,— bP, (11.3.6) 
Mi = LP, — LP, 


_ 
For projections of vectors — and 1 on the same axis we have 


Pp=0, P=0, P.=—P,; (ae 3.0) 


§ = Isinésina; I, =— Isin4cos x; lL. =— Icos3. (44.3.8) 
Putting (11.3.7) and (11.3.8) in (14.3.6), we will obtain 
Ma, = IP sinécosz, M= [Psinésinz; M,.=0. (11.3.9) 


For determination of projections Mex and Moy interesting us, we will use trans- 
4 


formation of axes O&nf to Ox, 2,5 which we will write in matrix form 
[x y z= Cle 4, So) (11, 9,40) 

where transformation matrix C, Fig. 14.5, will be 
cos 2 sin 2 0 


C = || — sin acos(0, + 4%) cosacos(%, + %) —sin(t) + 4) 
— sinasin(0, + @) cosasin(9,+%) —cos(i, + %) 





| (4453.09) 
For determination of Mex and Mey we will use expressions (11.3.9) and elements 


1 
of matrix C; then we will obtain 


M,,,= IP sin’ M.,=0. (4453.12) 


Putting (14.3.3), (14.3.4) and (14.3.12) in (11.3.2), we will obtain differential 
equations of motion of generalized gyropendulum in the form (for @ = const) 
/,{ —i+ u,2.c0s 2 == (3 + uw.) sin (0, +2) + 
+ u,cos cos (0, + 4) [u, cos 2 sin (9, + 3) + 
+ (2 +4.) cos (0, + <)]} +H he (2 + 4,}sin (0, -+ 4) + 
+ u, cos 2cos (0, + 2) = IP sing 
4, {- asin (0, +%)— (2 + u,) 6 cos (0, +2) — 
—u,la sin 2cos (8, +4) + tcos asin (9) + *)| - 
+(—8 + u, sina) {u,cos asin (0, + 4) + 
+(a+ u,) cos (0, +2)|}—H(—4+ u, sina) = 0 


(ite i495) 


Approximately with accuracy up to terms of second order of smallness we have* 


*It is necessary to consider that angle $5 is not small. We will consider 
generalized coordinates a, 6, angular velocities 4, b, and also components Ug, uy 
Ur of induced angular velocity of reference system Ofnf to be small, 


324 





4,{- asin (2, +2) —2(a + u,) écos (0, +2) — 
— 2u,fcos2 sin (0, + ‘)] —H(—4+4u,sinz) =0 
J,[- e+ ua cos 2 + (2 + u.) ucos2sin® (0, ale 


+ (2+u;)'sin (0, + 2) cos (0, +2) — 
—utcosta sin (0, + 2) cos (0, +4) — (14.3,14) 
—4, (2 + ui.) cos 2 cos? (0, + *)] + 
+ H[- (2 + u,) sin (0, + &) + u,cos2zcos (0, + “)) me 


= IP sing, 


Being limited subsequently to consideration only cf basic precessional motion 


of generalized GP, we will discard in (11,3.14) inertial terms; then we have 


H (’— 4, sina) <0 
H [u, cos.acos (8, + 8) — (a +u,) sin (0, + ’)| = IP sin? (14.3445) 


Designating by analogy with (2.3.30) 


(P 


we will rewrite (11,.3.15) in the form 


s— u,sinz =0 


u,cosacos (0, -+ 2) — (a + u,)sin(0, +2) —ksin3 =0 (41,3.16) 


We have obtained equations which with accuracy up to designations coincide with 


equations of motion of generalized GP, which were found by B. I. Kudrevich [71] by 


another method, 


Equations (11.3.16) by means of simple trigonometric transformations with 


accuracy up to smali terms of second order can be represented in the form 


t—ue=0 


u, (cos ®, — sin 8,2) —(3 + u,) (sin, + cos 0,-8) — #3 =0 (42. 3.47) 


3. Analysis of Certain Particular Cases 


For investigation of motion of generalized GP it is necessary to integrate 


equation (11.3.17). 


corsider only certain particular cases, 


Without giving the solution of this general prohlem, we will 


First of all we will determine position of 


static equilibrium of axis of gyroscope, which is characterized by angles a_, 6 


(or B,). For this in equations (114.3.17) we will set a 


a, == 0, 
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= 6 = 0; first equation gives 


(11.3.18) 


eet, 


ae 


1.e., axis of gyroscope of generalized GP in position of static equilibrium is 
located in plane of meridian, and the considered GD is in general a gyrocompass, 
Let us turn to analysis of certain particular cases, 
Case of gyrocompass, In this $, = 90°, Considering that in (11.3.17) § = 90° 


and taking into account (11.2.1), we will obtain 
$—Ucosz-2 = 0 


° 44.3,15) 
a+Using + (U cos: +h)2=0 ( 
or, considering (11.3.4), for $) = 90° 
$4Ucosg-a=9 (11. 3.20) 
@+Usin oe —(Ucos7 +k)3 =0 


i.e., we have equations of motion of single-rotor gyrocompass [20] located on a 
base motionless with respect to Earth [see (11.5.43)]}. 
In position of equilibrium we have 
e,=0 


8, = Using 
"" Ucosy+t 


(toe) 


i.e., in this position axis of gyroscope is located in plane of meridian, but raised 


above plane of horizon in northern hemisphere (@ > 0) by angle Be 


For the usually taken structural parameters of the GC k = ae >> U cos og. There- 


fore for Be according to (11,3,21), we approximately have [see (11.5.46)] 


pa AY sine, (146322) 
1p 
whence it follows that to angle B. there corresponds gravitational torque UPB. = 


= IU sin » and angular velocity of precession us, which is equal to U sin», This 


rate of precession of GC is necessary for compensation of vertical component U sin 9 
of Earth's rotation and for holding thereby of axis of gyroscope in plane of meridian, 
Using equations (141.3.20), we can reveal character of sustained oscillations 

of GC, their period, trajectory of vertex of gyroscope, etc. (see § 14.5). 
Case of gyropendulum. In this ctoe $, = G« Considering that in (11,3,17) 
$9 = O° and taking into account (11.2.1), we will obtain 
é—Ucos;-2=0 (11. 3,23) 
—(a+Using +&)%+U cos: =0 
Let us show that in the considered case instrument possesses properties ‘f che 
gyrovertical, i.e., axis of gyrosccpe will follow the local vertical, which rotates 


around meridian line in outer space eastward with angular velocity U cos » with the 


horizontal component of the Earth's rotation (Fig. 1.8). Actually, from the second 
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equation of system (11.3.23) we find coordinate 6, of position of equilibrium of axis 
of gyroscope: por 
0 Using ek (44 3.20) 

Since for gyropendulum usually k = ts >> U sin g, then for Be we have approx- 
imately 


= 2 U cosy. (1.3.25) 


From (11,.3.25) it follows that in position of equilibrium axis of gyroscope will 
be deflected in plane of meridian* toward the north by angle One For this slvope Os 


there appears gravitational torque 1P6, = HU cos » and angular velocity of precession 


LP6 
= which is equal to U cos g. This angular velocity of precession is necessary 


for compensation of horizontal component of angular velocity of Earth's rotation, 
t.e., for automatic following of axis of gyroscope after vertical of the place, which 
travels eastward with angular velocity U cos m9. Thus, for $5 = 0, generalized GP 
becomes a gyropendulum vertical, 

Case of gyrolatitude, In this case $6 = 90° -» (pm is latitude of place), i.e., 
axis of gyropendulum is directed along axis of Earth. Considering in (11.3.17) that 
9) = 90°-@ and taking into account (11.2.1), we will obtain 

$—Ucosp-a=0 
U cosy (sing — cos ¢-2)— (2 + Usin z)(cos 7 + 
+ sing-2)— #2 =0 
$—Ucos¢-a =0 
ecosp + (sing +U+h)3 =0 


° 


In position of equilibrium (4 = 6 = 0) 
e, = 0, & = 0, 


i.e., axis of gyroscope is established in direction of axis of Earth, and such a GP 


whence 
(140; 326) 


(447,327) 


can be an indicator of geographic latitude of place of observation, 

Other cases of application of gen-ralized GP can be met in the corresponding 
literature (for instance, [71, 123]). 

After clarifying certain general properties of GD with center of gravity of the 
gyroscope displaced relative to point of its suspension, we will consider in more 


detail the most important varieties of generalized GP — gyropendulum and gyrocompess, 





*Indeed, from first equation of system ee) it follows that in position of 

equilibrium coordinate a= O, i.e., axis of gyroscope is located in place of meridian, 
Equations (11.3.23) ditfer in form from equationa of GP obtained by B. V. 

Bulgakov [20, : 34, formula 33]. However, from the latter it is easy to go over to 


equations (14.3 123), if for considered case of a base motionless with respect to Earth 
we set Wy = We = Wo = W., = 0, uy = Ug = 0, U5 =u = U cos q, Us = Up = U sin gq, ana 


taking into account different selection of Euler angles (cf. Figures 11.5 and é. 19) 
we replace 6B by 6, Ba by +u_a, @ by -@ sin 6 © -&5, and also take the restoring 
torque 2Pa = 0, 7 


PPR eye er on on 3. reese en sod a ate 
a» 7 
: 


5B 





§ 14.4. Gyropendulums (GP) 


1. Purpose of GP. Fundamental Scheme of the Instrument 


a) Types of GP 
As was shown earlier (§ 6.1, Par, 1), gyropendulum (GP) is defined as a gyro- 


scope with three degrees of freedom whose center of gravity lies on figure axis 
(axis of rotor) at a certain distance from point of support. Gyropendulum can be 
considered as a particular case of generalized GP, (§ 11.3, Par. 3). Gyroverticals 
in which there are used GF, are called gyropendulum verticals. Such gyroverticals 
in principle possess essential advantages over GV based on application of three-degree- 
of-freedom astatic pendulum gyroscope (Chapter 6). However, realization in practice 
of gyropendulum verticals having acceptable accuracy of readings during maneuvering 
of object (ship, aircraft) is very complicated technically, since it is difficult 

to realize M. Schuler's condition of undisturbability (§ 4.5, Par. 5) of the gyro- 
pendulum by accelerations of the object. In practice this condition is satisfied in 
so-called inertial verticals (the basic element of inertial navigational systems, 
see § 11.6) by means of artificial simulation of Schuler's pendulum with help of a 
system containing a gyrostabilized platform, accelerometers, integrators, computer 
and other elements. 

In gyropendulum verticals there are applied spherical, or two-component, GP, 
possessing two controlling coordinates, In different GD there are used also plane, 
or single-component GP, having one controlling coordinate. Depending upon number 
of my aacoue ss we distinguish single-gyroscope, two-gyroscope and four-gyroscope GP, 

During account of theory of GP we will consider usual scheme of gyropendulum 
vertical with one gyroscope. Regarding plane, two-gyroscope and four-gyroscope GP, 


we will] indicate only their basic peculiarities, 


b) Fundamental Scheme of GP, Simple Relationships 
Schematic diagram of GP is shown in Fig. 11.6. Gyrorotor is installed in gyro- 


housing (in inner Cardan ring) Gh, which is suspended in outer Cardan ring C. Center 
of gravity G of gyrohousing with rotor is displaced along axis Oz of gyroscope by 
the amount 1 relative to point of suspension 0, 

Let us consider principle of action of GP and derive simple relationships. In 
Fig. 11.7 axis Oz of gyropendulum is deflected from verticeai 0€ by angle a about 


axis On of rotation of outer Cardan ring. Torque My due to weight P of rotor with 
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gyrohousing is directed along axis On and in magnitude is equal to 
M, = IP sina = IPs. (14.4.4) 


For determination of basic precessional 
motion of axis Oz of gyroscope under action 
of torque M, we will use Resal's theorem 
(§ 1.3, Par. 2). According to (1.3.23) 
we have: 

u= M,, (44.4.2) 


where u is linear velocity of end of vector 





Fig, 11.6. Schematic diagram of GP. 


F of angular momentum of gyroscope; it is 
determined by relationship 


a= kH sina~hkHa, (44,423) 


k is angular velocity of precession of GP. 
Substituting (11.4.1) and (11.4.3) in (14.4.2), we have formula 


-<., (14.4.4) 
which coincides with (2.3.30). 
With deflection of axis 0z of gyroscope from vertical 00, the GP starts under 
action of gravitational torque M, to precess about 00; then axis Oz will describe 
a cone with vertex at point 0. Angular velocity of precession k is determined by 


formula (14.4.4), and its period Ty p will be 


Tym meee. (14.4.5) 
In the absence either of friction in the suspension or a special damping attach- 
ment, precessional oscillations of axis of gyroscope will be undamped, For trans- 
formation of GP into a GV, it is necessary to quench these oscillations with help 
of a special damper, Use of frictional force for quenching of natural osciliations 
of axis of gyroscope is impossible, since friction generates additional errors in 
the GP; therefore, in every possible way it is attempted to decrease frictional 
torque in the suspension, 
Comparing (11.4.5) with formula (4.1.2) for period of oscillations of simple 
pendulum, we will find length taal of simple pendulum, which is isochronous with the 


considered gyropendulum, i.e., "reduced" length of the GP: 


= wm a(4). (14.4.6) 
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Fig. 11.7. Precessional 


motion. GH. is expressed by relationship (4.4.5): 


Thus, if we take a gyroscope of comparatively small 


great length, 
A GP, if in it the gyroscope does not rotate (H = 0), 


Then length Le of the equivalent simple pendulum which 


formula (4.1.4) 


Tr entey/ te. 


d 
= —2 
l, ip & 


weight P, but possessing large angular momentum d and 
small static torque 1P, then we can obtain a GP with large 


period, i.e., equivalent to a simple pendulum of very 


becomes a physical pendulum whose period is determined by 


(44,4.07) 


where Je is equatorial moment of inertia of gyrorotor, 
has the same period as the considered physical pendulum 


(11.4.8) 


whence it follows that physical pendulum is equivalent to a simple pendulum of 


considerably smaller length than the GP. 

Verticals of gyroperndulum type constructed according to the considered scheme, 
for several reasons, which will be shown further, have found comparatively little 
application in practice, The first more or less useful artificial horizon of gyro- 
pendulum type was built by Flerie [29, 20] for stabilization relative to plane of 


horizon of the optical system of a sextant. 


horizon and aviation gyrohorizon of Anschutz [29, 20]. 


Let us give an example for determination of certain parameters characterizing 


motion of the gyropendulum aviation gyrohorizon of Anschutz, 


Example 11.1; To calculate parameters characterizing motion of gyropendulum 
aviation horizon of Anchutz, for the following initial data [29, 20]: rpm rate of 


There are also known the naval gyro- 


rotor N = 20,000 rpm; angular velocity of spin of rotor 2 = 2094 1/sec; angular 


momentum of gyroscope H = 4.708+10° gecm-sec; weight of gyronousing with rotor 


P = 5 kg; distance of center of gravity of gyroscope from point of suspension 


It 


U 


Solution; 1. By formula (11.4.4) we find angular velocity k of precession of 


the GP: 


iP 


t= — = 


H 


ie corte. - oe 


-0,25-£000_ 
1,708. 10° 


= 7,319- 1079 1/sec, 
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2. According to (11.4.5) we determine period Ty, p of natural sustained oscillat- 


tions of GP: 


rat = a sec =4 min 19 sec. 


h 7,319- 10-5 
3. Using (11.4.6), we calculate "reduced" length of GP 1_.,: 


lg ww Ee — 98 183. 100 m = 183,1 ken 
M - (7,319.10-%)* 


4, By formula (11.4.7) we determine period Ty, 6 of oscillations of physical 


pendulum obtained from GM with non-rotating rotor (H = 0): 


J, 48,94 
* . — = 6,% —_——_ = 1,23 sec. 
tea Vi 0,28-8000 


5. According to (14.4.8) length 2 of the equivalent simple pendulum 


tye at gm Ol = 27 ts em = 0,2784 m. 


From example 11,1 it follows that the GP has considerably larger period of 
oscillations than the corresponding physical pendulum. Therefore, accuracy of read- 
ings of GP on a rocking ship or aircraft will be considerably higher than accuracy 


of physical pendulum, 


2. Dynamic Characteristics of GP 


a) Geometric and Kinematic Parameters 
Investigation of GP starts with composition of differential equations of motion 

= and corresponding transfer functions, Initial position of axes Oxyz, which are 
connected with gyroscope, and reference system 0€nf, where axis OC is directed along 
geocentric vertical, is shown in Fig. 11.6. Position of axis Oz of gyroscope relative 
to its assigned direction 0f (Fig. 2.19), or, which is the same, position of Resal 
axes Ox,¥42 relative to O&n0, is determined by angles a and BB, which are considered 
subsequently as errors of the gyropendulum, 

Transformation of axes O€nf to Ox4¥42 is written in the form of matrix equality 
(6.2.1), in which matrix of transformation A, = Hat ll (u,v = 41, 2, 3) 18 defined 
by Table (6.2.2), or for small angles a and B — by (6.2.3). 

For projections Pas Gs Ty of angular velocity @, of Resal axes Ox4¥42 onto 
these same axes we have formulas (152.45) With consideration of induced motion of 
axes O&nf caused by rotation of Earth and vehicular motion for projections of absolute 
angular velocity of axes Ox,y,2 onto the same axes there were found formulas (1.2.34) 


or (1.2.35) (for case of small a and 8). ee 
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b) Differential Equations of Motion and Transfer Functions of the GP 


For composition of differential equations of motion of the GP we will use 
generalized Euler equations (without considering, for simplicity, the mass of the 
Cardan rings); 1.e., we will use first two equations of system (1.4,2) 

J, (t —41) + Hq, = M,, 


(14.4.9) 
di 
/, a+ pri) Hp, = M,, 


For small angles a and B quantities P4s Gy» Ty are determined by relationships 
(1.2.35) 





p= —bt+u,—u.s 
qaatu,—us (411.4.40) 
rue tu3+ u, 
For p, q, r, according to (1.2.13), we have 
P=Pi Q=Qi r=a+n,. (14.4,44) 
Putting (14.4.10) and (14.4.411) in (44.4.9) and considering components Ups Ups 
Up of induced angular velocity U of axes O€nf€ to be constant (for comparatively 
small time intervals of operation of the GP), with accuracy up to terms of the second 
order of smallness we will obtain 


J3—H(a +u,-- u.3) =—M, 


(14.4.12) 
: eee, 
J,2-—H [—-3 -- a2) = Af, 
Moments My and M_ will be represented in the form 
M, = My. », + M+ h,(!) (14.4.43) 
M,, eo My. wi, + M,, + f (4) ' 
— 
where MEOW) 2 and “(B-W) y are components of torque Mg.w)? which is due to action of 
gravity and forces of inertia due to accelerations of 
the object; 
Max and May are damping torques; 
f,(t) and f,(t) are other perturbing torques relative to axes of suspension 
of the GP, 
Components M and M are determined by formulas (2,3,56); we will at 


first consider moments of forces of damping (damping torques) to be equal to zero; 
then we will rewrite (14.4,13) in the form 


M,=— mV. — (2+) a +40 (11.4.4) 
M,, = ml [W,— (a, + M,)9] +f, (4) 
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Substituting (11.4.4) into (11.4,.12), we have 


Jb—H (a - u,— uf) = mi [W.—(e, +.) 3]-f() 
Jo—H(—)+4,—u,2) = mi [V,— (41.4,45) 
— (e+ ™,)a] + 7,(4) 


For the case of a fixed base, if we do not consider also rotation of Earth, 


Up = Uy =U, = 0, We = W, = We = 0, and in plece of (11,4,415) we will obtain 
Jf = Hat mg. =— f,(0) 
Considering [see (2.2.3) ] 
Nga mg = P, (245447) 
we will rewrite (11.4,16) in the form 
J+ iP3— He =— fy (t) (42,4.18 
Ja + [Pa + H3 = f,(¢) iced 
Let us divide left and right sides of these equations by H: 
ee eee eet 
H b+ HW p—a 7 f,(¢) ie 
4, , WP ! Sars 
ot — = — 
Het sate TAM 
Let us designate 
4s, iP, 1 
Ty ti a hee (41.4.2¢) 
Then we will write equations (11.4.19) in the form 
teen (44.4521) 
Tre + hat Pehf,(t) 


or in operator form (p = oe) 


(Tep* + &) 3 — px =— hf, () 
p8 + (Top* + k)a = Af, (t) (411.4.22) 


Eliminating variables B and a, we will obtain 


(Top* + &)* + p*jz = (Typ? + Ry hf, (t) + Apf (8) 
((Top® + &)* + p*]3 =— (Tap? + A) Af, (t) -1- hpf, (t) 


Applying to (11.4.23) Laplace transform, we find following expressions for 


(41.4,23) 


transfer functions of the gyropendulum: 
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Mul) = Fea) (r,t + &)* 4. 3? 
ee 
3 (s) Als) (Tat +2)" pa 
V4, (s) = 20 (44.4.24) 


Al) (Tes? 5-8)? 8 
V3(3) ms —bl) _ (Tyst + kA 
hls) (Ty? 4-2) + 3? 

As will be shown further, on during pulse action, in accordance with (114.4.24), 
the GP, in distinction from a three-degree-of-freedom astatic gyroscope (§ 3.2, Par. 
3), will accomplish two forms of undamped harmonic oscillations: 1) nutational 
oscillations with frequency where T) is time constant of GP (for its nutational 
oscillations); 2) precessional oscillations with frequency k. 

In the case of a balanced gyroscope 12 = 0, and consequently, k = 0. Then trans- 
fer functions (14.4,24) of the GP will be the same as transfer functions (3.2.31) of 
a three-degree-of-freedom astatic gyroscope, if in the last expressions we take 
k =h, ky = ky = hTp, T = Tp. 

Differential equations and transfer functions of the GP, taking into account 


damping and other factors, will be composed further on, 


3, Transient Responses of the GP on a Fixed Base 


a) Transient Response of Nutational and Precessional Oscillations of Axis of Gyroscope 


Knowing expressions of transfer functions of GP, we can find transient response 
of gyropendulum on fixed base with help of the same methods of the theory of auto- 
matic control which we used in § 3.2, Par, 3, during the analysis of motion of three- 
degree-of-freedom astatic gyroscope, when disturbances f,(t) and f(t) were considered 
in the form of moments of instantaneous forces (impacts) or of torques constant in 
magnitude, Without producing detailed analysis of transient responses of the GP, we 
will be limited to their general consideration, proceeding from the form of the 
transfer functions, Thus we will use one important circumstance which introduces 
an essential simplification. 

According to one of the theorems (§ 10.2), if condition of stability is observed 
and gyroscopic forces dominate over others (for large H), then frequencies of 
oscillations of gyroscope are separated and can be calculated independently of each 


other, 


Actually, for analysis of basic precessional motion of the GP, in differential 
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equations (14.4,21) it is possible to discard inertial terms; this is equivalent 
to disregarding time constant T> of the gyroscope in expressions (11.4.24) for trans- 


fer functions, Then instead of (11.4.24) we will obtain 





om 
Ful) 7) one e 
e(s) hs 
: Walt) =o) Paw 


_ 1) ks (14.4.25) 
Val) tae 


—B(s)_ hk 


; Va()= hi) sgt ek? 


As an example we will give the characteristic of motion of gyros::ope relative 
to coordinate a, From the expression for transfer function Wy4(8)> it follows that 
the GP with respect to disturbance f,(t) relative to analogous axis (§ 3.2, Par. 3) 
can be considered as a conservative network, and therefore motion a(t) during disturb- 
ance f,(t) in the form of instantaneous torque (impact) will represent undamped 
harmonic precessional oscillations with frequency k. In this case trajectory of 
vertex of gyroscope on the representative plane is a circle, 

On the other hand, the form of transfer function W4o(8) shows that the GP with 
respect to disturbance f(t) relative to the cross axis can be considered as a con- 
servative network with introduction of derivative [144], 1.e., motion of gyroscope 
a(t) during disturbance fo(t) will constitute undamped harmonic precessional 
oscillations with frequency k. Frequency k of precessional oscillations of GP is 


determined by relationship (11.4.4), and their period T — by formula (11.4.5). 


&.p 
For analysis of nutational oscillations of GP in accordance with the ahove- 

indicated theorem, in differential equations (11.4,.21) it is possible to discard 

terms containing as a factor the quentity k, or to do the same in expressions 


(114.4.24) for transfer functions of the GP; then the latter will take the form 


TA 
wv, (s) = e GF Ths? +1 
a Oe 
| a (s) = ha(2) (Tes? 4 1) s (14 4 26) 
a 60. - 
| Wald ig” (7? +1)s “4 
we HT 
Val) KO Ta +1 ) 


335 








Ht 





Consequently, transfer functions of GP will be the same as transfer functions 
(3.2.31) of astatic gyroscope with three degrees of freedom,'if in (3.2.31) we take 
k =h, and ky = kK, = nT, T = Tos Therefore, transient responses of GP here are the 


same as for the indicated gyroscope (§ 3.2, par. 3). In genera}, for instance, motion 


of axis of gyroscope a(t) constitutes undamped harmonic oscillations with frequency 
1/T> and shift of axis of gyroscope superimposed on them, which is proportional to 
the integral of input disturbance f,(t), These sustained oscillations of axis of 
gyroscope are nutational oscillations; their frequency, by analogy with (3.2.62), 


will be 


‘=F, (11.4,27) 


or, considering (11,.4,20), 
aw tl, 
4, 


Period Tae of nutational oscillations of gyropendulum is determined by expres- 


t 
sioy 


Tye Zam ts, (14.4,28) 


Example 11.2; To calculate time constant To» frequency n and period Dat of 
nutational oscillations of a GP whose parameters are given in example 11.1. 


Solution: 41, By formula (11.4.27) we find frequency n of nutational oscilla- 





tions: 
H __1,708.10° 
ot as! = 3,49-10" 1/sec. 
| 98 “a 
2. Period T,,, of nutational oscillations is determined by formula (11.4,28): 
Toe Ee OF 8 10-* sc, 
"3,49. 10° 
3. According to (11.4.27), we find time constant To of the GP by considering 
its nutational oscillations: 
T= A = pestle z= 0,286. 10-3 sec. 
".  3,49-10° 


Comparing period of nutation \Tne = 41,8107 sec.) of the GP with period of 


its basic precessional motion (T, ss 


is many times larger than period of nutational oscillations, Amplitudes of nutational 


oscillations of axis of GP, just as for the astatic gyroscope with three degrees of 
freedom (§ 3.2, Par. 3), are obtained to be negligible and many times less than 
amplitudes of precessional oscillations of the GP. 

Comparison [76, 20, 135] of amplitudes of precessional oscillations of GP with 
amplitudes of oscillations of physical pendulum (for the same initial conditions) 


shows that the first is considerably less than the second. This also indicates 
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advantages of gyroscopic pendulum over the usual phy*ical pendulum, 
Using the earlier indicated theorem, we found frequencies k and n of precessional 
and nutational oscillations of GP separately. Fxact value of these frequencies can 


be determined according to (11.4.23) by means of solution of following characteristic 


equation: 
(TO? +2) +0 =0. (14.4.29) 


As calculations show [90], relative error of separate calculatior of frequencies 
k and n as compared to their exact determination proceeding from (11.4.29) i8 a 
fraction of a percent; this is fully acceptable for practice, 

In connection with above considered question, it is important to present the 
following theorem [90]: if frequencies of system with sufficiently large H are 
separated, then solution of simplified equations is acceptabie., Therefore, during 
analysis of GP there are usually used simplified (shortened) equations, and basic 


precessional motion of gyroscope is inveatigsted, 


b) Stability of GP 

Above considered oscillations of GP are stable for 1 > 0, i.e., when center of 
gravity of gyropendulum is located lower than point of its suspension (Fig. 1457)% 
However, it is possible to show that for s:fficiently large value of angular momentum 
H, GP will be stable and also for 2 < 0, when its center of gravity is located higher 
than point of suspension, i.e., in the case of a statically unstable system ("inverted" 
GP). Actually, characteristic equation (11.4,29) corresponding to homogeneous 


differential equation of natural oscillations of GP can be written in the form 


TH + (1+ QT A) M+ Ab = 0. (11.4, 30) 


Since k = d= [see (11.4.20)], then for 1 < 0 we have k < 0. Analysis of 
characteristic equation (11.4,30) shows that its roots are real, and motion of GP is 


stable if the following inequality [20] is satisfied: 


H>2V IP. (44.4.3) 
It is easy to show that this condition is sufficient, Stability of "inverted" 
GP if condition (11.4,31) is satisfied gives an example of possibility of realization 
of gyroscopic stabilization of a statically unstable mechanical system (§ 10.2). 


c) Influence on GP of Frictional Torques in the Suspension 


Influence of fluid frictional torques in axes of suspension of GP on character 
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of its natural oscillations is considered in a number of works (for instance, 

(20, 71]). It is shown that in this case nutational and precessional oscillations 

of axis of gyroscope under the influence of friction attenuate; nutation attenuates 
faster than precession [20]. In connection with this it is interesting to present 
the statement of B, V, Bulgakov [18]: "this selective action of resisting forces, 
which rapidly quenches high-frequency oscillations, and is the true cause of the 

fact that usually in all technical applications of the gyroscope it is necessary for 
us to deal only with precession, while nutation appears only during starting or stop- 
ping of the gyroscope, during shocks and vibrations of supports, etc," 

The question of the influence on GP of dry frictional torques in axes of sus- 
pension was considered by certain authors [18, 57}. Here also there occurs damping 
of nutational and precessional oscillations of axis of gyroscope; thus, as in the 
case of fluid friction, nutation attenuates faster than precession, Trajectory of 
vertex of gyroscope on representative plane constitutes a converging spiral with a 
dead zone [45], A characteristic peculiarity of the case of dry friction, as it 
was shown in [18], is full quenching of precessional and nutational motions in a 


finite time, 


d) Quenching of Natural Oscillations of GP 


As was shown in Par. ib, for transformation of gyropendulum into a gyrovertical 
it is necessary to quench its natural precessional oscillations, Use for this of 
forces of friction in suspension leads to additional errors of the GP, especially 
in case of vehicle maneuvers and oscillations, Therefore, it is necessary to decrease 
frictional force in suspension by all possible means, and to quench natural oscilla- 


tion of the GP with help of special devices, 






True 
horison 


Fig. 11.8. llydraulic damper of GP, 
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In certain GD, for instance in GC and GP, for quenching of natural oscillations 
of axis of gyroscope we apply a hydraulic damper, which is made according to the 
model of Frahm cisterns intended for damping of rolling of a ship. The damper con- 
sists of two vessels containing liquid joined with each other by a thin tube and 
connected with the corresponding ring of the Cardan suspension of the GP, Action of 
such a damper is based on the fact that the liquid during shift in the vessels lags 
in phase relative to oscillations of the gyroscope and by its weight counteracts 
oscillatory motion of the gyroscope, 

Let us consider the behavior of a GP supplied with hydraulic damper; for this 
we will use the account of this question which is due to B. V. Bulgakov [20]. 
Schematic diagram of the damper connected with the external Cardan ring is shown in 
Fig, 11.8; on it there is designated: a — angle of inclination of axis of gyroscope 
together with outer Cardan ring; 9 — angle of inclination of "mirror," i.e., of the 
straight line connecting centers of gravity of free surfaces of the liquid in both 
vessels with plane of the outer Cardan ring; » Os angle of inclination of apparent 
horizon to true, horizon which by analogy with relationship (4.5.22) is determined 


by formula 
v 


nez- (41.4, 32) 

Magnitude of torque introduced by surplus of liquid in vessel, 

M,, = ¢2, (14,45, 35)) 
where c = R°S,,3 

b — distance from center of gravity of vessel to axis of rotation; 

S ~ area of cross section of each vessel; 

y —~ specific gravity of liquid, 

Rate ® of flow of liquid in vessels on the basis of Poiseuille's law is expressed 
by relationship 

a= —F( +9), (44.4, 34) 
where F is so-called flow factor [71], which is defined in terms of structural con- 
stants of the system, 

Let us compose differential equations of motion of a GP supplied with a hydraulic 
damper, Being interested in analysis only of basic precessional motion of the 
gyroscope, we will use equations (14.4,21), cjiscarding in them inertial terms Tot 
and TB; torques f,(t) and f(t) of disturbar.ces will be taken equal to zero; we 


will consider torque M [see (14.4,33)] applied relative to axis oy, (Fig. 2.19). 


sur 
Then we will obtain equations 
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a—h3=0 
B+ kat (I—s) hz = eee? 
where p, if we consider (11.4,.20), is determined by relationship 
¢ 
Pe Ne (41.4, 36) 
Equations (11.4.35) should be supplemented with equation (14.4.34) of oscilla- 


tions of liquid in the damper; then we will obtain system or equations (20] 


sa =0 
p+kr+(I—p)kz =0 ae 
z=—F (+3) 


characterizing motion of GP supplied with hydraulic damper, 


Characteristic equation of system (11.4,37) we will write in the form 


ay + ay.’ — a. + 2, = 0, (14.4, 38) 
where 
a= 1; Gomi e teas | a ee, (12.4, 39) 
Fp h%p a Fktp oe 


For equation the cubic, according to the Hurwitz criterion, conditions of 
stability have the form 
a,>0; a,>0; a,>0; a>0 


GQ, a% 
ig 0 
a. aA, — 2,0, > 


ee (14.4,40) 








whence, considering (11.4.39) and (11.4.36), we will obtain the following condition 
of stability [20]: 


O0<p<l (dd ted) 


or 
0<c< IP, (11.4.42) 
if this condition 1s satisfied natural oscillations of the GP will be attenuated, 

The solution of more general problem about hydraulic quenching of oscillations 
of GP in two planes [20] is known, 

Let us note that during investigation of question about damping of natural 
oscillations of GP in the presence of accelerations of the vehicle, we should orig- 
inate from equations (11.4.15), supplementing them with expression (11.4.33) of 
torque M,,,.. and should write in place of (11.4.34) the equation of oscillations of 
fluid in the damper in the form 

P=—FQ-bet a) a 
where Xx, (Fig. 11.8) 1s determined by relationship (11.4,32), in which We is component 
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of acceleration along axis 08. 

Besides the hydraulic damper, there exist other means for quenching of natural 
oscillations of GP. One of the wide-spread methods is based on principle of radial = 
correction, which also is applied in GV based on the astatic pendulum gyroscope 
(§ 6.2, Par, 2). During analysis of these GV there was considered case of radial 
correction and taken into account possible unbalance of the gyroscope; this is 
equivalent to imposition on the GP of radial correction torques. 

If we consider what was said, differential equations of precessional oscillations 
of GP with radial correction in the absence of disturbances can be obtained from 
equations (6.2.21), if we set in them f,(t) = f5(t) = x4(t) = x(t) = 0: 

Ta+2—hkT,2 = 0 
TA+9+a72=0 
where T, 18 time constant of correction, and k is defined by relationship (141.4.20). 


(12.4.44) 


Characteristic equation of system (14.4.44) has the form 


TH? + TP +147? =0 (44..4.45) 
or 
TY + AT +1 =0, (14.4.46) 
where 


Cite 


yy 
os Visen Vier (14.4.47) 
According to (11.4.46), the GP with radial correction can be considered as an 
oscillating circuit. Consequently, natural oscillations of the GP will be attenuated, 
Quantity T4 is time constant of this circuit, and € is relative attenuation factor, 


Frequency of natural sustained oscillations of a GP with radial correction is deter- 


aT, qT, ‘ 7 ‘i 


In the absence of radial correction Ty = 0, and then Ky =k. Thus, use in GP 
ae 


mined by relationship* 


of radial correction ensures quenching of natural precessional oscillations of axis 
of gyroscope exactly as in the case of application of a hydraulic damper. Theory of 


GP with radial correction was developed in detail by B. V. Bulgatrov [20]. 





*Let us note that in part I of the book on pp. 283 and 405, quantity - should f 
d 


be called not frequency of damped oscillations of the gyroscope, but frequency of \ 
undamped oscillations of the gyroscope with damping. 2, 
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4, Static Errors of GP Due to Rotation of the Earth and 
Vehicular Motion (Rate Errors of GP). B8allistic 
Errors of GP and Their Compensation 


a) Preliminary Remark 


Most important is analysis of motion of GP with consideration of rotation of 
Barth and vehicular motion; thus there are determined: 

1) errors due to rotation of Earth and rectilinear and uniform motion of the 
object (vehicle), or rate errors of the GP; 

2) errors due to longitudinal accelerations of the object and its circulation 
(turn), called ballistic errors of tne GP, 

The question about calculations and methods o’ compensation of rate errors of 
GP is comparatively simple. The most complicated turns out to be determination of 
ballistic errors of GP and establishment of main possibilities of their compensation, 
Solution of this problem has occupied many investigators, among which it is necessary 
to mention M, Schuler [199], A. N. Krylov [65], 8. V. 3ulgakov [20], 8. I. Kudrevich 
[71], A. Yu, Ishlinskiy (45, 53], Ya. N. Roytenberg [127], %. I. Cnertkov [168, 135}, 
EB. 1, Sliv (135), Ly 2. ‘Teachev [459]. 

Below there is given short information on the theory of rate and ballistic errors 


of GP, and also there are considered general principles of their compensation, 


bd) Velocity Errors of GP 


During determination of velocity and ballistic errors of GP it is necessary to 
agree on orientation of the axes Ofnf (Fig. 2.19) taken as the reference system, 
Usunlly during investigation of GP axes O& and On are disposed geographically [20, 
74]. However, another approach is possible (see, for instance [127]), when during 
the analysis of this instrument axes O€ and On are connected with the trajectory of 
the object (vehicle), In this case angles a and 6 (Fig. 2.19) characterize instrument 
errors relative to axes connected with tne trajectory of the object; this is of the 
greatest interest.* Such an orientation of axes O€nf we used earlier during tie 
analysis of the gyrovertical (Chapter 6); we will also apply it in examining the 
theory of GP, 

For determination of rate errors of GP we will use equations (11.4.15): we will 
discard in them inertial terms and will take disturbances f,(t) and f(t) equal to 
zero; then these equations will have the form 

“In the absence of rolling and yawing of the ship, angle a characterizes error of 


the GP in plane of a rib of the ship, and angle B characterizes error of the GP in 
diametrical plane of ship. 
B42 


—(F (a + Vv.) + u]3 =— 4, -= a 

b+ [Fo tM,) tuleny + Fm (11.4.49) 
Velocity errors of GP are determined during rectilinear and uniform motion of 

the object. In this case center of gravity of the object will move on the terrestrial 

sphere along the arc of a great circle, i.e., by orthodromy, and for the above adopted 

orientation of axes Ofnf, projections Ug» Un ¥ of induced angular velocity u of 


these axes are determined by relationships (1.2.32):* 


u; =— U cos zsinK — 
R (11.4.50) 
u, = U cos; cos K 
au. Using 
For the considered case of orientation of axes Ofnf, projections Wes Wa? Wp are 
determined by relationships (2.2.42), in which we will take WeoW., Ws Wei con- 


7 
sidering in them om and h << R, we will obtain 


Y, =— U*Reos 7 sin z sin K—2Uusin ; -;- 2Uv, cos zcos K 
W,=0+ a + UR sin 3 0087 cos K + 2U v, cos ¢ sin K (14.4.54) 
W.=0.— .- U*R cos® ¢ — 2Uu cos ¢ sink 

For a ship with rectilinear and uniform motion v = 0, ve 0, vp = 0; then, 


disregarding in (11.4.54) the minute remaining terms, we will approximately consider 


that We = Wh = W, = 0, Considering what has been said, we will rewrite (11.4.49) 


in the form 


é al ats 

‘— (Fa tus ms (14.4.52) 
t 
b+ (ta tujens 
or, taking into account (14,4.17) and (14.4,20), 

e—(k+u)B=—u, 
1.4.53 
b+ (A+ujaxu, ( 2) 


Considering for a comparatively small time of use of the instrument that latitude 
» is constant, according to (14.4.50) we will designate 
kh’ mk +u.=k+ Using. (12.4.54) 





*For the considered case of motion of the object there were also determined rate 
errors of a GV using three-degree-of-freedom astatic pendulum gyroscope (§ 6.4, par. 
2a), Motion of object is assumed to be along arc of great circle (by orthodromy) ; 

thus the course of object is variable, In general rate errors of GP, just as of GC 
(§ 11.5, Par. 4b), during change of speed and course of the object will be variable, 
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/ =e ae 


Spe a. 


Then in place of (11.4.53) we will obtain 


a—k’3 =—u, 


(11.4.55) 
b+h’'a= uy 


whence we find static errors of the GP due to rotation of Earth and vehicular motion, 


i,e., rate errors of the GP 


1 1 
alr a 0 (11.4.56) 
or, considering (14.4,50), 
I ! 
ef, mi gr (Veosesink + 5), Bf, = yr U cos pcos K. (11.4.57) 


Formulas (14.4.57) can be somewhat simplified. Actually, for the usually taken 
parameters of the GP k >> U sing, Thus, for instance, for conditions of example 
41,1 there was obtained k :: 7.319107? 4/sec, while U = 7.29+1072 1/sec, i.e., the 
magnitude of k was approximately 100 times greater than that of U. Therefore, con- 


sidering, according to (11.4.54), k' = k, in place of (11.4.57) we have* 


fy (Ueoszsink +2); 8, = = Ucos 9 cos K. (41.4,58) 
Example 11,3; To calculate rate errors of the GP, whose parameters are given 
in example 14.4 for installation of it on an aircraft flying with speed v = 200 m/sec ‘ 
with course K = 45° at latitude p = O. 
Solution: By the formulas (11.4.58) we find 


I 
7,319. 10-3 


(:20. 10-5 .0,7071 + ~ 
6371-.10° 





chy = (Uconpsink + 2) = — \ = — 0.01183 saa = — 39’; 


K,= zt U cos¢cos K :- ee ears 7,29. 10—5.0,7071 == 0,007043 rad -: 24’. 
& 7,319- 10-3 
From Example 11,3 it follows that velocity errors of GP can be considerable, In 
this case they were obtained to be larger than for the gyrovertical in which there 
is used an astatic gyroscope with radial correction (Example 6,4). 
In the presence of rate errors rate Cee and Pat there appear corresponding 


gravitational torques, which cause precessional motion of GP with velocity equal to 





*Formulas (14.4.57) for rate errors of GP cre of the same type as the aralegeus 
eee eee of B. V. Bulgakov [20], and contain as a factor the quantity e = 
= CEs [see (11.4.54)]; thus in them there is contained geographic latitude 
of the alesse. Since usually k >> U sin 9, then from (11.4.57) we went over to 
simplified formulas (11.4.58), which contain quantity fF ‘These relationships for 


rate errors will be used in further presentation of elementary information on the 
theory of ballistic errors of GP. Developing refined theory of GP, R. I. Chertkov 
[135] obtained expressions for rate errors of GP somewhat differing from those men- 


tioned above, in them as a factor there is contained quantity - but there is con- 
sidered not geographic, but geocentric latitude of the place, 


344 


SS a a a 


velocity of rotation in space of the vertical of the place (§ 6.4, Par. 2). 

Let us note that in principle there is possible creation of a GP not having rate 
errors, Thus, for instance, B. V, Bulgakov [20] considered a GP consisting of two 
gyroscopes rotating in different directions, For them there is satisfied the condi- 
tion of undisturbability by accelerations of the object. Rate errors of such 
gyroscopes are equal in magnitude, but are opposite in sign and can be in principle 
mutually compensated. If we realize materially the bisector of axes of these two 
gyroscopes, then it during any motion of the object can accomplish only oscillation 
near the true vertical, without experiencing any perturbations from velocity and 
accelerations; thus the instrument can also indicate in a certain scale absolute 
velocity of object relative to inertial space [20]. Detailed theoretical investi- 
gation of two-gyroscope vertical was carried out by A. Yu. Ishlinskiy [53] and R. I. 
Chertkov [135]. , 

Ya. N, Roytenberg [127] showed that for the so-called four-gyroscope vertical 
(Par, 6) during realization of the condition of undisturbability, there also are 
absent rate and ballistic errors;* thus principal vector of spin angular momenta 


of gyroscopes is proportional to absolute velocity of the ship in space, 


' c) Ballistic Errors of GP 
General remark, In the presence of accelerations of the object, due to non- 
coincidence of center of gravity of GP with point of its suspension, on the gyro- 
é scope there will act moments of forces of inertia, which cause forced precessional 
motion of axis of gyroscope, which due to this deviates from position of equilibrium 
determined by rate errors (Par, b). Thus appearing additional errors of gyroscope 
caused by accelerations of object are called ballistic. These errors can considerably 
exceed rate errors, When action of accelerations on GP is ceased, axis of gyroscope 
accomplishes natural oscillations near position of equilibrium determined by velocity 
and course of the object. 
During finding of ballistic errors of GP we will consider two particular, but 
. most characteristic cases of maneuver of the object: rectilinear uniformly accelerated 
motion and circulation (turn), 
Rectilinear uniformly accelerated motion, Let us use equations (11.4.49) of 
precessional motion of GP, As the object we will consider a ship accomplishing ai 
rectilinear uniformly accelerated motion by orthodromy. In this case projections 


Ups Uys Up of induced angular velocity U of axes Ofnf are determined by formulas 





*This circumstance for the first time was indicated by M. Schuler [199]. 
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, (14.4.50), and projections Wes Wye We of linear acceleration W of the ship — by 
¢ relationships (11.4,.51), It is easy to show that in the considered case for the ship 
W, << &. Actually, according to (11.4,54), for vy =0 


W, = — S —U*Reos' y — Uv cos 9 sin K. (11.4.59) 


Let us estimate the biggest values of terms contained in (11.4.59) (example 11.4). 


Example 11.4; To calculate values of quantities contained in formula (11.4.59), - 


2 
a UR and 2Uv, during motion of ship with velocity v = 10 m/sec; R = 6371 km, 


U = 7.29-407> 4/sec. 


2 
Solution: 41. Let us determine magnitude of a 


FW 0187-10! m/sec?. 
Rs 6371. 10° 


2. We find value of UR: 
U®R = 7,29°. 10— "6371. 10° = 3,386. 10-2 m/sec?, 
3. We calculate the value of 2Uv: 
2Uy m 2-7,29-10—5. 10 = 0,1438- 10-? m/sec?, 
4, By formula (14.4.59) we find the biggest value of vertical acceleration We! 


IW |< 





. +UR+ avo|=0,187-10- +. 3,386. 10-2 + 0,1438. 107? = 


= 8,833. 10-? m/sec?, 
From Example 11.4 it follows that ir. this case We << Eo» and therefore in 
formulas (14.4.49), by analogy with (11.4.17) and (11.4.20), it is possible to take 


ml sf A se EE 
Got VM) 7 ht Fics ae (11.4.60) 


Further, according to (11.4.54), k + Up = k + U sin » = k', but since usually 
k >> U, then we will take approximately k' = k, Then equations (11.4.49), if we 
consider (11.4,.60) and (14.4.50), can be rewritten in the form 
a—k3 =—Ueos ¢cosK —— W, 
‘ k (12.4.61) 
$+ ka =— Ucos; sin K —— tw, 
Let us eliminate from these 2quations in the beginning B, and then a; thus we 
should consider that for orthodromy K = E sin K tan » [see (2,2,34)], Taking 
latitude » for a comparatively small time of maneuver of the ship to be constant, 
considering k >> U and being limited to calculation of terms of first order of small- 


ness, we will obtain* 





*In formulas (11.4.62) we disregarded terms containing factorU -, which for 


conditions of Example 11.4 isu Y= 7,29-107? —40_, - 4,44-4¢72° m/sec®, which is 
6371-10 
negligible, 
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a+hta =—h (U cos 5 sin K+ +) +2U.-—w, 
+ AD = kU cos ¢ c0sK + wi t+ty, (11.4.62) : 
Let us find for the considered case expressions of accelerations We» Wy and 
their derivatives contained in(141,4.62), Since for the ship we O, then, according 
to (11.4.54), we have 


WV, =—U'Reosz sins sin K — 2Uusinz 


q (12.4.63) 
VW, = 0+ U*Rsing cos z cos K 
whence, considering (2.2.34), we will obtain 
VY, =—U%vsin'z sin K cos K — 2Uvsin= 
(14.4.64) 


W, =v —Uvsin'z sin"K 

From Example 11,4 it follows that quantities UR and 2Uv contained in (14.4.63) 
as compared to v are negligible (U°R = 3,386-107° m/sec’; 2Uv = 0,1458-107° m/sec“) ; 
therefore, we should approximately take We = O, W, = v. Considering formula (11.4.64), 
we notice that during uniformly accelerated motion of the ship ¥ = 0; quantities 
uy and 2Uv are also minute. Actually, for the conditions of Example 11.4 and 
v = 0,05 m/aec* we have U'y = 53.14-41079 m/sec, 2U¢ = 0.729*107> m/sec” which is 
negligible, Consequently, with fully sufficient accuracy We = Ww, = 0. Thus, in 
the considered case instead of (11.4.63) and (11.4.64) it is possible to take 

V.=0, Vimo VV =0. (14.4.65) 
Then we will rewrite equation (14.4,62) in the form 


at hte =—h(Ucos sin K + z) 
(11.4.66) 


P+-At9 = kU cos 7 cos K+ (F —— ho 


z 
Quantity < - © which is constant for a given GP, will be designated Do: 


dig ele 14..4.67 
7 Re ( ) 
Formula (11.4.67) can be represented in the form 
._ vt 
ge (I-G ® (11.4.68) 
where 
va L£, 11.4.6 
£ (14.469) 
Considering (11.4.67), we will rewrite equations (141,.4.66) in the following way: re 
a + A's =—k (Vcos 9 sin K + 7) 
R (11.4.70) <4 
B+ A%3 = kU cos 7 cos K + by : 
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“se tub. 


whence it follows that coefficient b 


0 characterizes sensitivity of GP to acceleration 
Vv of motion of ship, 

Solution of corresponding homogeneous equations 

ef+htan0; 3443 =0 (4504.74) 

snows that on a non-rotating and fixed base (U = 0, v =0, v = 0), the axis of gyro- 
scope accomplishes conical precessional motion with angular velocity k; trajectory 
of vertex of gyroscope on representative plane is a circle, With introduction of 
damping, precessional motion of axis of gyroscope acquires an attenuating character, 
1.e., trajectory of its vertex is a spiral, 

For determination of ballistic errors of GP we must integrate equations (14.4.70) 
for any law of change of velocity v(t) and acceleration v(t) of motion of the ship. 

Taking into account formulas (11.4.58) for rate errors Si =a’, Bice = B’ of 


the GP, we will rewrite equations (141.4.70) in the form* 


a+ ha = k's | 
Bt h’a = ks + 5,0 ae 
or 
« 2 ec} 
pees): | (14.4.73) 
B+ a'(3—#) = by 
Let us designate 
naa; Hag %, (14.4.74) 


Bee and a are ballistic errors of the GP caused by 


e acc 


It is easy to see that a 


accelerations of ship. Then for determination of a8 ang B we obtain the follow- 


ing system of differential equations; 
a’+ka’ = 0 
ay 24y 9 
BY +4" = by 


Integrating these equations, we find ballistic errors of GP for any law of 


(14.4.75) 


change of velocity of movement v(t) of ship, If equations (11.4.75) are integrated 
for certain given initial conditions, then we will obtain ballistic errors of the 
GP caused by its initial deviations and chenge of velocity of motion of the ship, 


ec &CC during integration of equations (11.4.75) we 


For determination of a®°° and B 
will consider initial conditions to be zero [69]; i.e., for t = 0 a®Cioy = p°°°(0) = 
= 0, This permits us to determine ballistic errors of GP caused by change of velocity 
of ship, and not by initial deflections of the gyropendulum, 


Then from first equation of system (141.4.75) we obtain 





*Here velocity error a ig variable, since v = v(t); subsequently rate errors 


will te designated a” and BY, 
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a? = 0, (11.4.76) 
i.e., uniformly accelerated moti-1 of ship does not cause error in coordinates a,* 
Using the method of variation of arbitrary constants, we find solution of second 


equation of system (11.4.75) in the form 


Pa Bf ocysinee—ae (14.4.77) 
As we see, acceleration v(t) of ship causes ballistic error B°S° of the GP. 
Formula (11.4.77) can be transformed in the following way: 
Let us designate 
b= 1—<; (11.4.78) 
then, considering (11.4.68), in place of (14.4.77) we will obtain 
Pm kd fo (ysing (3a (14.4.79) 


Coefficient. b can be called coefficient of ballistic error of the GP, since it 
characterizes ballistic instrument error during acceleration v(t) of the ship. 
Let us consider the most simple case, when shiv moves with constant acceleration 


v = const, Then from (141.4.79) we have 


abe — cos kt). (14.4 .80) 


acc 


Example 11.5: To calculate ballistic error 8 of GP during rectilinear 


uniformly accelerated motion of ship; acceleration v = 0,05 m/sec’; parameters of 


ace 


instrument are the same as in Example 14.1. To calculate error B by the moment 


of termination of a maneuver continuing for 3 minutes, 
Solution; 1. By formula (11,4.78), considering (14.4.69), we find value of 


coefficient b of ballistic error of GP: 
pa ey ee trie: 
as Rie 6371-105 (7,319. 10-°)* 


2, According to (11.4,80) we calculate ballistic error B°°° 


of the GP: 


prad | (1 = cos kt) = 0,9713 sa {t— cos (7,319. 107%. 180)] =: 0,00371 rad = 0°13’. 
e 


We will compare ballistic error B°°° of GP with static deviation ea of short- 


period physical pendulum, According to (4.5.22), this deviation will be 
v 
hay 


‘ or, considering (11.4,65) 


Was. (41.4.84) 


In this case coefficient of ballistic error of physical pendulum is equal to 





#*What has been said is true only for zero initial conditions, For non-zero 
initial conditions, the vertex of the gyroscope describes on the representative plane 
a circle; i.e., there will occur ballistic errors also with respect to coordinate a, 
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unity, i.e., short-period physical pendulum is established in the ei erur ee of the 


apparent vertical, whereas coefficient of ballistic error of GP b=1 - oe [see 
k 


(11.4.78)] is less than unity. Consequently, a GP, for which k >> v and therefore 





b ~ 1, during rectilinear uniformly accelerated motion of ship has ballistic error 
t ama constant component of which is equal to deviation ae of physical pendulum, 
i.e., axis of GP will accomplish oscillation near the apparent vertical. However, 
if for decrease of deviation of short-period pendulum it is difficult in practice 
to undertake anything, »vallistic error of GP can be considerably decreased by means 


of selection of its varameters, and in principle can even be reduced to zero, since 





for k = v coefficient b = 0 and error p°°° = 0, 
she above mentioned formula can be written in another form, Let us divide 
| equation (11.4,.66) by k* and introduce time constant T of GP, which characterizes 
its basic precessional motion, 
T=—. (12.4,82) 
Equations (11,4.66) will take the form 


Tata= —T (VU cos zsink + +) 
R (11.4.83) 
TH +3 = TU eos; cok +-(¢—F)i 


Py analogy with (11.4.67), considering (11.4.68) and (141.4.78), we will designate 


5-F-H-B- 


Then we will write (11.4,.83) in the form 


Ta + a= —T(Ucosz sin K i) 


(1-7 = 2. (14.4,84) 


(14.4.85) 
7°35 + 3 = TU cos; cos K + by 


whence it follows that GP without damping can be considered as a harmonically oscil- 
lating (conservative) circuit. Time constant T of GP, which characterizes its 
harmcnic oscillations, i.e., its basic precessional motion, is very large. Thus, 


for -unditions of Example 11.1 we have T = z = + = 137 sec, which by many 
Cs 919"10 


times exceeds time constant Ty = 0,2865-107 sec, (Example 11.2), which characterizes 


nutational oscillations of the GP, 


Considering (14.4,.82), we can represent formulas (11.4.77) and (411.4.80) in the 


form ; 
6” = 7 [oesin + (t—+)ds, (414.4, 86) 
ee (11.4.87) 
6 Tog(t cos), 
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if we consider that, according to (141.4.68) and (11.4.78), b5 = ze = =. 
Tg 


Coefficients obtained above, b, [see (11.4.68)] and by [see (44.4.78)], are 


expressed in terms of time constant T of gyropendulum in the following way: 


I e 
ae Ue (41.4,.88) 
b= 1-7 (14.4.89) 


Circulation (turn), Let us consider case of circulation of a ship with constant 


angular velocity Dad during constant speed of motion v. As in the preceding case, 


re 
we will start with formulas (14.4.49). During circulation, the current value of 


heading of ship is determined by formula 


K = K,—»,f, (11.4.90) 
where Ky ~— initial heading; 
Wad = -K — angular velocity of circulation; during left circulation 
cire me S50 
circ $ 


In the considered case, projections Up and Yu, of induced angular velocity u of 
axes O€nt are determined by relationships (411.4.50); thus, in them heading K should 
be considered to be variable [see (11.4.90)]. Regarding projection Ups in general 
it is expressed by formula (1.2.33): 


9, ; 
w= Using + — tee —K. 
During circulation of ship it is ;ermissible to take 
u.=—K =», (14.4.94) 
v 
since usually for middle latitudes le prel>>]e sin g + = tan 9]. 


For accelerations We and Wy during circulation of ship with constant velocity, 
disregarding, as before, components of centripetal acceleration from rotation of 
Earth and Coriolis acceleration, by analogy witn (2.2.43), for v = 0 we have 

Vio—w; WY =0. (441.4.92) 

Since rate errors of GP were considered earlier in detail, subsequently we 
will not consider gyroscopic torques due to rotation of Earth. Then, putting 
relationships (11.4.60), (11.4.50), (14.4.91), (44.4,92) in (11.4,49) and considering 
U = 0, we will obtain 


a—(k + w,) B= ° 





ie 
p+k+oja=—2— 2m, (14.4.93) 
Eliminating at first B, and then a, we have 
G+ (t+ u)ta= —(k +o) —*4"4 tow, (11.4.94) 


B+ (& -+ w,)?3 = 0 
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whence it follows that axis of gyroscope accomplishes conical precessional motion 





with frequency (k + ® ire) and period 
& 2r (44 4 95 
Tw Taen! ) 
which differs from period T, p [see (14.4.5)] of precessional oscillations of axis 
of gyroscope in the absence of circulation of ship. 
Ballistic errors a®°° and eo of GP during circulation of ship will be deter- 


mined by relationships of type (11.4.74). For rate errors a’, BY’ of the GP, accord- 
ing to (11.4.58), for U = O we will obtain 
e 9 e 4 
8 ——s = 0. 41.4.96 
ra ( ) 
Then for ballistic errors of GP in the considered case of left circulation of 
ship, considering (14.4.94), (11.4.74), (11.4.96) and (11.4.78), we have 
a” + (k + w,)'2” = —A(k + oy) b= 
B+ (e+ 0,)73” =0 


ec ace 


(41.4.97) 


For determination of a®°° and p » during integration of equations (11.4,97) 
acc acc 
(0) = B8°°(Q) = 
= 0, 4°°°(9) = B°°°(0) = O. Then from second equation of system (141.4.97) we obtain 
p” = 0, (41.4.98) 


1.e., circulation of ship does not cause error in coordinate B,* 


we will consider initial conditions to be zero; i.e., fort =0Oa 


Using method of variation of arbitrary constants, we find particular solution 


of first equation of system (11.4,97) in the form 


7 wis 
@ = gel + w,)(¢—*)] ds. 








Since we assumed that 4 oe = const and v = const, then 
a vw 
y a 
Qa? =: — b 1 — cos (k 4- ; 14.4.9 
ST (k 4- w,) ] ( 9) 
It is possible in principle to make the same conclusions regarding expression 
(11.4.99) as regarding formula (11.4,80) for ballistic error p°°°, Tt is possible 


acc 


to decrease error a by means of proper selection of parameters of the GP for 


which coefficient b will be sufficiently small. 
Above there was considered case of left circulation of ship, when directions 


of vectors H and Bn coincide. During right circulation, when w < 0, vectors 


circ 


H and Oy 446 are directed in opposite directions. «or this case in place of (11.4.99) 


we will obtain 
y 





a b =H [1 —cos(k — u,) th 


k— uy (11.4,100) 


then period of precessional oscillations of gyroscope will be 





*See footnote on p. 348, 
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or 


r: =o———, rT 
fu pew (14.4,101) 
Comparing (11.4.99) with (11.4.100), we see that for right circulation error ‘ 
a®©° 4g obtained to be larger than for left circulation. Especially large can be 


error of GP for right circulation in the case when w 1s close to quantity k, 


cire 
er _ en 
i.e., when period of circulation thee = Die is close to period Te op mae of 


undamped precessional oscillations of axis of gyroscope, Therefore, period Ty p 
should be much larger than possible value of period Toire of circulation of ship. 


Let us note that in a real instrument having damping, error gee 


of GP will have 


definite value even for k = ®.ire’ 


Example 11.6; To calculate ballistic error gee 


of GP during left circulation 
= 5 


minutes; parameters of instrument are the same as in Example 14.1; coefficient of 


of a ship proceeding with velocity v = 10 m/sec; period of circulation Deine 


ballistic error b = 0.9713 (Example 11.5). To calculate error a by the moment 


of termination of circulation continuing for 50 sec. 


Solution; 4. We determine angular velocity of circulation w 


“= =. = = 0,02094 1/sec. 


a 
2, By formula (14.4.99) we determine ballistic error a°°°; 
k 7,319.10-° x 
7,319-107? + 20,94. 107? | 


[1 — cos (7,319- 107? — 20,94. 107) 50] =s — 0,00453 rad = — 16’. 


circ’ 





Jo b 8 fl — conch + oy) t= — 


10.20,94. 10-3 
0,81 
From Example 11.6 it follows that magnitude of error a 


«0,9713 


aCC can be very significant. 


Above there were briefly considered problems of determination of ballistic 
errors of GP under simple conditions of motion: during rectilinear uniformly 
accelerated motion of ship and for circulation, The reader can become acquainted 
with more detailed investigations of ballistic errors in a number of works (for 
instance, [45, 30, 20, 71, 127, 168, 135, 159]). Let us note that during the analysis 
of ballistic errors of GP it is necessary to consider [20, 41] damping existing in 
the instrument, realized, for instance, with the help of a hydraulic damper or by 
means of imposition on the gyroscope of radial corrective torques. 

Ballistic errors of GP appearing during separate maneuvers of ship can be 
accumulated, B. V. Bulgakov [20] investigated these errors during prolonged maneuver- 
ing of ship carried out according to any law, where the only general condition was 
‘hat absolute value of velocity of ship was bounded by a known upper limit. In 


‘his same work there is resolved question about determination of law of change of 


Jou 


® ~. 
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magnitude and direction of velocity of ship at which deviation of GP attains maximum 
(accumulated) value as compared to values of deviations of GP for any other law, 
and there are calculated magnitudes of accumulated deviations; this same question 


is investigated [127] in reference to a four-gyroscope vertical. 


d) Compensation of Ballistic Errors 
The question of compensation of ballistic errors of GP has very important 


significance, since on its successful solution depends possibility of creation of 
such instruments working with acceptable accuracy under conditions of maneuvering 
of the ship. 

Compensation of ballistic errors of GP is based on the theorem of M, Schuler, 
In § 4.5, Par, 5 it was shown that, according to principle of M, Schuler, 4 simple 
pendulum of length 1 equal to radius R of Earth, during any motion of the object 
(vehicle) over surface of terrestrial sphere, in its position of equilibrium is 
disposed along radius of Earth at the given point, This direction coincides with 
vertical of the site. (with direction of resultant force of terrestrial gravitation 
and centrifugal force due to diurnal rotation of the Earth) at the poles and on 


the equator, Period of natural oscillations of such a simple pendulum is equal to 
T ay = = 5064 sec, = 84,4 min. (11.4. 102) 


In the same place it was shown that for a physical pendulum with period Tp ep = 
= 84,4 minutes, not for all motions of the object over surface of terrestrial sphere 
is there ensured undisturbability of the pendulum by accelerations of the object. 
‘owever, realization of the condition of M. Schuler for a physical pendulum is 
impossible in practice, since due to large value of R the necessary value of length 
of arm of pendulum is obtained to be insignificantly small,* 


M. Schuler extended his theorem to the gyrocompass and gyropendulum, while 


indicating necessity of realization in them of a period of natural sustained 





*It is easy to show that large value of period TS a of oscillations of physical 
pendulum can be obtained also for a very large arm of the pendulum, Actually, for 


we have expression (4,1,4): Ty = 27 | replacing in it J = Jy + my" [see 


a: 6. 19)], where Jo is moment of snoeae of pendulum relative to its center of gravity, 
Me find 


Jtme ay f fey i 
on 2- iA AL ied te 4. — 
Ten | mgl sa | mal g' 


from which it is clear that for production of large value of period T p it is 
necessary to make quantity 1 very small or very great. 
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oscillations equal to 84.4 minutes, In 1923 M. Schuler patented his "gyroscopic device 
for increase of period of natural oscillations of a solid body, 1.e., a gyrovertical 
or gyrohorizont' [172] in two variants: fouregyroscope and three-gyroscope pendulum 
systems, which had as their purpose the compensation of rate errors [127]. 

According to the theorem of M, Schuler, for ensuring of undisturbability of the 
GP by accelerations of the obj~ct, period Ty Jp [see (11.4.5)] of its natural preces- 


sional sustained oscillations should be 


qT = ae / 2 500 sec. = 84 min, 24|/sec.a 84,4 min., (11.4,103) 


ro 
whence frequency k of precessional oscillations of GP should be equal to frequency 


v of oscillations of simple pendulum with length equal to radius of Earth, i.e., 
have (Em 12065-1077 1/02 (11.4.104) 


Let us note that the value of yer = 7.90446 km/sec is that limiting initial 
velocity at which a body cast in a horizontal direction in a vacuum does not drop 
to Earth, but becomes its satellite, moving around it in a circular orbit. 

Practical realization of condition k = v is extraordinarily complicated, since 
displacement 1 of center of gravity of the GP from point of suspension which is 
necessary for this is obtained to be insignificantly small. Actually, for parameters 
of GP given in Example 141.4, according to (11.4.4) we obtain 


I kH vH 1,24065. 10~4. 1,708 . 10% 
So Sewn iT ee 
ee 5-10" 


Ensuring constancy of so small a value of 1 under real conditions of operation 


== 0,0425 cm. 


of the instrument is extraordinarily difficult. In contrast to a GC, condition 
(14.4.103) for a GP up to now has been impossible to realize. Period of precession 
Typ for known GP has been increased to 15-20 minutes [30]. Practical realization 
of "Schuler pendulum" with period of 84,4 minutes is carried out in inertial naviga- 
tional systems (§ 11.6) by means of application of integrated correction of an 
astatic gyroscope from a short-period physical pendulum (accelerometer). 

As will be shown further on, for a GP with period of 84.4 minutes possessing 
accuracy fully acceptable for the majority or prnctisaliy important cases, there 
are absent ballistic errors caused by horizontal accelerations of the object during its 
motion over the terrestrial sphere, The only systematic errors of such a GP are 
rate errors, i.e., axis of gyroscope maxes with the vertical of the site an angle 
which is proportional to absolute velocity of the object. Since rate errors of 


GP have a systematic character, they can be eliminated from readings of the instru- 


ment. In the presence of accelerations of the object and changes of velocity, and 


355 





Abe 


heading connected with them, axis of gyroscope aperiodically, i.e., without 
excitation of natural precessional oscillations, will pass to a new position of 
equilibrium, which is determined by current values of velocity and heading of the 
object. In connection with this, the condition of undisturbability of the GP is 
somecimes called the condition of "aperiodic transitions," 

We will show that when condition (14.4.103) or (11.4.104) is satisfied, the GP 
in the absence of damping does not have ballistic errcrs, and its only systematic 
errors are rate errors, For this we will use equations (14.4.641) and will consider 
the general case of circulation of a ship with angular velocity ®Ooirc and constant 
linear acceleration v, Replacing in these equations during left circulation quantity 


k by (k + » we will obtain 


ate) and taking W. = v and We =- 


vw 
circ 


. k " 
o— E+ AUP —U cospeosk —-_0 | (11.4,105) 


b+ (b+ o,) 2 = —Ucoss sink —— —k Sa 


By analogy with (6.3.4) we will introduce quantity z, which is complex deviation 
of axis of gyroscope 
gmat pf. (14.4,106) 
Multiplying the second equation (141.4.105) by j = y-1 and adding it with the 
first, according to (14.4,106) we will obtain 
i+ [itt o)z——U cosge”—j2 — aot len , (14.4, 407) 


During rectilinear motion of ship (w = 0) with constant velocity v = const, 


eirc 
v = 0, particular solution of equation (141,4.107) will be written in the form 


1 kr tI ¢ 
2,= 4, + JB, = — —U cos 9 eX—-—.— = 
is pee (11.4, 108) 


1. ae t oo 
_— Sin _——s —. 
- ig U cos ¢ (cos K + jsin XK) .°R 
Separating imaginary and real parts, we will obtain expressions 
on UcosgsinK + — 
h com 
i 
P= ~- Ucos 9 cosK 


which coincide with relationships (11.4.58) for rate errors of the GP. 
Let us assume that v(t) changes by any law. Equation (11.4,107), if we consider 


(11.4.69), can be reduced to the form 


E+ ib o)z——U cos ge" —— [r+ j(o+ [)e]. (11.4.109) 
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If in the instrument there is satisfied condition (14,4,104) of M. Schuler, then \\ 


in place of (14.4.109) we have F 


E+ Metz = —Ucosge"—* [b+ joy + Au, (44.4.440) 
whence it follows that for any form of function v(t) this equation has as its partic- 
ular solution the quantity z, which is determined by tne same formula (11.4,108) as 
in the case of rectilinear and uniform motion of the ship, but now Zs will be 
variable, since velocity v is changed. Thus, during observance of condition 
(14.4,104) for GP, no errors besides rate errors appear. 

This circumstance can be clarified more graphically by the method which was 
used by B, V. Bulgakov and Ya. N. Roytenberg [22] during investigation of an analogous 


acc 


question in reference to an active gyrohorizon, Since ballistic error z may be, 


by analogy with (11.4.74), represented in the form 
ay = 2— 2, 
where z” ig rate error determined by relationship (14.4,4108), then equation (14.4.107) 


can be transformed in the following way (K = -®,,..)! 


P+ ikt og? = — = (1— FYo+ iow. (44.4.444) 


2 
Introducing coefficient of ballistic error b = 1 - “ [see (11.4.78)], we will 
k 


rewrite (11.4,111) in the form 
7 + (k-po)2” = —— b(6 +jv,v), (44.4,112) 


whence it follows that when condition of M, Schuler is satisfied (k = v, b = 0) 
particular solution of equation (11,4,412), 1.e., value of ballistic error of GP, 22° = 
= 0; consequently, GP does not have ballistic errors for any form of function v(t). 
For the earlier considered particular case of rectilinear uniformly accelerated 
motion of a ship, when equations of GP are determined by relationships (11.4.70) and 
condition (11.4,104) is satisfied, coefficient by [see (11.4.68)] becomes zero and 
acceleration v of motion of ship will not affect gyropendulum, Thus, according to 


acc [see 


(11.4.78), coefficient of ballistic error b = 0 and ballistic error of GP B 
(11.4.77)] also is equal to zero, The same occurs and in other earlier considered 
particular case, i.e., during circulation of ship. Actually, from expression 
(11.4.99) it follows that when the condition of M. Schuler is satisfied k = v, or 
which 1s the same, b = 0, ballistic error of GP a®°° = 0, = 
For GP for which condition of aperiodic transitions, is satisried time constant 
[see (11.4,82)] is 


T ow oe — ow = 806 800. (44.4,4143) 


eee 
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f M. Schuler's condition of undisturbability considered above, applied to GP is 


ve 


approximate. Existence of this condition is connected with the following assumptions 

(159, 134}; 1) condition of M. Schuler is valid within the rramework of linear theory, 

since it is possible to substantiate it proceeding from linearized differential 

equations of motion of the GP; 2) it is assumed that Earth is a sphere; 3) it is 
considered that vertical accelerations are absent [We = 0; see (11.4.59)]; 4) it 
is assumed that induced and Coriolis accelerations due to rotation of Earth and motion 
of the object (vehicle) over surface of Earth [see (11./'.63)] are emall as compared 
to accelerations due to force of terrestrial gravitation and accelerations of object 
in its relative motion; 5) there is not considered vertical component Up of induced 
rotation of system of reference relative to inertial space, which is small as compared 
to angular velocity k of precession of the GP [see (11.4.53)], and others, 

In connection with this, from theoretical point of view in the general case 
of motion of the object, condition of M, Schuler in application to GP in principle 
is not valid, and even when it is realized this instrument nevertneless will have 
ballistic errors, In reference to GP, 3. V. Bulgakov [20] and R. I. Chertkov [168, 
135] obtained conditions of undisturbability of more general form;* however, in 
practice their realization is very difficult. 

l'rom what was said above it follows that GP, even when M. Schuler's condition 
of undisturbability is satisfied, will in the presence of accelerations have ballistic 
errors, Thus investigation of errors of GP shows [168, 159] that: 1) for the com- 
paratively small angles a and B of deviation of axis of gyroscope from the vertical 
whicn occur in practice, ballistic errors of GP connected with linearization of 
equations of motion are obtained to be minute; 2) for comparatively small vertical 
accelerations of object when vertical velocity is of the order of 20-30 m/sec, errors 
of GP do not exceed several minutes of arc; 3) inexactness of satisfaction of condi- 
tion of aperiodicity, for instance, by 2-3%, leads to errors not exceeding 1-2', 

Thus, realization in gyropendulum verticals of condition of aperiodic transitions 
Sneures compensation uf ballistic errors of gyrovertical with accuracy fully 
acceptable for majority of practical problems, 

As A, Yu, Ishlinskiy [52] indicated, A.Schuler's condition plays in applied gyro- 
scopy a role absolutely analogous to that of the condition of invariance in theory of 
automatic control, Soviet scientists have introduced an essential contribution into 
investigation of conditions of undisturdability of GD. In reference to gyropendulums, 


*In [135] there are obtained conditions of undisturbability of GP in whitch there 
are not made the assumptions enumerated in the above mentioned Par, 4 and 5. 
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here a considerable role has been played by work of A. Yu. Ishlinskiy [53], R. I. 

Chertkov [168, 135], L. I. Tkachev [159], S. S. Tikhmenev [157], and others. - 
Let us indicate one more circumstance hampering the obtaining in GP of a period 

of 84,4 minutes. In the gyropendulum, just as in any gyroscopic device, it is ~ 

necessary to introduce damping with help of appropriate attachments, as which, as it 


was earlier said, there is applied a hydraulic damper or devices imposing on the GP 


EE Ss 


radial corrective torques. Thus, period of damped oscillations of GP will differ 
from period of its natural sustained oscillations by 84.4 minutes when condition of 
aperiodic transitions is satisfied. Due to this, GP, besides rate errors, will also 
have ballistic errors, which would be equal to zero in the absence of damping. Con- 
sequently, in the presence in the instrument of damping, it is not possible to select 
parameters of GP in such a way that period of its natural damped oscillations is equal 
to 84,4 minutes. However, as B. V., Bulgak' v indicated [20], the generel assertion 
of the impossibility of obtaining a gyroscopic pendulum or gyrocompass accomplishing 
damped oscillations and not having any errors besides rate errors has not been proven 
by anyone up to the present time. 

We will show that for GP with damping realized by means of imposition of pendulum 
radial corrective torques, when condition of aperiodic transitions is satisfied, 
there are besides rate errors also ballistic errors, For this we will introduce in 
equations (11.4,105) radial corrective torques Moor x and M er 7 referred to angular 
momentum H of the gyroscope, Then, taking into account relationships (2.3.66) and 
(2.3.5), we will rewrite equations (11.4.105) in the form 


aaa — (k + 0)3 = —Ucos 3 cos K — x ee 


++ (kt oa = —Ucos; sink —% — (41.4.114) 





pen 
k— cae 


where %is specific rate of correction, 
Let us write these equations, by analogy with (11.4.107), in the following way: 
2+ [xt j(kto,)]2 = —Ucosze!* —j tee jaya (44.4,115) 


= 0), particular solution of this equation 


For v = const eos K = const (Wiyn, 


has the form 


(14.4, 116) 


c 
2,=2, + 73, = — ST (os K + jsinK)— a 


whence we obtain expression for rate errors of GP with damping 
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- [U1cosz (xcos K 4+hksinK)+k =| 


¢ 
¢=@ = 


(41.4,147) 
6, = pS = — —-—- aE [Uicos («sin K—keos K) + x% ] 


which for *% = 0 become the rate errors of a GP without damping which are determined 


vy relationships (11.4,58). 
Equation (411.4,115), by analogy with (11.4.109), can be written in the form 


24+ [x+j(k+o,)]Jz =—U cos z-e* =e U+j[w. + — =) 0] + (e+ fom). (11.4,118) 
Let us assume now that v(t) is changed by any law and that in the instrument 
there is satisfied the condition of M, Schuler (11.4.116), Then instead of (11,',113) 


we will obtain equation 
24a t [kt egle =—U 00s -e%— 2 fo + ie + oo] +E (0+ joo), (44.4.149) 


particular solution of which does not coincide with (11.4,116), Therefore, a GP 
with damping and with condition of aperiodic transitions satisfied in it will have, 
besides rate errors, also ballistic errors. If damping is ceased (x= 0), then 
equation (141.4.119) becomes (11.4,110); then, as was shown earlier, the GP will not 
have ballistic errors. 
Ballistic errors of GP with radial correction were investigated in detail by 

B. V. Sulgakov. He showed that during weak and average damping, a GP with period 
of v4.4 minutes should be in principle more favorable than an aperiodic vertical 
not having a pendulum effect at all; with strong radial correction both instruments 

ve practically identical ballistic errors, On the basis of corresponding calcula- 
tions tnere has been established the most expedient relationship between parameters 


“and k for GP, 


5. Dynamic Errors of GP 


a) General Characteristics of Dynamic Errors 


Among dynamic errors of GP there are included errors appearing under real 
conditions of use of instrument during variable external disturbances, Such errors 
appear during oscillations of the object, during vibrations of the place of instal- 
lation of GP, and so forth, For concreteness we will consider dynamic errors of the 
GP under conditions of rocking of the ship. Oscillatory motions of ship on sea 
swells affect GP due to unbalance of the gyroscope, and also through friction in axes 


of its suspension, since influence on gyroscope of dry and fluid frictional torques 


ro) 
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was considered in § § 5.7 and 6.5, then during caiculation of dynamic errors of GP 


we will consider influence of rocking of ship due to unbalance of the gyroscope, 


b) Differential Equations of a GP in a Rocking Ship 


Let us compose differential equations of motion of GP during rocking of a shir; 
we will not consider gyroscopic torques due to induced rotation of reference system 
O&nf relative to inertial spuce caused by rotation of Earth and motion of the ship. 
Let us assume that for realization of damping there is applied system of pendulum 
correction analogous to the system in the gyrovertical, in which there is used an 
astatic gyroscope (Chapter 6), Let us use equations (141.4.15), discarding from 
them inertial terms J_% J.B and above-indicated gyroscopic torques. Quantity Up 
we will replace by angular velocity 9(t) of yawing of ship, considering that Ug = 
== g(t) (cf. Figures 2.2 and 2,19: external disturbing torques f(t) and f(t) we 
will take equal to zero, To the remaining equations we will add pendulum corrective 
torques, which under conditions of rocking of ship are determined by relationships 
(2.3.70). Then instead of (11.4.15) we will obtain following differential equations 


of GP during rocking of ship: 
. Ss : ml ‘ 
eta et 3-7 (at Vj3= 


ml Ss. 


ns t (11.4.120) 
b+ 8 9(02+- (¢,4+J a= 
= emt snd 
or, considering (11.4.17), (14.4.20) and (2.3.5), 
v , 
é+ea—[e(t + =*)—i@}3-—+ V+ xyz, (0) 
(41.4.121) 


bags [a(t S#)—3o}s= 2 vt, 

During rocking of ship Wee Wa? We are random functions characterizing place of 
installation of instrument, and X4(t) and Xp(t) are random functions characterizing 
oscillation of corrective pendulums utilized in the GP for creation of radial correc- 
tive damping torques. 

For accelerations Wes Wy Wes considering only terms of first order of smallness 
in expressions (2.2.48) and different orientation of axes O€nf in Figures 2.19 and 
°,2, with y = O (GP is located in diametrical plane of ship), we will obtain follow- 


ing relationships: 
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} Voaxqts—2, V=hte Waits. (14.4,122) 
= Putting (11.4.122) in (11.4.121), we have 





; é+a—[i(1—S=*) 5 (y]a = 
=— (b+ 2) + (0 


| b+ap + [e(1—S= #2) _. w))a= (44, 443) 


= = (tet 27-24) + 1720) 


In equations (11.4.123), for a certain simplification of solution of the problem 
we were limited to consideration of only terms of first order of smallness. Let 
us note that !f for We» We u, we use expressions (2.2.49), then we will obtain 
equations of GP on a rocking ship taking into account terms the second order of 
smallness, These equations are analogous to equation (4.6.98) of oscillations of 
a physical pendulum, 

For analysis of dynamic errors of GP on rocking ship we will take into account 
only transverse motion of ship, i.e., transverse norizontal shifts Ng (t) of its 
center of gravity and rolling @(t). Consequently, dynamic errors of GP on a rocking 
ship are found for the same conditions for which dynamic errors of pendulum bank 
indicator were determined. 

In accordance with what nas been said, in enuations (11.4.123) we will set 
shes Os D SO ID) SOs Eo = O, - = 0; deviation Xn of corrective pendulum in diametrical 
plane of ship we will take equal to zero, and deviation x, = of corrective pendulum 
in plane of rib of the ship we will find from equation (4.6.49) of oscillations in 
this plane of the physical pendulum, in wiich coefficient k is determined by relation- 
ship (4.6.48), and function f(t) — by formula (4.6.41). For usually applied shert- 
period corrective pendulum, for the instance pendulum flap of an aircraft GV (Example 
4,2), time constant T = 0,045 sec., i.e., is minute. Therefore, according to (4.6.49), 
(4.6.48) and (4.6.41), we have approximately yc AS 3 tiy-28) Taking into account 
what has been said, we will reqritc equations (11.4,123) in the form 

@ + sa— kB = © (15 — 24) 
P+eB+ba= = (ig— 2H) (14.4,.424) 


whence, eliminating at first 8, and then a, we find 


3GC 
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ada tt tia = SER (ig al) e E (ie—a) 
(11.4,125) 


B+ 23 +t +443 == (7,— zh) 

Since disturbances ¥(t) and 6(t) are normal stationary random functions of 
time (§ 2.1, Par, 3), then, as follows from (11.4,125), a(t) and A(t), which 
characterize angles of displacement of axis of GP from vertical, also will be normal 
stationary random functions, Due to damping, natural oscillations of GP in 
coordinates a and 8 attenuate and a GP on a rocking ship will accomplish only forced 
oscillations, From equations (11.4,125) it follows that damping, besides quenching 
of natural oscillations, generates forced oscillations in coordinate a, This leads 
to errors analogous in nature to errors of damping-acceleration of a GC (§ 11.5). 

In order to compare errors of GP during transverse rocking of ship with errors 
under the same conditions of a pendulum bank indicator, we will calculate errors 
a(t) of GP in the plane of a rib, For this we will use first equation of system 
(14.4,125) : 

a+ Quat (x? + h2)a = SE" (ia) +2(%—a). (11.4.126) 

Let us determine mathematical expectation @ of random function a(t). For this 


we will apply to (11.4.126) the operation of mathematical expectation, Considering 














that 8(t) = 0, 6(t) = 0, jip(t) = 0, fg (t) = 0, we obtain, 
ry 7T 
e+ 2+ ka =0, (440% 5487) 
whence; 
a=e (C,coskt -:-C,sink ¢): (41.4,128) 
here Cy and Cy — constants of integration, determined by initial conditions; 


k, — frequency of undamped precessional oscillations of a GP with radial 
correction 





mop eteaky le(y yl. (14.4, 129) 


Expression (11,.4,129) coincides with relationship (11.4.48), if in the latter 
time constant of correction Ty is replaced by = [see (2.3.7)]. 
According to (11.4,.128), due to presence of damping, upon completion of transient 
response mathematical expectation of ranc'om process a(t) will be equal to zero 
e=0, (14.4.,130) 
{.e., on the average axis GP on a rocking ship will retain its vertical position. 


This conclusion is valid only in reference to the considered case, when in 
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differential equation (11.4.126) of GP on rocking ship there were not taken into 


account terms of the second order of smallness, including vertical accelerations of 
rocking. In general, if we consider these circumstances, @ # 0. Quantity @ can 
be found by the same method which we used in determining mathematical expectation 
X of random motions of physical pendulum for rocking with consideration of terms 
the second order of smallness (§ 4.6, Par, 12). 

Let us turn to determination of dispersion D[u] of random motions a(t) of axis 
of GP during irregular rocking of ship. For this at first we will find spectral 
density S,() of random function a(t), Let us designate in formula (11.4,126) by 


analogy with (4.6.41) 





f= welt) — 25 (1). (44.4.431) 
Then equation (14.4.126) we will write in the foru 
: : 24. gf 
C+ Bat (tt a= SEE flys = fn (14.4,132) 
Let us divide left and right sides of this equation by (x° + k*) and introduce 
designations 
Sele rte ee Pee 
a" aan TO pe! Verte 
1 1 (14.4.4133) 


Considering these designations, we will rewrite (14,4,132) in the following 
way: 
Trot 27 fata=of(t) +f it). (14.4,134) 


In this equation T, is time constant of GP with radial correction, and ¢ is 


d 
relative damping factor. 


Let us define transfer function of GP with respect to disturbance f(t): 


W (s) = —_“S +? 44.4.4 
Tiss OT sil ( beh 


whence for amplitude-phase characteristic of the GP we will obtain 
Y (ju) - ets (41.4,136) 
— Thott UT jw 1 
By analogy with (4.6.47), for spectral density S,(w) of random function a(t) 
we have 
S, (uw) = |W (jor) 7S, (), (14.4.437) 
where S,(®) is spectral density of random function f(t), 
For the considered case there was obtained expression (4.6.64) of spectral 


density Sp (w) 
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S (wjcz Sete Me BS (11.4,.138) 
f . 7 w! + 2au* + 09 S o! + 2au* +: b§ 





where, by analogy with (2.1.56), 
(14.4.139) 


#, 48 $ 3, ee ee ee 
Q=p— hy H= wt Q=n—ry =n, +). 


Putting (11.4,.136) and (11.4,4138) in (11.4.137), we will obtain formula 





S16) ee Aes pg Bay oo a |, 141i) 
e — 7202)\2 1. get? 2 7 a tc. Bf ® ‘ re 
(i Ti+") +4 a Te - + 2a . by r) + 2a, +6) 


which becomes expression (4.6.65) for spectral density S,,(w) of randem oscillations 
of pendulum bank indicator, if in (11.4,440) we set Tg =T, @=k, gy, = 0. 
For dispersion D[{a} we have expression 
eal S, () dw, (41.4,442) 
where S,(w) is determined by formula (11.4,140). 
During calculation of D[a]) we will use the same approach which we applied during 
calculation of dispersion of errors of a pendulum bank indicator for rocking (§ 4.6, 


2 2 
Par. 9). In accordance with equation (141,.4,132), term et f(t) in its right side 


& 

characterizes the disturbing effect of rocking on GP due to unbalance of the gyroscope 
and second term = f(t) characterizes disturbing effect of rocking on GP due to 
damping caused by application to the gyroscope of a radial pendulum correction torque, 

If now we turn to equation (4,6,39) of oscillations of a pendulum bank indicator, 
then analogously the first term ky (¥ig-28) = k,f(t) of its right side characterizes 
disturbing effect of rocking on bank indicator itself, and second term 2tnd character- 
ize disturbing effect of rocking on bank indicator due to damping. During calculation 
of dispersion of random motions of bank indicator for rocking, term 2rnd was discarded; 
therefore for comparative calculation or dispersion of random motions of GP for 
rocking we should also not take into account the disturbing effect of rocking due 
to damping of the GP, For this, in equation (11.4,132) it is necessary to disregard 
term . f(t) or, considering (11.4.133), to set in equation (14.4.134) qa, = 0. Then 


for spectral density Sy(@) > considering in (14.4.140) that a = O, we will obtain 





formula 
ge 2Agie of 2A tut 
She ee ES We ee ee 
I (et Food cat a OO a 


which coincides with accuracy up to th designations with expression (4.6.65) for 
spectral density S,,(w) of random motions of pendulum bank indicator for rocking. 


Therefore, for obtaining of dispersion D[o} it is possible to directly use 


365 


ee ee ee, ee ee ee 


formula (4,6,.80)* for dispersion D[x], if in the latter we replace T by Ty? 


LAT gy (4 Ty) +71 


Ayo} 43 
D {2} = Ao?orla | ae SEP SIRI Le ee au 
(LATS)? + 4 7702. + Tuy (5+ Tay) + THa,% | 

Ms 

, Ae ator 
: a x R ° : . ’ 14.4.143 
ae (1-703. y +4 [72.763. + Ty, (: + T,,) + T 3a.) ( ) 

where bo, = D5; bo, = dy [see (Taos 259). 
For root mean square o, and mean By of values of error of the GP we have 

=) Dial: (41.4.444) 
E,=pV 2D(a]_ ( = 0,4769 . . .). (11.4.145) 


Example 11.7: To calculate probability characteristics D[a], o,, E, and limit- 
ing value a, of error a(t) of GP for irregular rocking of ship for the conditions 
of Example 4,6 and 4,7 taking parameters of GP from Example 11.1; specific rate 
of radial pendulum correction = 0.01 1/sec [127]. 

Solution; 41. By formulas (1424133) we find time constant Ta of GP with radial 


correction and also relative damping factor C: 


TT, = oe a pee et ez = + 1,906.10? sec. 
Varqa — ) 0,018 (7,319. 10-9) 
2 0,01 


== 1,366. 


C= = 
Vite Voi? + (7.319.10-%) 
<c. Using expression (11.4.143), we determine dispersion: 
D [2] = 0,0281 .10-*. 

3. By formulas (11.4.444) and (11.4.145) we calculate root mean square o, and 

mean Ea values of error of GP: 
a, == 0,001676 rad.- 5’,8, L, -3',9. 

4, For conditions of Example 4.7 we find limiting value of a, of error of GP: 

= 3,32, = 3,3-5,6: 19°. 

Comparing results of Examples 11.7 and 4.7, we see that error of GP, on rocking 
snip is woneiGerabiy tees than error of pendulum bank indicator, This indicates 
essential advantages of GP over physical pendulum under the conditions of a moving 
and rocking vehicle. 

Investigation of random oscillations of GP on a rocking ship, taking into ucccunt 
vertical accelerations, is given in the article of A. A, Sveshnikov [137]. Besides 
considered errors of the GP on a rocking ship, there can also occur errors from other 


*Let us note that in formula (4.6.80) 1/g = k = q [see (4.6.48) and (11.4.133)]. 
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disturbances, for instance f:0m vibrations of place of installation of instrument. 
Methods of calculation of these errors, due to their random character, are kept the 


same as methods of calculation of errors due to rocking, 
6. Certain Remarks 


In different GD there are applied so-called plane GP. Schematic diagram of 
such a GP is shown in Fig, 11.9. 

Gyrorotor is fixed in housing Gh, which is suspended on axis 1 in Cardan ring 
C. The ring constitutes a physical pendulum, which can be rocked about axis of 
suspension 2, thereby turning by a certain angle a, Turn of gyrohousing about axis 
1 by angle B ig limited by spring Sp. 

Equations of motion of plane GP in the absence of external influences can be 
written in the form [20] 

J, + [Pa + Hh = 0 


where J_— moment of inertia of entire system with respect to axis of suspension; 


(11.4, 146) 


& 
Je ee moment of inertia of rotor and gyrohousing with respect to axis 1; 
t — distance of center of gravity of system from axis of suspension of GP; 


weight of system; 


P 
H ~— angular momentum of gyroscope; 


C stiffness coefficient of spring, 

B. V. Bulgakov [20] showed that the considered system is oscillatory, where 
nutationa? oscillations, which are small as compared to the basic slow precessional 
oscillations, can be disregarded. The latter can be found from analysis of shortened 


equations obtaived from (14.4.146) by means of discarding inertial terms: 
eee 


5 (14.4.447) 
Ha—c§=0 
or 


Bi 0 (44.4,448) 


a—p8 = 0 
where 


sot pa, (44.4.249) 


H H 
Equations (141.4,.148) we will write in the following way: 


Seat (14.4.150) 


F+a%=0 
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where 
n! wx bo. (444,451) 


Integrating the first of these equations, we have 
& = C, cos nt + C,sinat. 
Taking initial conditions t = 0, a(0) =a), (0) = 


= Gos we will obtain 


a= dsin(nt +), (12.4,152) 


f "3 
@ zt: a+; igen (42.4,153) 


Differentiating (11.4.152) and substituting 


where 





the obtained expression in second equation of system 


(14.4.448), we have 
Fig. 11.9. Plane GP. 


an 
Thus, solution of equations (11.4.150) for the given initial conditions has 


the form 
e=asin(nt +s) 


p= “cos(nt +.) (11.4.155) 


It characterizes coupled oscilla- 
tions of pendulum and gyroscope, which 
are shifted in phase by 90°; thus, when 
pendulum passes through position of 
equilibrium, then axis of gyroscope 
obtains maximum deflection, and con- 
versely, When the condition of M, Schuler 
is satisfied, the plane GP also will 
be undisturbed by accelerations of the 
object. Behavior of plane GP during 


irregular rocking of the ship is con- 





sidered in article [130]. 
Fig. 14,10. Schematic diagram of four- We will give briefly the character- 
gyroscope vertical. 

istics of one more type of GP — the so- 
called four-gyroscope vertical [199, 127]. Szhemetic diagram of this vertical is 


shown in Fig, 114.10. It resembles the diagram (Fig. 7.29) of the four-gyroscope 
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active gyrovertical (§ 7.6, Par. 2a). On platform Pl there are located two two-gyro- 
scope frames, each of which contains two gyroscopes Gas Go and Ges, Gy 5 axes of pre- 
cession of every pair of gyroscopes are connected by anti-parallelograms (shafts) 


A, and An. Platform Pl is suspended in outer Cardan ring C, axis of rotation of 


1 
which is fixed parallel to longitudinal axis of ship. Gyroscopes Gy and Gs are 
connected with platform Pl with the help of springs. Center of gravity of entire 
system is located below point of its suspension; consequently, it constitutes a 
spherical pendulum, 

In the considered GP there is also a device for imposition of radial corrective 
torques; in Fig. 14.10 it 1s not shown. Essence of its operation it that during 
turn of gyroscopes Gy and G, about their axes of precession, correcting devices 
apply relative to axes of rotation of Cardan ring C and platform Pl torques propor- 
tional to angles of turns of these gyroscopes, 

Theoretical investigation of four-gyroscope vertical was conducted by Ya, N, 
Roytenberg [127]. We will indicate certain peculiarities of this system, Its 
equations of motion are composed by the same method which was used during composition 
of equations of motion of the four-gyroscope actice GV (§7.6, Par, 2a). 

If the base is motionless, then vertices of gyroscopes describe converging spirals 
in corresponding vertical planes, With consideration of rotation of Earth and recti- 
linear and uniform motion of the ship itself, for the GV there are revealed velocity 
errors analogous to errors of single-gyroscope GP. During rocking the amplitude of 
oscillations of four-gyroscope GP is many times less than amplitude of oscillations 
of single-gyroscope GP. This is one of the essential advantages of multigyroscope 
systems as compared to single-gyroscope systems, 

There have been investigated ballistic errors of a four-gyroscope GV, and its 
behavior under the condition that period of its natural oscillations is equal to 84,4 
minutes has been considered in special detail. It has been shown that in this case 
spherical pendulum oscillates around true vertical* for any law of motion of the ship; 
ie the instrument has neither rate nor ballistic errors. Deviation of gyroscopes 
from their position of equilibrium are proportional to components of absolute velocity 
of ship along its longitudinal and transverse axes. Investigation of question about 
accumulation of ballistic errors of GV during prolonged maneuvering of ship showed 
that maximum ballistic errors of multigyroscope GV are twice as small as correspond- 


ing errors of single-gyroscope GP, Those interested in the theory of multigyroscope 


eee 


*More exact investigation of the question [135] shows that these oscillations 
occur about the geocentric vertical, 
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GV we refer to the mentioned article [127]. Refined precessional theory of such GV, 
taking into account small terms, is considered in [135]. 

A. Yu. Ishlinskiy constructed within the framework of precessional theory the 
strict theory of a number of gyroscopic devices, in particular of the GP [45, 53]. 
Let us note a series of important statements given in his articles, First of all 
in them it is shown that known works on the theory of GP, including the thorough 
investigation of B. V. Bulgakov [20], do not resolve the question with proper degree 
of rigor. Cause of this is that, motion of point of suspension was considered 
relative to Earth, the rotation of which considerably complicated the investigation, 
There were considered not always exactly forces of inertia of induced motion, Further- 
more, the question about forces acting in the Cardan suspension was considered with- 
out sufficient attention, 

In his account of theory of GP, A. Yu. Ishlinskiy at first in detail investigates 
forces acting on the system "rotor + inner ring + outer ring." The essence of this 
ques ion was considered by us in § 1.6, Par. 7. Analysis of GP is much simplified 
by introduction of a soscalled non-rotating sphere S surrounding the Earth and pre- 
serving constant orientation relative to inertial space. The basic problem of theory 
of GP is investigation of behavior of an instrument whose point of suspension 
arbitrarily shifts over the surface of the Earth, and consequently, also over the 
surface of non-rotating sphere S. Thus, motion of axis of GP is studied with respect 
to translationally moving system O€*7*¢* which preserves its orientation relative 
to inertial space. As external forces acting on the GP there are considered gravity 
force F, directed to center of Earth, and force of inertia Q of translational induced 
motion of axes O&€*n*f*; coriolis forces of inertia are absent, since axes O€*n*/f* 
move translationally. 

Choosing axes Oxyz connected with internal Cardan ring, we write equations of 
GP in the following general form [45]: 

0,4 =1(Q,+ F,); o,f = 1(Q, + F,), (11.4.156) 
where Ws oy — projections of angular velocity of axes Oxyz relative to 
System Ow*n*f*, 1.e., relative to motionless sphere S, on 

axes Ox and Oy; 

Fys Q, and Fy? ay ~ projections of forces F and Q on the same axes; 

H and 2 — earlier adopted designations. 

further there is introduced into consideration the Darboux trihedron 0::9y%9 

(with vertex at center of Cardan suspension), for which axis 02° igs normal to sphere 


0 


S, and axis Ox” 1s directed along velocity vector v of point of suspension of GP, 
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Position of axes Oxyz relative to ox°y929 


is determined by angles w and @. As a 


result there are obtained the following differential equations of motion of the GP 
[45]: 
9 4, i ¢ ae f 
(=F Hin 8 sing — wcos sin y + acetyl = 
ou i[(F — SF )eost sing —m (cr cos‘) + musin4§sin ] 
R dt , (11.4.457) 


(eos +wsin§ + *) = 
= i[- (F- Fy) sin 9 — moveos 6] 


where w — projection of angular velocity of Darboux trinedron relative to axes 


O&*n*l* (relative non-rotating sphere S) onto axis 02°; 
v — velocity of object relative to sphere 5S; 


R — radius of sphere S, 


Thus, if motion of point of suspension of GP, and consequently also of Darboux 
trihedron relative to sphere S is given, then functions v(t) and w(t) are known 


For small angles i and 6, equations (14.4.4157) have the form 


Balsa See aoe 


fs fost (r—n#)Je-— 2.2! (14.4158) 
t H RR 


— —--—wy 


R 


which allows integration in quadratures 


A. Yu, Ishlinskiy for solution of equations (11.4.158) uses the substitution 


6 =- fo $ and reduces the indicated equations to the following system: 
& — p(y m0 
(11.4,159) 
F + p(y = ait) 
where 
pinot a7 (7—"F); : 
ap mot 1 (14.4.160) 


= 0. For small velocity of point 
of suspension relative to Earth, it is possible to take 


Of the greatest interest is the case when q(t) 





F—= = mg, (44.4.161) 
where g — acceleration due to gravity. 
Then, according to (14.4,160), condition q(t) = 0 exists for 
Sk 
Hu R’ 
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i1,e., when the condition of M, Shuler is satisfied, 
It is easy to see that for zero initial conditions [t = 0, (0) = 0, y(0) = 9], 
axis of GP will make with the goecentric vertical angle 6, which is determined by 


relationship 


t= — Mo, (14.4, 162) 


which characterizes rate error of the GP, 

In this case the GP does not have ballistic errors, Expression (14.4,162) for 
known velocity and heading of the object can be used for determination of direction 
of the geocentric vertical, 

Those interested more deeply in the theory of GP we refer to the mentioned 
articles [45, 53]. Their method of investigation of GP on non-rotating sphere §$ 
was earlier used by A, Yu. Ishlinskiy in the investigation of the theory of other 


gyroscopic devices [44, 49]. 
§ 11.5. Gyrocompasses (GC) 


4. Purpose of the GC. Principles of Construction 
Designs of the Instrument 


a) Types of GC 


A gyrocompass determines on a moving object the direction of the local meridian, 
i,e., the heading of the object (vehicle), GC have found wide application on ships, 
basically for purposes of nevigation, It is included in the class of positional GD, 
i.e., it possesses a "directional force" (directional torque). The GC can be con- 
sidere? as a variety of the generalized GP (§ 11.3, Par. 3). 

In the simplest scheme of GC there is used a three-degree-of-freedom gyroscope, 
the center of gravity of which is displaced in its equatorial plane below tre pvint 
of suspension, Due to this the GC is subject to disturbance due to accelerations 
of the object, which cause ballistic errors of compass which have the same nature 
as for the GP, These errors of the GC are partially compensated by means of realiza- 
tion in the instrument of M, Schuler's condition of undisturbability, which was by 
him validated in reference to GC in 1910 [200', Realization of this condition made 
it possible to create models of GC which are useful also under conditions of maneuver- 
ing of the ship. 

Up to the present of time gyroscopic technology has had at its disposal tens 
of different models of first-class GC, which representing very complicated and highly 


developed types of gyroscopic devices, Theory of gvrocompass is the most highly 
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developed area of contemporary theory of GD. In its creation an outstanding role 

was played by the works of A, N, Krylov, B. V. Bulgakov, B. I. Kudrevich, M. Shuler, 

J. Geckeler, O, Martinssen, A, Rawlings, Ye. L, Nikolai, A. Yu, Ishlinskiy, Ya. N. = 
Roytenberg, D. R. Merkin, V. N. Koshlyakov, and others, To questions of theory 

and practice of GC there have been dedicated a huge amount of monographic and educa- 
tivunal literature, Therefore, in the present book there is given only the briefest 


information from the theory of GC, 





There are many types and varieties 
of GC. Without attempting to give their 
Classification, we will indicate only 


three basic types. Depending upon method 


INUVO EAU: 


be] 
i 
HI 


of creation of directional force, we 


distinguish: 1) GC with pendulum; 2) GC 





with mercury vessels; 3) GC with electro- 


Fig, 11,11. Diagram Fig, 11.12. Diagram magnetic control 


of sensing device of sensing device 
of GC with pendulum. of GC with mercury In GC with pendulum, rotor is 
vessels. ‘ 


contained in gyrohousing, to the lower 
part of which there is fastened a pendulum (Fig. 11.14). Due to this, center uf 
gravity of rotor with gyrohousing turns out to be displaced in the equatorial plane 
below point of suspension, 

In GC with mercury vessels, rotor and gyrohousing are balanced in such a way 
that their common center of gravity coincides with point of suspension, To the 
gyrochamber there is fastened a mercury ballistic system consisting of two vessels 
(#ig. 11.12) which are connected by means of a connecting tube and partially filled 
with mercury, To the right vessel there is fastened a so-called arm, which connects 
vessels with the gyrochamber, When axis of gyroscope is deflected from plane of 
horizon, surplus of mercury in one of vessels causes application to the gyroscope 
of a gravitational analogous to the corresponding torque in a GC with a pendulum, 

. In recent years GC with electromagnetic control have come into use (see, for 
instance, [59}). In GC of this type the gyroscope is brought into the meridian not 
due to action of gravitational torque created by pendulum, mercury ballistic vessels 
or analogous devices, but by means of application to it with the help of a special 
torque pickoff (TP) of a correcting torque; thus the TP is controlled from a pendulum 
(accelerometer) fixed on gyrohousing of GC. Rate errors due to motion of ship are 


compensated in the instrument by means of application of corrective torques calculated } 
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by a computer. In GC with electromagnetic control, it is sufficiently simple to carry 
out by a purely electrical method damping of natural oscillations of the gyroscope 
[59, 99]. Let us note that such GC can also work as a directional gyroscope [59]; 
this is important for decrease of ballistic instrument errors during maneuvers cf the 
ship. 

Depending upon number of applied gyroscopes, we distinguish single-rotor, two- 
rotor and three-rotor GC, The widest use has been obtained by two-rotor GC — Anschiitz 
gyrocompasses [75] and the Soviet gyrocompass "Kurs" [6]. 

There are known instruments in which there are conbined the gyrovertical (gyro- 
horizon) and gyrocompass; these are called gyrohorizon compasses [75]; they make it 
possible in principle to determine the heading of the ship, and also angles of pitch- 
ing and rolling. Such a system makes it possible to obtain a so-called space gyro- 
compass [20, 184], i.e., an instrument whose three principal axes are gyroscopically 
stabilized in the east - north - zenith directions. 

It is also possible to classify GC according to other criteria; for instance: 
by method of damping of its natural oscillations; in dependence upon methods of 
obtaining an aperiodic compass (undisturbed by accelerations of the ship) at any 
latitude; according to method of suspension of sensing device; according to different 
design features, and so forth, 

Briefly expounding the theory of CC, in the beginning we will reveal certain 
general properties of it in the example of a single-rotor gyrocompass with pendulum, 


and then wilt consider mainly the scheme of two-rotor GC. 


b) Essence of Single-Rotor GC 


Principle of action of gyrocompass is assumed to be known, Let us remember that 
in $ 11.2, Par. 2a, there was considered a Foucault gyroscope of the first kind, for 
which axis of rotation is located vertically (Fig. 14.1), and inner ring is rigidly 
fastened to outer ring, and therefore axis of gyroscope is in plane of horizon, Thus, 
due to rotation of Earth there appears gyroscopic torque Moyrt? aetermined by relation- 
ship (11.2.5). This torque, called directional torque, tends to bring axis of gyro- 
scope into plane of meridian, Consequently, Foucault gyroscope of first kind possesses 
properties of a compass, which appear in it due to rotation of Earth, 

In the considered GC with the pendulum there is a certain analogy. Actually, 
here there ts applied a gyroscope with three degrees of freedom; axis of rotation 


vf cuter Cardan ring is fixed vertically, With the inner ring (gyrochamber) there 
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is connected a pendulum, which during deflection of axis of gyroscope from plane of 
horizon creates a restoring torque, which tends to hold axis of ¢g:roscope in horizon- 
tal position. Such a device A. N. Krylov [65] called a gyroscope "with incomplete 
coupling;" due to its application, it was possible to realize the gyrocompass. Thus, 
the appearance in the considered gyrocompass of a directional torque tending to bring 
axis of gyroscope into plane of meridian (just as in a Foucault gyroscope of first 
kind, i.e., in two-degree-of-freedom GC), is caused by rotation of Earth and presence 
of coupling of the gyroscope with the Earth, which is realized through the pendulum, 
Let us select axes Ofnf (Fig. 
11,13) oriented geographically, i.e., 
in such a manner tnat axis On is 
directed in plane of horizor to north, 
axis 0&€ = to east and axis 00 — along 
the vertical, During turn of outer 
Cardan ring by angle a, and inner 
ring by angle B, Resal axes will 
occupy position OX4Y42. By analogy 
with Fig. 3.12 we will decompose 
angular velocity U of diurnal rotation 
of Earth into vertical U sin @ and 


horizontal U cos @ components and will 





Fig. 114.13. Angles a and B of deflection of show the desired (§ 11.2, Par. 2a) 


axis of GC. 
U cos g sin uw component of the latter, 


Vertical componer.t U sin » creates gyroscopic torque M ms which is directed along 


ByrX, 
the axis Ox, of rotation of inner Cardan ring and equal to 


M 


rx, = — MU sin ycos3 = — HU sin 3. (40, 5) 
This moment causes rise 2f exis of gyroscope by angle B above plane of horizon; 
thus there appears gravitational torque Mex » which is also directed along the axis 
4 . 
Ox,: 
M,,, = (P sing =IP3. (14,532) 
Restoring torque Mex, balances gyroscopic torque Mayr, ° Angle oe of rise of 
axis of gyroscope above plane of horizon in position of equilibrium is determined 


from relationship 
M,,,+M,,,=0 or —HUsing + IP3, = 0, 


*See note on p.507 — [Trans. Ed. Note]. 
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whence we have expression 


HU 
P= — > sin z (11.5.3, 


which coincides with (11.35.22). 
As was shown during the analysis of generalized GP (§ 11.3, Par. 3; case of the 


gyrocompass), to angle A. there correspond gravitational torque 1PB. = HU sin 9» and 
r r 


rate of precession et which is equal to U sin ». This rate of precession of the 
GC is necessary for compensation of vertical component U sin » of terrestrial rotation 
and for retention thereby of axis of gyroscope in plane of meridian OCP.N. 

The desired component U cos 9 sin a gives gyroscopic torque Moyrt? directed along 
the axis Of and determined by relationship (11.2.5): 


M,, = — HU cos 2 sina = — HU cos 9-2. (14.5.4) 


In the theory of GC this torque is called directional torque of the gyrocompass. 
It is equal to zero at a = 0, Therefore, considering also (11.5.3), position of 
equilibrium of axis of GC on a base which is motionless with respect to Earth is 


determined by coordinates 


a, = 0; b= Tsing. (11.655) 


In order to determine character of motion of axis of gyroscope near the indicated 
position of equilibrium, we will assume that axis of gyroscope, having slope BY to 
plane of horizon, is deflected eastward by angle a, Since due to diurnal rotation 
of Earth the eastern edge of the plane of the horizon is lowered in space, then 
northern end of axis of gyroscope is visibly raised above plane of horizon, Thus 


angle of inclination 6 will be increased, Now restoring torque Mex = LPB will be 
a 


greater than gyroscopic torque |M = HU sin @ = PBL due to the difference in 


| 
BYTX, 


these torques Mex, Meyrx, UPB=HU sin 


there will appear precessional motion of axis of gyroscope toward plane of meridian, 


1P(B-B..), which is directed toward the west, 


Thus, axis of gyroscope rises above plane of horizon and shifts in azimuth. When 
axis of gyroscope crosses plane of meridian OCPLN to the west, it will start to be 
lowered toward plane of horizon, and under the action of the difference in torques 
Mex, Meyrx, = LPB-1PB, = -1P(B,.-B), which is directed toward the east (for B < B,), 
will further precess eastward toward plane of meridian, Consequently, axis of gyro- 
scope accomplishes sustained oscillations near position of equilibrium, which is 


determined by coordinates a_ = O and B. [see (11.5.5)]; thus, vertex of gyroscope 


r 
will describe on representative plane (tangent to point N of inte,section of axis 
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On with unit sphere) an ellipse which is strongly elongated in the horizontal direc - 
tion, For quenching of these oscillations, in the GC there are applied special damp- 
Ing devices, 

Axis of gyroscope is brought into plane of meridian in an analogous way in the 


GC with mercury vessels (see, for instance, [{71, 7, 6]). 


c) Essence of Two-Rotor GC 

Two-rotor GC is one of the most highly developed of gyroscopic devices in design 
and accuracy. 

The sensing device of this GC constitutes a hollow sphere Gs (Fig, 14.14a), 
culled a gyrosphere or float. In the gyrosphere there are placed gyroscopes Gy and 
Gry a hydraulic damper and other elements of the instrument. Spin axes of gyroscopes 


G, and G, are located horizontally; axes of precession of these gyroscopes are 


a, 
located vertically and are connected by a hinged mechanism — a shaft C, similarly to 
the way this is done in a two-gyroscope active gyroframe (Fig. 7.2). Shaft Sh with 
the heip of springs Sp is connected with body of gyrosphere. In the initial position 
(with non-rotating rotors), springs hold the gyroscopes in a position in which their 
axes form with the N-S* direction of the gyrosphere equal angles e« = 45°, Due to 

the shaft gyroscopes Gy and Go can turn about axes of procession in various directions 
by identical angles 6 (Fig, 141.4b), Inside the gyrosphere is filled with hydrogen. 
Center of gravity of gyrosphere is on its vertical axis below its geometric center; 
this ensures, as and in the single-rotor GC, the necessary pendulum torque, Gyro- 
sphere is placed in a fluid, and therefore in the suspension there exists only viscous 
friction, 

The gyrosphere is surrounded by the so-called slave sphere. In order to center 
the gyrosphere relative to the slave sphere, in the lower part of gyrosphere there is 
placed an "electromagnetic blowout" coil, through which there is passed an alternating 
current, The latter induces in the slave sphere eddy currents, which "repel" the 
coil and center the gyrosphere in vertical and horizontal directions, so tha. its 
only motionless point is its geometric center, PaRaneveed of the system are selected 
in such a way that period of precessional oscillations of gyrosphere in the absence 
of damping is equal to 84,4 minutes, This practically removes ballistic errors of 
GC. Constancy of the period of 84.4 minutes independently of local lstitude is 
ensured ir a two-rotor GC of Anschtitz[75] by corresponding change of angle of 


*As the N-S direction there is taken direction coinciding with bisector Oz of the 
ongle formed by spin axes of gyroscopes G, and Gy. 
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separation of the gyroscopes,* Presence in the 
compass of two gyroscopes makes it pussible to 
increase period of oscillations of gyrosphere 
around N-S axis to 10-15 minutes. This consid- 
erably lowers instrument error jiuring rocking 
of ship. Natural oscillations of gyrosphere are 
damped by a hydraulic damper installed in its 
upper part, 

Total angular momentum of gyroscopes Gy and 


G, is equal to geometric sum of their spin 


2 
angular momenta Hy and Ho If we designate by 
2e (Fig. 11.14a) the angle between axes of these 
gyroscopes, then total angular momentum H of the 
system will be 


Hm 2H'cose (H' =H, = A). (14.5.6) 


Angular-momentum vector H is directed along 
the bisector of angle 2c, 1.e., coincides with 
direction of N-S axis of gyrosphere, which during 
operation of the compass is established in plane 
of meridian, With turn of gyroscopes Gy and G, 
around their axes of precession by angle 6, 


direction of vector H as this is easy to establish 





from Fig. 11.14b, will not be changed, but its 
Fig, 14.14, Diagram of sensing magnitude will be changed, and instead of by 


device of two-rotor GC. 
(11.5.6) will be determined by relationship 


H = 2H'cos(*—?). (11,657) 
Principle of operation of two-rotor GC in broad terms is the same as that of the 
single-rotor GC. However, here there are certain peculiarities, Besides the pendulum 
torque, which causes precessional motion of gyrosphere in azimuth, on the gyroscopes 
through the shaft there act the torques of the springs, This causes precessional 
motion of gyrosphere about the N-S axis, due to which the axis perpendicular to it 


(E-W diameter of the gyrosphere) in its position of equilibrium will be horizontal, 


*Other methods of regulation of period in two-rotor GC can be realized by change 
of angular velocity of spin of rotors or magnitude of maximum pendulum torque due to 
change of metacentric height, This problem in the GC with mercury vessels can be 
solved by changing angular velocity of spin of rotor or magnitude of maximum pendulum 
torque due to change of area of cross section of vessels or their moment arm, 
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If relative to the N-S axis there acts external disturbing torque, then there appears 
precessional motion of gyroscopes G, and a, inside the gyrosphere; due to this there 
appears @ gyroscopic torque compensating the external disturbing torque. 

Description of device and principle of action of the two-rotor GC can be found 


in extensive literature on gyroscopic compasses (see, for instance, [75, 6, 30]). 


2. Dynamic Characteristics of GC 


a) Geometric and Kinematic Parameters 
Investigation of GC is started with composition of differential equations of 
motion and corresponding transfer functions. As the sensing device of the GC we will 
consider the gyrosphere (Fig. 11.14). Let us select system of coordinates Ofn¢ 
(Fig. 11.15), oriented geographically along the east - north - zenith directions. 
Axes of coordinate system Oxyz are principal axes of inertia of the gyrosphere; thus 
axis Oz 1s parallel to bisector of angle formed by axes of gyroscopes a, and Go (Fig. 
11.14) 3 center of gravity G of gyrosphere (Fig. 11.15) 1s located below its geometric 
center 0 on axis Oy. Turn of the gyrosphere, 1.e., of axes Oxyz relative to reference 
system O&nf can be represented as consecutive rotation of it by angles a, B and y 
where @ is angle of azimuthal turn of gyrosphere, B is angle of use of end of N-S axis 
above plane of horizon, and y is angle of rotation of gyrosphere about N-S axis. 
With turn by angles a and f, the moving axis will occupy position Ox4y42 (Resal axes). 
Transformation of axes O€nf to Ox,¥4% we will write in the form of the following 
matrix equality: 

; (xy, yr. 2] = A, [8 % A (41.5.8) 
where matrix A, = lat, I (u, v = 1, 2, 3) is determined by Table (5.2.2) (cf. Figs. 
11,15 and 3.2). For small angles a and 8 for matrix A, we have Table (5.2.3) 

—il —a 0 


A= 0 —3 1 (11.5.9) 
—a 1-8 


Transformation of axes O&nf to Oxyz can be written in matrix form 
Iz, y. t= Alt, 4 OD (11.5.10) 
where matrix A = lla, Il (u, v = 1, 2, 3) can be represented in the form of product 
of three corresponding to turns of axes Oxyz by angles a, B and y; finally we will 
obtain ~% 
[eisai an eo —sinecosy—cosasin3siny cos3sin;" 


Asal] cose singztsinesin$cosy sine siny—coszsin§cosy 60s $cos; (11.5.11) 
8B e=sinecoss . cos acos8 sin | 
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With accuracy up to terms of first 
order of smallness we have 


Se —2 fT 
Au + —B8 | 


(141.5.12) 


Thus, position of gyrosphere is deter- 
mined by three generalized coordinates: 
a, B, y. Gyroscopes Gy and G, (Fig. 141.44b) 
can turn about axes of precession by 
identical angles 5 in different directions, 
Let us connect with gyrohousing of gyro- 
scope Gy axes OX4V4Z py yi) turn of these 


axes by angle 6 is shown in Fig, 11.15. 





Fig. 14.15. Angles a, BB, y, 5, deter- Transformation of axes Oxyz to 
mining position of sensing device of GC. 
OX pyr gyr-ayr will be represented in matrix 
forn 
Uxr. Yeo 2] = Bix, y, 2h, (11.5.13) 


where matrix B = Ilo, yl (u, v = 1, 2, 3) will be 


cost 0 —sine 
Bul) O 1 0 (41.5.14) 
sing 0 cosé 


or approximately 


10 —3 
B=f0 | 0 (11.5.15) 
$0 1 


Let us note that angle 5 is small (usually does not exceed 7 [6]) as compared 
to angle e (Fig. 141.14), which is equal to 45°, 

Projections Par 4s 7 of angular velocity of gyrosphere onto Resal axes Ox, 9425 
taking into account induced motion of axes O€nf caused by rotation of Earth and 
motion of the object (vehicle), are determined for small a and B by relationships 
(5.2.6), if in the last of them we consider angular velocity y of rotation of the 
float: 

P, =—f—u—as 
¢,=8—u8 tu, (44,8. 16) 


rmj—ustutus 
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b) Differential Equations of Motion of GC 
During composition of differential equations of motion of GC we will use pre- 


cessional theory, disregarding small nutational oscillations of system. For reduction 
of subsequent computations we will compose in the beginning the equation of motion 

of gyrosphere relative to axes Ox, and OC (Oy) or OY, (for small 8). For this we 
will use shortened Euler equations (1.6.9), replacing in them, according to (11.5.7), 


H by 2H! cos (e€-6) and considering formulas (11.5.16) for Py» Gy?! 
2H’cos (¢ —*) (2 — 43+ u. ) =M, 
2H’ cos (¢ — 2) (3 tut u,2| =M, 


where My. and My are external torques applied to gyrosphere, 
4 1 


Let us turn to composition of equation of motion of gyrosphere about axis 0z, 


(411.5.47) 


proceeding from condition of equilitrium of gyroscopic torque and external torque 
relative to this axis, Since gyroscopes G, and Go (Fig, 11.14) are connected with 
each other by a sheft, then for the eastern gyroscope G, angular velocity 6 is 
directed in positive direction of axis Oy (Fig. 11.15), and for the western gyroscope 
G, ~ in negative direction of axis 0. Projections of angular momenta of gyroscopes 
G, and G, on axis Ox will be: -H, sin (e-6) = -H' sin (e-6) and H, sin (e-6) =H! sin 


(e-6). AS a result along the axis 0z there will act gyroscopic torque 


M,, = — 2H’ sin (s — 2) «4. (11.5, 18) 
This torque is balanced by external torque M, along the same axis, if we disre- 
gard in the equation the corresponding inertial term, Consequently, equation of 
motion of gyrosphere about axis 0z will be 
2H’ sin(e —2).8 = M,. ae eA) 
Let us note that component q of angular velocity of Resal axes along the axis 
OY, (Oy) does not create gyroscopic torques relative to axis Oz, since rotors of 
gyroscopes Gy and G, rotate in different directions; i.e., as just in the two-gyro- 
scope active frame, rotation of system of reference around axes of precession of 
gyroscopes does not render an influence on estion of the frame (§ 7.1, Par. 2b }% 
Further it is necessary to compose equation of motion of gyroscopes Gy and Go 


around their axes of precession Oy (Oy For this we will use the same method 


gyr)* 
which we applied during composition of equations of motion of gyroscopes of the two- oo 
gyroscope active frame around their axes of precession, During finding of equation 


of motion of eastern gyroscope Gy relative to axis Oy, it is necessary to consider 


dn 


gyroscopic torque 
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M\" wm H,cos(t —2)-p, + H, sin («—2)-r, (ace Ae 
where angular velocities Py and r are determined by relationships (11.5.16). 
Designating by u(t) the external torque applied to gyroscope G,, we will obtain 
equation of motion of this gyroscope in the form 
H cos (6 —8)-p, +H, sin(s —2)-r = —M". (41.5.2) 
During composition of equation of motion of western gyroscope Gy around axis Oy, 
it is necessary to consider gyroscopic torque 
MC} = H,cos(1—2)-p,— H, sin (s—4)-r. (11.5,22) 
Designating by ui?) the external torque applied to gyroscope Gos we will obtain 
equation of motion of this gyroscope in the form 
H, cos (« —8)-p, —H, sin (s — 8) -r = —M™. (215.23) 
For composition of equations of motion of system of gyroscopes G, and G. around 
axis Oy, we should consider that gyrohousings of gyroscopes are connected by a 
kinematic transmission with transmission ratio -1. Therefore, subtracting from 
(11.5,21) relationship (11.5.23) and considering that H, = Hy =H’, m(4) al?) = My, 
we will obtain 
2H’ sin(e —2)-r=—M, (11.5.24) 
or, considering (14.5.16), 
2H’ sin (¢ —2) (7-4 tut u.3) =—M,. (11.5.25) 
Taking together (11.5.17), (11.5.19) 
and (11.5.25), we will obtain system of 
equation characterizing motion of gyro- 
sphere relative to reference system OF nL 


and rotation of gyrochambers of gyro- 
scopes Gy and Gy inside the gyrosphere: 
2H’ cos (2 — 2) (2 — 43+ u,) =M,. 
2H’ cos (s — 2)-(3 +4, + 4,3) = M, 
Fig, 14.16. Hydraulic damper of GC. . 2H’ sin(s —2).4 = M, 
2H’ sin (s —%)-(;—u. +u, + u.2) = —M, 
(41..5.26) 
It is necessary to supplement these equations with equation of flow of liquid 
in the hydraulic damper, The scheme of the damper (Fig. 11.16) is the same as that 
of hydraulic damper of GP (Fig. 11.8), the principle of action of which 1s known 


(§ 11.4, Par. 3e). Damper is fixed in the N-S direction of the gyrosphere, In 
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Fig. 11.16 there are designated: B — angle of inclination of gyrosphere to plane of 
horizon; $ — angle of inclination of "mirror;"* Xp — angle of inclination of apparent 
horizon to true horizen, which, by analogy with relationship (4.5.22), is determined 
by formula 


Vv 
Ee. (41.5.27) 


where Wh — component of total acceleration of object along axis On. 
Magnitude of torque, introduced by surplus of liquid in right vessel, similarly 
to (11,4.33), is determined by expression 
M,, = 00. (11.5.28) 


Equation of flow of liquid in the damper, by analogy with (11.4.43), will be 
written in the form 
b62—F9+8+ »,), (11.5.29) 
where F = flow factor [741]. 
Joining (11.5,29) to (11.5.26), we will obtain: 


2H’ cos(¢ —2)-(@—u 8 +u.) = M,, 
2H’ cos (s — 2)-(§ + 4, + 4,2) = M,, 
b= —FG+0+4,) (13,.5,20) 
2H’ sin (¢ —8)-8 = M, 
2H’ sin(e —2)- (i—ue +4, +48) =—M, 
Single angle 5 is small, it is possible to replace cos (e€-5) = cos — + 6 sine, 
Sin (e-6) = sin €-5 cos « and, considering (11.5.6) fore = 45° and omitting in 
(215.30) small products of 6 with a, B, and so forth, to rewrite these equations in 
the form 
H e—up+t u, + u,8) = M,. 
Hit atae+u’) =m, 
ba — F404) (14.5. 31) 
ae | i= M, oa 
H(t +u,+ u.8—u,2) =—M, 
Let us find expression of torques applied to gyrosphere and to gyroscopes. 


3 M.. and M_ we will represent in the form 


Torques M. , M 
Die a. 


*By this angle we understand the angle formed by the line connecting centers of { 


surfaces of liquid in vessels of the damper and axis 0z of the sensing device. 
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M, = Myo), +'M,, +-f, (t) 





Rage ae (14.5.32) 
M,= Mew tO bs 
5 My May t Met fall 
‘ where Mig, w) =~ components of torque ¥ , Ww? due to action of gravity and forces 
of inertia as a result of accelerations of the object; 
Max — damping torque, introduced by hydraulic damper; 


Mop —~ torque due to tension of springs; 


Mey fluid frictional torque in axes of precession of gyroscopes; 


£4(t)s..fy(t) — other disturbing torques. 
Torque ¥, w? DY analogy with (2.3.50), can be written in the form 
o 


M, = 1x (mg,— mir), (11.5.33) 
where m— mass of gyrosphere; 


T- displacement of center of gravity of gyrosphere from its geometric center 
along axis Oy; 


cx — acceleration due to force of terrestrial gravitation; 
W — total acceleration of object. 
Projecting (11.5.33) onto axes Ox,¥,2, we have: 
My. = ml,(€.—V,) — ml, (g,, — ,) 
Me. 0, = ml, (g,,—W,) —ml, (g,, —,) (44.5. 34) 
Me. ), = ml, (e, —W,) —ml, (Br. ae V,) 
For projections of vector 7 onto axes Ox, y,2 (Pig. 11,25), we find 


Lol; W=—k t,=0. (14.5. 35) 
Projections Box? Boy? Boe? according to Table (11.5.9), will be 


Cor = — bu hy Boy = — G3 + 8, 
Gy = = Bo, + 8... + Ro:P. 


Since Boe = Bon = 2, Boe = Bo) then 


14.54.90 
Se, = 0; Go, = — Be: Go: = — Gee: ( ) 

For W,, Wye W,» according to Table (11.5.9), we have 
¥,-—¥,—Va, Vi = —-V B+, (11.5.37) 


Vi=—Vet V+ 8. 
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Putting (11.5.35), (14.5.36), (11.5.37) in (11.5.34) and considering that 
approximately mg, = mg = P [see (11.4.17)], we will obtain: 


Myo, = 1P[(1+ t)p— t+] 


Myo, =P [I+ Stype EL, Padi (11.5. 38) 
beige le ifn 


Damping torque Max created by surplus of liquid in one of the vessels of hydraulic 
damper, if we take into account (11.5,28), will be 
M,, = M,, = 0. 
Torque due to tension of springs Sp (Fig. 11.14) connecting shaft with gyrosphere, 
for small 6 is determined by relationship 
My = — G1, (145.459) 
where coefficient Cy characterizes stiffness of springs. 
Fluid frictional torque in axes of precession of yzyroscopes will be* 
M, = — nj, . (11.5.40) 
where n, — coefficient of fluid friction, 
Putting (11.5.28) and (11.5,38) - (44.5 "0’ in (112.5. 32), we will obtain 
v vw ¥ 
lid (hare ee <2] 4004 4.0 
M,= el(i+. “a-ha A]; +A (11.5.4) 
v 
aii er Ten— hee] 40 
M,=—¢8—nb+ f(t) 
Let us introduce (11.5,.41) into equations (11,5.31); considering (11.5.27), we 


have 
H(i—up+u,+u,8)—0P[(i4)a— a4 A] = 409 
H(§+u,+ ua + ut) — [1+ 5)3— 
Meee =A 
6——F (34044) 


(11.5.42) 


wig [(i4+22)1—ax——-a]=n0 
H(y—uet ut u§—ut)—nt—ed= — fi) 


*Here we do not consider dry frictional torque in bearings of vertical axis of 
precession, 
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We have obtained different.al equations of precrssional motion of two-rotor GC 
oe 
i in general fcrm, Certain possible simplifications of them will be made in examining 


~ of the different cases of operation of GC. 


3. Transient Responses of GC on Fixed Base 


a) Sustained Oscillations of GC 

During the analysis of sustained oscillations of GC we consider the case of 
installation of it on a base which is motionless with respect to Earth, Subsequently, 

‘ during our short account of theory of GC we will be interested in azimuthal deflec- 

tions a of gyrosphere, and also in deflections B of N-S direction of gyrosphere from 
plane of horizon. Let us note that angle y of transverse slope of gyrosphere is 
minute; angle 6 of turn of gyronhousings around their axes of precession also is small, 
but may be approximately 7-10 times greater than angle y. 


In the considered case, according to (1.2.21), Us = 0, u. = U cos gq, Ur = U sing; 


components of total acceleration W of snip, if we disregard ae and Coriolis 
accelerations, will be Wi = Wh = Wy =O, Then, using for determination of sustained 
oscillations of gyrosphere with respect to coordinates a and B the first two equations 
of system (11.5.42) and considering in them also that y = 6 = 0, c = 0 (hydraulic 
damper is turned off), in the absence of disturbances [f,(t) = f(t) = 0)J we will 
obtain 
H($+Ucnr 9-2) 0 (41.5.43) 
H(i—Ucos;-3+Usinz) —/P3} =O 
Let us determine the position of static equilibrium of N-S axis of gyrosphere; 


for this we will set in (14.5.43) a = = 0 and will introduce designation [20] 


TS pip (414.5.44) 
Then for coordinates ans Bo. of position of equilibrium we have 
® . @=0 
a any a (11.5.45) 
eo ae 
I+ —5 cosy I 5 cose 


whence it follows that in position of equilibrium N-S axis of gyrosphere is in plane 
of meridian (a, = 0) and ig raised above plane of horizon by angle BY. ( in northern 
hemisphere). 


Since usually for GC ae cos m9 << 1, then for B. we have approximately expression 
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p,m OE sing = Z sing cos 2, seat) 


which coincides with the earlier found relationship (11.5.3). As was shown (per, 1b), 
rise B. of N-S axis of gyrosphere is necessary for compensation of vertical component 
of terrestrial rotation and retention thereby of the N-S axis in plane of meridian, 
For finding of law of motion of N-S axis of gyrosphere on a base motionless 

relative to Earth in the absence of damping, we will use equations (11.5.43), dis- 
carding in them the term HU cos g-fB, which is small as compared io 1PA; then we have 

: aah ge (14.5.47) 

e+Using——-p=0 
or, considering (11.5.44) and (11.5.46), 

6+ Ucose-2=0 


° a 
‘=Fast Ne 


(44.48) 





whence 
e+ ha = 0 
b+ a9 =e, da 
General solution of first equation will be 
«mC, cosk/ + C, sink, 
where constants of integration Cy and Cy are determined by initial conditions; as 
initia. conditions we will take: at t = 0, a(0) = Qo» a&(O) = 0, Then we will obtain 
@ = 0400s ki, (ths -30) 
Finding @ and putting it in second equation of system (11.5.48), we will obtain 


B—9, = — 2, SS? sin ae. (125.51) 
Thus, oscillations of N-S axis of gyrosphere are determine. by expressions 
@ = a, c0s Ai, B—8, = — 4? sinks, (14,,5.92) 


which characterize its undamped harmonic oscillations with frequency k, which are 
shifted from each other in phase by angle 5 Period Ty @ of sustained oscillations 
of GC, if we consider (11.5.44), is determined by formule 


2a H 
a= = —_———- , 44.5 ‘ 
Tee a | (PUcosy (44.5.55) 


Let us find trajectory of "vertex" of gyrosphere on representative plane, 1 


considering a and 8 as rectangular coordinates of vertex on this plane. Eliminating 


tor this from (11.5,52) time t, we will obtain 
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*. Ge 
a7 (a y l, (11.5.54) 


whence it follows that trajectory of vertex of gyrospher? is an ellipse with semiaxes 
U_cos 
a) and Oe and with center at point (0, B..)- Ellipse will be strongly 


a, 
elongated in horizontal direction, Actually, ratio of its semiaxes a = 


a 
Ok 


= TES if we consider (11.5.44), is a large quantity V wtte = since for the 
gyrocompess 1P >> HU cos 9. 

Example 41.8: To calculate parameters of sustained oscillations of gyrocompass 
[75] for iatitude 9 = 60°, for which H = 4,55+10° gecmesec, weight of gyrosphere 
P = 8500 g, magnitude 1 = 0.66 cm, pendulum torque 12P = 5610 g-cm, U = 7.29107 
1/sec., 


Solution; 1. By formula (11.5.4) we find directional torque M for deflec- 


gyrl 
tion of axis of gyrosphere in azimuth by angle a = ae 
[Meg] a= HU cos y-s a 1,85: 107.7,29 . 10-5.0,5.0,01745 = 0,1 @. cme 

2, According to (14.5.46) we calculate angle 6, of rise of N-S axis of gyro- 
sprere above plane of horizon: 
_ _!,85- 10% .7,29 - 10-8 

610 

3, Using expression (11.5.44), we determine frequency of natural sustained 


= sing 0,866 =: 0,001744|rad. = 6°, 


oscillations of gyrosphere: 


r 3 
= Ucosy-IP si 7,29.10— -0,5-5610 =x 1,148-107? 1/sec. 
z ) a ) 1,85 - to® 


4, By formula (11.5.53) we calculate period T of oscillations of gyrosphere: 


g.c 
Teg TMB sec, =91,2 min. 


5. We determine relation Tory of semiaxes of ellipse of sustained oscilla- 
tions of vertex of gyrosphere; 

4&8 t68-107* 

Ucose = 7,29. 1075.05 

For bringing N-S axis of gyrosphere into plane of meridian, it is necessary to 


= 31,5. 


damp the above-indicated elliptic oscillations; this is done by application of 
different damping devices, in particular the hydraulic damper, 


b) Damped Oscillations of GC 
For revealing the general character of motion of a GC supplied with a hydraulic 
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damper, we will use equations (11.5.42); thus we will be interested in changes of 
coordinates a and BB. Just as during the analysis of sustained oscillations of GC 
(par, a), we will consider the case of installation of it on a base which is motion- 
less with respect to Earth, Considering what has been said, we will use the first 
three equations of system (14.5.42), consiccring in them We = Wi, = We = 0, Us = 0, 
ere U cos 9, Up = U sin [see (1.2.21)], y = 6 = O and f,(t) = f(t) = 0; then we 


will obtain equations 
H(§ + Ucos 7-2) = 0 
H (a—Ucos7-3 + U sin) — (P23 —cd = 0 (11.5.55) 
b=—FG+9) 


which for c = 0 and $ = 0, $ = 0 become equations (11.5.43) of sustained oscillations 
of the GC. 

Disregarding in (11.5.55) the term HU cos +8, which is small as comparea to 
LPB, we will obtain 

H (8 + Ucos 2-2) =0 
H(a+Using)—IP3—cd =0 (11.5.56) 
$——F G40) 

Let us determine the position of static equilibrium of N-S axis of gyrosphere 
and levels of liquid in vessels of damper relative to center line. For this in 
(11.5.56) we will set a = 6 = $=0, Then for coordinates a, B., $, of position 
of equilibrium, considering designations (11.5.44) and (14.4.36), we will obtain [20]: 


a,=0 
HU sing OO Ea aes 5 
0, = —8, 


Thus, in the position of equilibrium in the presence of damping, N-S axis of 
gyrosphere is in plane of meridian; angle of use of N-S axis above plane of horizon 
in the presence of damping will be larger than in the absence of it [see (11.5.46) 
and (11.4.36)]. Since in position of equilibrium angle She See {see (11,5.57)], 
then in the considered case of absence of acceleration of the object, level] of liquid 
in vessels of damper is parallel to plane of horizon, 

Taking into account (11.5.57) and (11.5.44), we rewrite equations (14.5.56) in 


the form 


§+Ucosz-2=0 


: hs ¢ = 
— Ta 0 


ot 


(1455558) 





$+ F (0+ 8)=0 


——— a 


4 
a 
‘ 


| 
| 
! 
| 
| 
| 
# 


or, designating deflections from position of equilibrium 
B=3—3, %&=d—8, (11.5.59) 


we will obtain 
b,+U cosz-2=0 


oa Sh 0 (11.5.60) 


6, +F (0,4 3) =0 
Considering (14.4.36) and (11.5.44), we have 
$+ Ucose-a=0 


i-Go-h-gan (1—p) 8, =0 (11.5.61) 


b+ FO, +8) =0 


For anaiysis of natural oscillations of GC near position of equilibrium, it is 





necessary to find characteristic equation of system (1455,64);, which is obtained 
if determinant A of this system is equated to zero, For finding A we will write 


(14.5.61) in operator form (p = g): 


"i ae 
pe — GE (I—9=0 
J Venn g-a+ 68, =0 ee 


FB, +-(p + F)8, =0 


Then determinant A of this system of equations will be 





Ae A? 
P ~ Ucose = eae °) 


A=|Ucose op 0 ~ (11.5.63) 
0 F ptf 
wip® + Fp? + kp + Fro. 


Consequently, from condition A = 0, replacing p by , we will obtain character- 








istic equation of system (11.5.61) in the form 


a) +, ap" + a, + a = 0, (11.5.64) 
where 
a, = 1; ijn: dsee be (11.5.65) 
a Fp’ Atp' 3 Fh’ * ode 


Comparing (11.5.64) and (141.5.65) with (11.4,.38) and (11.4.39), we see that 
characteristic equations of oscillations of GC and GP were obtained to be identical, 
Therefore, when the earlier found ccendition (14.4.42) is satistied: 

O<c<!P 
natural oscillations of GC with respect to coordinates a, B, $ will attenuate. Know- 


ing characteristic equation (11.5.64) of the system, we can simply find laws of 
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oscillations a(t), B, (t) and $,(t) of gyrosphere and liquid in vessels of the damper, 
Since for parameters of the GC one root of characteristic equation (11.5.64) is a 
negative real root, and the two others are complex conjugate with the negative real 
part, then oscillations a(t), B,(t) and $,(t) have the character of attenuating 
harmonic oscillations on which, there is superimposed attenuating aperiodic motion, 
i.e., in general they have the same character as natural damped oscillations of active 
GS (§ 7.3, Par. 2b), Detailed investigations and calculations of damped oscillations 
of GC can be met in the literature (see, for instance, [20, 6, 71, 64, 69, 75]). 


4, Static Errors of GC Due to Vehicular Motion, 
Ballistic Errors of GC and Their Compensation 


a) Preliminary Remark 


During the analysis of accuracy of GC, of the greatest interest is calculation 
of its errors due to vehicular motion; thus we distinguish: 

1) errors due to motion of vehicle (object) with constant velocity and heading, 
or rate errors of the GC; 

2) errors due to longitudinal accelerations of object and its circulation 
(turn), or ballistic errors of the GC. 

The most complicated is investigation of ballistic errors of GC and establish- 
ment of fundamental possibilities of their compensation, Solution of this problem 
has occupied many researchers, among which we should mention M. Schuler [200], I. 
Geckeler [183], A. Rawlings [196], A. N, Krylov [64, 69], Ye. L. Nikolai [105], B. V. 
Bulgakov [20], B. I. Kudrevich [71], A. Yu. Ishlinskiy [44], Ya. N. Roytenberg [128], 
D. R. Merkin [91], V. N. Koshlyakov (60, 61], E. I, Sliv [135], and others, 

Further there is given short information on the theory of rate and ballistic 


errors of GC, and there are also considered general principles of their compensation, 


b) Errors of GC Due to Motion of Vehicle with Constant Velocity and Heading 


For determination of errors of GC during motion of the object with constant 
vélocity and heading we will use first two equations of system (11.5.42); we will not 
consider damping. By analogy with par. 3b, disregarding components of induced and 
Coriolis acceleration, we will take We = Wy = We = 0, y =6 =0 andc = 0, f,(t) = 
= f,(t) +0, Then the first two equations of system (14.5.42) will be written in 


the form 
H(i = 
(+443) 0 Pees, 
A(z —u3 + u,) —IP3 =0 
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where components Us uw ur of induced angular velocity of axes Of&n (Fig. 11.15) 
for the case of motion of object with constant velocity and heading and with geographic 


orientation of these axes are determined by relationships (1.2.25): 


wet; u, = Ucos +3 u,= Using + —= tee, (11.5.67) 


Expression for velocity error oe of GC, which determines position of static 
equilibrium of N-S axis of gyrosphexe relative to plane of meridian during motion 
of a ship with constant velocity and heading, can be found from first equation of 
system (14.5.66), if in it we set & = 0; then 


“ 
ae (14.5.68) 
or considering (14.5.67), 
— °N 
a® pee a ee ow , : : 
= U eosy += RU cos¢ + og (11.5.69) 


Since v, = v cos K [see (1.2,22)], then for northern headings error ay 1s 
western, and for southern courses — it is eastern. As B. V. Bulgaksv showed [20], 
this error ",,, does not at all depend on construction of gyrocompass, but occurs 
due to the fact that for a moving support the figure axis tends to be established 
along the horizonta~ component of unknown angular velocity of the Darboux trihedron, 
which is formed in turn from eastern component Us and northern component Up It 
was already said that velocity error oe determines position of static equilibrium of 
N-S axis of gyrosphere during motion of ship with constant velocity and heading. 
During motion of ship with variable velocity and heading, we also will have velocity 
error a’, determined by formula (14.5.69), but it will be variable and at every 
given moment will correspond to current values of velocity and course (for greater 
detail see Par. 4b), 

Let us note that expression (11.5.69) for velocity error Gee of GC is approximate, 
since it was obtained from linearized equations of motion of GC. It is easy to obtain 
exact formula for a fror geometric construction, considering what was said above 
about physical essence of error Gnas Actually, N-S axis (0z) (Fig. 141.17) of 
gyrosphere tends to be established along horizontal component (ue + ust) of angular 
velocity u of axes O0€nf, 1.e., it will be deflected in azimuth from direction On to 


the north by angle ne which determined from Fig, 11.17 by relationship 


v, 


tg (a8 = 
8 
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or 
tgat_ =<! 
Ca (14.5.70) 
which becomes for small ae formula (11.5.68). 
Substituting in (11.5.70) expressions (11.5.67), we will obtain) 
(11.5.71) 





tg at = on at 
RU cos¢ + Ug 


Error Oe can attain large magnitudes, 
especially at high latitude, 

Example 14,9: To calculate velocity 
error ae of a GC fixed on a ship proceeding 
with speed v = 10 m/sec with constant head- 
ing K = 45° (the ship moves along a loxodrome) 
at latitude 9 = 75°; angular velocity of 
rotation of Earth U = 7.29*107° 1/sec; radius 


g(é) 





a of Earth R = 6371 km. 


Fig. 14.17. For determination of 


velocity error aY, of GC Solution: 1. By formulas (1.2.22) we 
st ‘ 


find v, and Vyi 


E 
= sin K = 10.0,707 = 7,07 m/seos vy = vcos K = 10.0,707 = 7,07 m/sec. 


2, According to (11.5.71) we calculate velocity error Sie? 





pie ss am = 0,0556, 
RU cose + cg 6375. 10°. 7,29 .10—5.0,2588 +- 7,07 
f= Sir, 


From Example 11.9 it is clear that velocity error ary can attain large magnitudes, 
Therefore, in GC there are applied corresponding corrective devices, which consider 
magnitude of on in readings of heading of ship determined by this instrument. In 
the absence of such devices for calculation of velocity error, there are used special 
tables or graphs [71, 6]. 

During motion of object there is also changed magnitude of B. of rise above 
plane of horizon of N-S axis of gyrosphere; this quantity for v = 0 is cetermined 
by formulas (44.5.45) or (14.5.46). Expression for quantity Bn which for v # 0 
we will designate Se can be obtained from second equation of system (11.5.66), if 


in it we set a = 0: 
Ha, 


Hu, +P 


or, taking into account (11.5.67), 


393 


SRNR LOTITO TAI ge = eater SR I SEE SSS —- rn ee ee eee as 
ae 





4a 


Sy: BA FEE SIE = me ; 
7 = ” eee 
mot 


4 (v slag + ~ uy) 
‘= - = (14.5.73) 
Hf (cor +) +1Po 





“ee 8 
a (esse + *) 
Since usually <i, then instead of (11.5.73) we approximately 


iP 
have formula 


= A "2 41.5.74 
X 7 (vsine+ tes), ( ) 
which for Vz = 0 becomes (11.5.46). Necessity of rise of N-S axis of gyrosphere 


above plane of hor:.zon by angle Bae which is determined in the presence of motion 
of ship by formula (11.5.74), is fully evident. 

It is necessary to note that during motion of ship, period of natural sustained 
oscillations of GC is changed as compared to its value in the case of a base which 
is motionless with respect to Earth, This value was determined by formula (411.5.53). 
Thus, for instance, if we consider that the object moves with constant speed and 


heading and do not consider change o: latitude, then from (141.5,66) we can find 








expression for period Ty, Q of natural sustained oscillations of gyrosphere with 
respect to coordinates a and B in the form 
Tr ae 4 
ose ™. 
Hud + uP (11.5.75) 
Hu 
or, considering as before that —H << 1, approximately 
‘ H (11.5.76) 
Tn4 = on —; ete 
(Pu, 


then, considering (11.5.67), we have formula 


See ee 


) (14.5.77) 


ray! 


wl Ucosy 4 —£ 
co = 
(ers 


which for v, = 0 becomes (11.5,53). 


E 

In the more general case, period qT, e depends on latitude @ and eastern component 
Vp of velocity of ship,* which in formula (11.5.77) are variable. This circumstance & 
should be considered during solution of problem of compensation of ballistic errors 


of GC. Let us note that if we take into account eastern component Vz of velocity 





*In the most general case period T S depends also on northern component Vy of 
velocity of ship [cf, further (11.5.109) and (11.5.110)]. 
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of ship, there is changed magnitude of directional torque of GC; thus, for Vv, = const 


the expression for this torque instead of (14.5.4) will take the form 
Op °F 
M,.=—H Yo? + > sinaz—H Ucos 3 + > a. (4455: 78) 


ce) Ballistic Errors of GC and Their Compensation 


General remark. During maneuvering of the object (which we will subsequently 
consider to be a ship), due to changes of its velocity and heading, in GC there 
appear ballistic errors, the nature of which in principle is the same as those in GP 
(§ 11.4) Par. Ye). 

Analysis of ballistic errors of GC during change of speed of movement and head- 
ing of ship is the most important and complicated question of the theory of this 
instrument, During investigation of ballistic errors of GC, to which there are 
dedicated numerous works (see Par. 4a), usually: 1) these errors are determinec 
for different forms 2f maneuvers of ship; 2) possibilities of their compensation 
are revealed, i.e., there are established conditions of undisturbability of GC by 
accelerations of the ship; 3) there are errors found appearing due to inexact 
satisfaction in GC of the condition of undisturbability, presence of damping, and 
so forth, Analysis of all these questions goes beyond the scope of the present book, 
Therefore, considering also earlier presented material on ballistic errors of GP 
(§ 11.4, Par, 4c), we will clarify only the essence of influence of accelerations 
of ship on errors of GC and fundamental possibilities of compensation of the latter 
by means .f realization in the GC of corresponding condition of undisturbability. 

Forms of ballistic errors of GC, During motion of ship with constant speed 
and heading the GC has velocity error in azimuth, which is determined by relationship 
(11.5,69) or (11.5.71). Instantaneous value of velocity error during change of speed 
and course is continuously changed, and at every given moment of time corresponds 
to their current values, 

Furthermore, during maneuvering under the action of forces of inertia, in the 
GC there appears ballistic precession (this term was introduced by B. I. Kudrevich 
[71]), which tends to bring the axis of the gyroscope to a new equilibrium position 
corresponding to new values of velocity and heading of the ship. As B, I. Kudrevich 
indicated [71],"ballistic precessional motion is that most useful phenomenon, which, 
if one basic requirement, is observed ... can make it possibile to use readings of ' 
the gyroscopic compasses during variable conditions of motion of the ship, i.e., - 


during change of motion and heading ... Ballistic precessional motion caused by 
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change of meridional component of velocity is always directed toward the new position 
of equilibrium which corresponds to the new values of velocity and heading." 

In the presence of ballistic precession, axis of gyroscope in a finite interval 
of time will obtain a corresponding ballistic shift [71]. It is easy to see that 
if ballistic shift is equal to difference in velocity errors of GC for final and 
initial values of velocity and heading of ship, then due to ballistic precession the 
axis of the gyroscope will pass to new position of equilibrium a periodically, i.e., 
without excitation of natural oscillutions. This circumstance is fully analogous 
to that which was earlier noted with respect to GP (§ 11.4, Par, 4). As will be : 
shown further on, for observance of the condition of aperiodic transitions, the 
period of natural sustained oscillations of GC should be in first approximation equal 
to 84,4 minutes, Then the GC will not have any errors other than velocity errors, 
i.e., in it during maneuvering of the ship ballistic errors will be absent, 

If in the GC the condition of aperiodic transitions is not observed, then when 
the ship attains new values of velocity and heading, axis of gyroscope will not be 
in position of equilibrium; i.e., in the GC there will appear ballistic error, From 
the preceding it follows that ballistic error can be defined [71] as the difference 
between magnitude of ballistic shift and difference in velocity errors of axis of 
gyroscope for final and initial values of velocity and heading of ship. 

Ballistic error appearing due to nonsatisfaction of condition of aperiodic 
transitions in azimuth is called ballistic error of the first kind [71]. A character- 
istic peculiarity of this error is the fact that it attains the biggest magnitude 
at the time of termination of the maneuver, and subsequently axis of gyroscope (N-S 
axis of gyrosphere) accomplishes oscillation with amplitude corresponding to this 
value of error, 

However, even when in the GC the indicated condition of aperiodic transitions 
is satisfied, nevertheless there appear ballistic errors caused by the device for 
damping of natural oscillations of the gyroscope. These errors are called errors 
of dampiag of acceleration or errors of the second kind [714]. 

Further we will give certain general relationships for ballistic errors of the 
first kind appearing during uniformly accelerated motion of ship with constants 
heading and during circulation; thus we will mainly be interested in deviations of 
axis of gyroscope in azimuth and in height. 


Rectilinear uniformly acceleratea motion of ship. seing interested in ballistic 


errors in coordinates a and B, which characterize position of N-S axis of yyrosphere, 
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we will use first two equations of system (Ase te) 5 we will consider that damping 


1s ceased. For simplification we will disregard eastern component v, cf velocity 


E 
of ship as compared to component of velocity RU cos » due to rotation of Earth, which 


on equator (@ = 0) is equal to 900 knots; then instead of (11.5.67) we will obtain 


9 
us i u,=Ucos;, u,=Using. (11,5379) 


Under these conditions, disregarding components of induced and Coriolis acceler- 
ation, we will take 


V.=0, Vian: V.=0. (11.5.80) 


Then, considering in first two equations of system (11.5.42) that y =6 = 0, 


c= 0, f,(t) = f,(t) = 0 and considering (11.5.79) and (11.5,80), we will rewrite 
+) 


them in the form (U cos 9 << i 


Cy 
+ Ucosz-2— — = 
p ‘ R (14.5484 
: Ud ip Oy 
a+Using—— Rae =0 


or, considering (11.5.44), (11.5.69) and (14.5.74) (considering in them by cond*.tion 





that Vp = O and replacing a5 Bre by the designations a, BY) 
B+ Ucos? eae 
(1029 32) 
Mm 
ee z 
Feo e 
Let us designate 
ea a—a’; p= p—s. (14.5.83) 
In accordance with the above introduced designations, hee and anc are ballistic 


errors of the GC. Then for determination of these errors we obtain the following 


system of differentiai equations: 


y et. 
: Crepe 0 baa 28H 





aay a lara 
ear RU cose 
where y° is defined by relationship (14.4.69). 


acc 


Eliminating from (11.5,84) at first Be and then a » we will obtain 


et Hel = (5 Nin 


| Be SN (11.5.85) 
kt \ Oy 
B74 Ap = ( le 
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Integrating these equations, we find ballistic errors isa Ace of the GC for 
an arbitrary law of change of meridional component Vy (t) of velocity of movement of 
ship. For determination of a®CS ang p*°°, during integration of equations (11.5.85) 


we will assume zero initial conditions [69], i.e., at t = 0, a°°°(0) = p°°(o) = 0, 


acc 
; Beco caused 


a®SS(g) = B8°°(o) = 0; this will allow us to find ballistic errors a 
by change of velocity of movement of ship, and not by initial deflections of the GC, 


Solution of second equation of system (11.5.85) has the form 


e 
{= Fa (!— F) Jee ersine te — apa (11.5.86) 


here t is time of action of acceleration vy(t), 1.e., formula (11.5,.86) 18 valid in 
the interval 0 <t < @, where € is limiting value of time t, 

For determination of a®°° it is possible to differentiate (14.5,86) and to 
place the obtained result in the first equation of system (11.5.84), whence there 


is directly determined a We have 
t 
i ° ‘ 
= F(I- 4) J by (1) cos k(t — 2) ds; (14.5.87) 
putting (11.5.87) in the first equation of system (11.5.84), we will obtain 
e 
¥ wy —————— {— — 1) ( v,.(t)cosk (¢ — 2) d:. 
o RU cosy is )\ oe =) (Piaget) 
Thus, for a®Co ana a we have the following expressions: 


ja (ee fi (1) cosh (¢ — +) d= 
Ree m ; (41.5.89) 


= a (1 _ *)f vy (2) sink (¢ —)d: 


When M, Schuler's condition of aperiodic transitions of GC is satisfied, k =», 
which is analogous to the corresponding condition (11.4.104) for GP, ballistic 
errors of GC a®°° = pace = 0, As will be shown further on, this condition is valid 
in reference to any character of maneuvering of the ship only in the plane of the 
meridian, 

Formuias (11,5,89) can be rewritten in somewhat different form, if in them we 
introduce coefficient b ballistic error, which is determined by relationship (11.4.78) ; 
then we will obtain 

e? = ——___ efi vy (2) cos k (¢ — 2) d= 
é , 


Gene a (11.5.90) 


t 
” -—7 J b, (-)sink (tf — +) d: 
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Into equations (11,5,85) and their solutions (11.5,89) or (11.5.90), in place 
of quantity k it is possible to introduce time constant T of the GC, which js deter- 





mined by ana7ogy with (141,4,82) by expression [see (11.5,44) ] 


Tai = / a: (11.5.91) 


ace 


a 
2 
< 
3 
a ee 


Of the greatest interest is determination of ballistic error a of the GC in 
azimuth, Let us consider the most simple case, when ship moves with constant heading 
and with constant acceleration Vy = const. Then from (11.5,88) we have 
e” = " Frenpa (ae —!)sinee, (14.5.92) 
where as before t is in the interval 0 < t < €, and & is limiting time of action of 
acceleration V. | 
If acceleration Vy acts during a short interval of ie which is small as 


compared to period of natural oscillations of GC Ty, =< [see (14.5.53)], then it 
is possible to set sin kt = kt and to rewrite hacen, in the form* r 


w(t —1). (44;,'5. 95) 


Since Vat constitutes the difference between current velocity Viy(t) of the ship 


and its value Vx (0) at the time of beginning of the action of acceleration, i.e., 
yf = 0, (t)—0, (0), (11.5.94) 


that instead of (11.5.93) we will obtain 


4) Sxl mov) 11.5.95 
0” = v8 ') RU cos¢ ( 
or, considering (11.5.69) (for v, = 0), 
Ae 
v= (S—1) [= (t) —2* (0, (11.5,.96) 


ace 


i.e., ballistic error a is proportional to difference in velocity errors of GC 


by the end and by the beginning of maneuver of the ship. 





*Formula (14.5.93) can be used ne determination of error a°°° quring the action - 


of acceleration, For finding of a® © upon completion of the action of acceleration, 
i.e., at t > €, it 18 possible to wn formula 


dene ia Beng (a ')™*('-4): 


where t is current time, and @ is the small time of action of acceleration, This 
formula can be obtained from the corresponding relationship (see [135, p. 211)). 
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acc 


Example 44,140: To determine ballistic error a of GC with increase of velocity 


yi) te . (t) = 10 m/rec 


in 10 min, Parameters of GC are taken from Example 11.8; = 0,00 4077 1/sec, 


of motion of the ship in plane of meridian (K = 0) from v 





y = 41,2410" 4/sec, R = 6371-10" m, U = 7,.29-10°> 4/sec, . = 75. Error a®°° py the 
moment of termination of maneuver is calculated. 


Solution: 1, We determine acceleration Vig in plane of meridian: 


2  wH—-% 10 1 2 
OW 7 wm w mn sec*, 


| 


cc 


2. By formula (11.5.93) we calculate ballistic error a® of the GC: 


; i 
it (fe sete). 
RU cose \ v 6371.10°.7,29.10-5.0,2588 \ 1,24%.10-§ 
a= —0,04006 rads ax — 2°18’. 





Circulation, Let us assume that at the time of beginning of circulation, the 


ship was moving with heading Ky: During circulation of ship with constant angular 


ade 


velocity w and constant velocity v, the current value of course K during left 


cire 
(counter-clockwise) circulation is determine: by relationship (11.4.90): K = 

= Xone’: Then for northern component Vy of velocity of ship and for acceleration 
Vy we have 

Oy = 0c0s (K,—o,/); 0, = tw, sin (K, —w,f). (14.5.97) 


Let us be limited to consideration of the particular case when in the beginning 
of circulation Ky = 0; then 
Oy = C08 w, f; Vy =— tw, sinw, f, (11.5.98) 


For determination in this case of ballistic error a we will use expression 


(11.5,88), putting in it formula (11.5.98); then we will obtain expression 


-~ @ 
y . I as o eo é o 
@ “—Sjaaa(a }Jomasinegrensh(e— ar, (11.5,99) 
integration of which by parts gives 
ey 





RU cosy of — 


From (11,5.100) it follows that ballistic error cf GC when the condition of 
aperiodic transitions is satisfied (k = v) is equal to zero, If this condition is 


acc 


not satisfied, then error a constitutes a superposition of two periodic oscillations 


400 


a ins Sgt ee 


« si a 

nese . 
covets aera tn le ll Re Attn Lal BL uBio 2200. NNR TRE) SMT AA Mier a ' 
« 


with frequency w equal to angulur velocity of circulation of the ship,. and with 


circ 
frequency k of natural sustained oscillations of the GC. The first motion A, N., 


Krylov [69] called forced motion, and the second — accompanying motion, 


When frequency w = k or period T he of circulation is equal to period T 


cire g.c 
of natural sustained oscillations of the GC, then there occurs resonance; however, 


the probability of this equality of periods is extraordinarily small, Furthermore, 


T <1, therefore, instead 





natural oscillation of the GC attenuate. Usually “. 


% The 
of (11,5,100) we approximately have 
=i 
y vv 
RU cosy ( i ia t) 


If time of circulation, as usually occurs, is comparatively small, then it is 


possible to take cos kt = 1; then instead of (11,5.101) will obtain 


a3 


rr ee 


(11.5,.102) 





ax rr (ocosu,t — 0). 


Since at the time of beginning of circulation the ship moved with heading to 


the north, then according to (11.5.98) v = vy(0) and v cos w,,).t = vy(t); then 


cire 
(141.5.102) will be written in the form (11.5.95): 


v= (2 — 1) ee an = ey O (14.5.103) 
RU cose 


Consequently, for ballistic error aoe 


of the GC during circulation of the ship, 
in the first approximation we have the same relationship (11.5.96) as for error of 


GC during change of velocity of movement of the ship: 
@” cs (5 —_ 1) [a* (t)—a* (0)). (11.5.104) 


Example 11,441: To determine vallistic error a®©° oF go by the end of circulation 
of a ship accomplishing turn for 3 minutes from the heading 0° to the heading 180°; 
velocity of movement of ship v = 10 m/sec; other. initial data are the same as in 
Example 11,40, 
of circula- 


Solution: 1. We determine period T and angular velocity w 


circ cire 


tion of the ship; 
TT, =3.226 win; 


“= = = $2 = 1,047 I/uin= 0,01745 1/sec. 
a 


2. By formula (11,5,101) we find ballistic error a*°° of the Gc: 
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RU cosy 





ee 9 


ees? 6 

. aa a 

es 16 ——-2_____. (¢05 0,01745- 180 ~ cos 0,000893- 180) a 0,07058 ad, = 4°33’. 
6371. 10°.7,29. 10-5.0,5 


Certain remarks, Earlier there were briefly considered simple cases of maneuver- 


(cos wyl—coa hi)ws 


ing of ship and presented ~’ «ral relationships characterizing the appearing ballistic 
errors of the GC, More detailed information about such errors of GC for different 
character of maneuvering of ship can be found in the earlier indicated literature 

on the theory of gyrocompasses, Here we will be limited to only certain general 
remarks, 

Above there were considerea ballistic errors of GC on the assumption that the 
device for damping of natural oscillations is turned off, With damping present and 
during maneuvering of the ship there appear, as was shown, ballistic errors of the 
second kind, or damping errors, For determination of these errors it is necessary 
to start with equations of GC on a moving base, taking into account operation of 
the damper, i.,e., with equations of type (11.5.56), if in them we further introduce 
terms due to motion of the ship; such equations can be obtained directly from system 
(11.5.42), Integration of equations found in such a way permits us to determine 
ballistic errors of the second kind [64, 71, 20, 135, 6]. 

Presence in the GC of a device for damping of its natural oscillations is 
connected with one more peculiarity. Let us assume that in the GC there is satisfied 
the condition of aperiodic transitions, and that the period of its natural sustained 
oscillations is 84.4 minutes, With use of the damper, period of damped oscillations 
of GC will be larger than indicated; therefore, in GC with damper it is not possible 
to exactly satisfy conditions of aperiodic transitions, In connection with this, 
during maneuvering of the ship, besides ballistic errors of second kind there further 
appear errors of the first kind due to lack of satisfaction in the GC of the above- 
indicated condition, Therefore, during maneuvert of the ship sometimes there is 
applied "turning off of damping" [71]. However, this means does not make it possible 
to fully remove ballistic errors of GC during maneuvering of the ship [71, 135, 7, 6]. 

Above we discussed ballistic errors of GC during isolated maneuvers of the ship, 
Under real conditions of prolonged maneuvering, consiting of a series of consecutive 
maneuvers with change of heading and speed of movement of the ship, there occurs 
accumulation of ballistic errors of the GC. This is, as A. N. Krylov [64] indicated, 


the phenomenon of "heredity of oscillations." To this question there have been 
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dedicated a number of investigations [64, 20, 135]. 


d) Compensation of Ballistic Errors 


Compensation of ballistic errors of GC is based mainly on the use of the theorem 
of M, Schuler, From formulas (11.5,89) and (11.5.100) it follows that when the 
condition k = v is satisfied, the GC with damping turnea off does not have ballistic 
errors; for realization of condition k = v, the period of natural precessional sus- 


tained oscillations of GC, if we consider (11,4,104), should be ‘ 


Teta Zam = = 5064 sec, = 84,4 nin. (14.5.105) 


Thus, the GC with period of 84.4 minutes in the absence of damping does not 
have ballistic errors, and the effect of action on it of acceleration of the ship 
will appear in transition of axis of the gyroscope (N-S axis of gyrosphere) to a 
new position of equilibrium (corresponding to new values of velocity and heading of , 
the ship) aperiodically, without excitation of natural oscillations. Relationship 


k =v, if we consider (14.5.44) and (11.4,4104), can be represented in the form 


H = © RU cose (411.5,.106) 
or 
Poe 
He Rote (44, 5ud07) 


i.e., for realization of condition of aperiodic transitions the ratio should be 


nts 


changed in the instrumeit depending upon latitude of the place, 

In the majority of GC there is absent a device for control of latitude, and 
therefore in them the condition of aperiodic transitions is satisfied for one so- 
called calculating latitude, In certain GC the period is regulated according to 
latitude by means of change of rpm rate of the gyroscopes [75].* 

For GC with period of 84,4 minutes, angle B.. of deflection of N-S axis of gyro- 


sphere from plane of horizon will be according to (11.5.46), 


p, = singcosg = = sing cos ¢ = —---22 sine, (11.5.408) 


Comparing (14.5,108) with (2.2.5), we see that B.. is angle of deflection of the 
force of gravity from the direction of the usual force of terrestrial gravitation 
due to the influence of centrifugal force arising from rotation of the Earth (Fig. 
2.11). Consequently, in aperiodic GC (k = v) the axis of the gyroscope (N-S axis * 


0. gyrosphere) is lecated in the plane of the geocentric horizon, 





*For possible methods of control of period of GC see p. 378. 
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M. Schuler's condition of ap2riodic transitions, which was mentioned above, is 
approximate, It is valid only during motion of the ship according to any law in the 
plane of the meridian, i.e., when eastern component Va of velocity movement is equal 
to zero, With consideration of Vp which is especially important for high latitudes, 
the condition of aperlodic tranaitions of GC was obtained by Ya. N. Roytenberg (see 
[44]) and BE, tT. Sliv [135] in the form 


Hm = (RU s0s9 +4). (14.5.109) 


Calculations show [135] that this condition in practice ensures compensation of 
ballistic errors of the GC. 
A, Yu. Ishiinskiy [44] obtained instead of (11.5.109) the exact condition of 


compensation of ballistic errors of GC in the following form: * 


Poo (11.5.110) 
= = V (RU cos¢ + 0) +. 
This condition is absolutely exact, and valid not only for small, but also for 
all finite angles of deflection of axis of gyroscope from plane of meridian, In 
reference to two-rotor GC, condition (11,.5,110) can be written in the following way: 


Hm 2H cose = © \/ (RU cos + 0,)' + Uy. (14.5,414) 


For the case of a two-rotor GC, this condition will be automatically satisfied 
during observance of relationship [44] 


(2H’)* sins cose g (14.5.112) 


ge IPR 


which determines magnitude of torque which should be applied relative to the axis 
of precession of one of the gyroscopes. In connection with this, let us note that 
in existing two-rotor GC, to axes of precession of gyroscopes there are applied torques 
developed by springs and determined by relationship (11.5.39). 

When conditions (11.5.1411) and (11.5.112) are satisfied, deflection of N-S axis 
of gyrosphere from plane of meridian is determined only by velocity error, independ- 
ently of character of maneuvering of the ship; thus angle y (Fig. 141.15) of turn of 
gyrosphere around the N-S axis is equal to zero; i.e., y = 0. This question will be 
considered in more detail in Par, 6, Let us note that conditions (11.5.106) of M. 


Schuler and (11.5.109) of Ya, N. Roytenberg and E, I, Sliv can be obtained as - 


*As A, Yu, Ishlinskiy [44] indicated, condition (11.5,110) in the approximate 
theory of GC was formulated by V. G. Zheleznov, 
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particular cases from the general condition (11.5,110) of aperiodic transitions due 


to A, Yu, Ishlinskly. 


5. Dynamic Errors of GC 


a) General Characteristics of Dynamic Errors 


Among dynamic errors of GC there are included errors appearing under conditions 
of operation of the instrument during variable external disturbances. Such errors 
take place in cases of oscillations of the object, vibration of place of installation 
of the GC, and so forth, 

For concreteness we will consider dynamic errors of GC under conditions of rock- 
ing of a ship. Oscillatory motion of a ship on sea swells shows up basically due to 
unbalance of the gyroscope and friction in axes of the suspension. Since frictional 
torques in axes of suspension of contemporary GC are reduced to a minimum, we wiil 
consider only dynamic errors of GC on a rocking ship due to unbalance of the censing 
device, In the beginning we will consider these errors for single-rotor GC, and 


then for two-rotor GC. 


b) Dynamic Errors of Single-Rotor GC on a Rocking Ship 
Single-rotor GC, which began to be used on ships in the beginning of the present 


century (fur instance, GC of Anschutz type and Sperry type [71, 20]), had appreciable 
errors due to rocking. Appearance of these errors is connected with the fact that 
sensing device of such GC, constituting a rotor with displaced c.g. (center of 
gravity), does not have stabilization relative to axis of rotor, i.e., in the E-W 
plane (with location of axis of rotor in plane of meridian), Therefore, oscillations 
of sensing device in this plane have the same character as oscillations of the usual 
physical pendulum witn a small period of several tenths of a second. 

Analysis of errors of single-rotor GC on a rocking ship usually [20] is produced 
for the case of pure rolling of the ship, which most essentially affects these errors, 
It is easy to see that during motion of ship in plane of meridian (K = oO, 180°), 
rolling does not cause errors of the GC; the same is true during motion of ship along 
a parallel (K = 90°, a7O"):, Errors of GC due to rolling appear during motion of the 
ship with intermediate headings, They attain the biggest values on quarter (inter- 
cardinal) headings (K = 45°, 135°, 225°, 345°), and therefore errors of the GC on 


a rocking ship are called quarter, or intercardinal errors [20].* 


*It is necessary to note that in the general case of rocking, for instance during 
simultaneous rolling and pitching oscillations of the ship, magnitude of error of GC 
lue to rocking in principle is determined by the same method as error of GC due to 
rolling, but then in formulas (11.5.125) below, for accelerations wx and wy it is 
necessary to consider components not only due to rolling, but also due to pitching of 
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We will consider intercardina). error of GC due to rolling of ship which have 
random character,* For this we will use equations of motion of axis of gyroscope, 
supplementing them with equation of osciliatory motion of sensing device (around axis 
of rotor), the character of oscillations of which is analogous to oscillations of 
physical pendulum, 

We will take equations (11.5.48) of motion of GC on a base which is motionless 
with respect to Earth and into the first of them will introduce torque 1P ay [see 
second equation of system (11.5.42)], which is caused by oscillations of sensing 
device about axis of gyroscope; then instead of (11.5.48) we will obtain 


Gh: SPR, A ce cs 


vw 
b+ Ucosq-a— 3 a 0 


e Me. 





PEASE 


or, considering (141.5.44) (where H is angular momentum of gyroscope), 
a” 





v 
U e — a = 
| b+ O98 — =r 1=0 errs 


ie 


oe 
U cosy 





G—2,) =0 

Let us introduce damping of natural oscillations of the gyrocompass, B. V. 
Bulgakov [20] distinguishes two methods of damping of oscillations of GC: 1) with 
the help of a couple with a vertical axis; 2) with the help of a couple with a 
norizontal axis. In the first of them there are included the method of air streams, 
which is applied in the single-rotor GC of Anschiitz type [20, 71], and the method of 
eccentric suspending of the pendulum, which is utilized in single-rotor GC of Sperry 
type [20, 71]. In the second method there is applied a hydraulic damper, just as in 
two-rotor GC, 

Let us assume that in single-rotor GC there is applied method of damping with 
the help of a couple with vertical axis, the moment of which with respect to axis 
OY, (Fig. 11.15) is determined by expression re =- S(B + 2), which is analogous 
to relationship (2.3.65). Introducing My in the first equation of system (11.5.113) 
and designating 

ws, (11.5.114) 
we will obtain 


v, at v, 
tUengete(r4 S)— pH Saymo 
° g Ucos? g (14.5,145) 
e 4 Se oa 0 r 
e Ucosy Q- 8) 
whence for the coordinate interesting us a we have equation 








*Analogous problem in reference to the single-rotor GC with mercury vessels is 
considered in [129]. 
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ited the Te 5 (%+- =) + = AN 4, (11.5.116) 


U: wor 


The first term -x > (Py + “2) of the right side of this equation is caused 


U aes 
by damping-acceleration error, and therefore,we will not consider it;* then equation 3 


(14.5.116) will be written in the form 





eae tee vy 
e + ua -+- hts ety 8 % (11.5.117) 


where variable a denotes error of GC due to rocking of the ship. 
Let us designate 
am Kh, (14,5.118) 
where € is relative attenuation factor, 
Then equation (11.5.117) will take tie form 


eee 3 41.5,149 
e+ Khe + hte Rae a ( ) 


Besides this, it is necessary to compose equation for angle yy, which characterizes 
oscillations of sensing device about axis Oz (Fig. 11.15) of the rotor due to perturb- 
ing acceleration We acting along axis O€, 

Since the sensing device of single-rotor GC oscillates around axis Oz as an 
ordinary physical pendulum, then the equation of its oscillations with respect to 
angle y, by analogy with (4.3.12), will be written in the foliowing way: 


ae e v 
Litto + (Py = PE, (11.5.120) 
where J, is moment of inertia of sensing device of GC relative to axis Oz: 


b is damping factor of oscillations of pendulum around this axis. 
Introducing by analogy with (4.3.14), (4.3.16) and (4.3.17) the designations 


ip 6 d 
— —_— ws A, CG, = : , (11.5.121) 
a Ro AV age 
we will rewrite (11.5,120) in the form 
oe e Vv, 
T+ Ray t ay at, (11.5.122) 


where n is frequency of natural sustained oscillations of sensing device of GC 
around axis 02; 








& 

f 

t 
4 

*Let us note that quantity —s $, is not connected with influence of rocking 
? 


of ship; term —.s 





v 
. = due to acceleration Wy of rocking has mathematical expec- 


Ucose re 
tation equal to zero (as it is shown further on, ¥, = 0); therefore, it does not i 
affect the mathematical expectation a determined subsequently, 
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by is relative attenuation factor. 
Thus, for determination of error a of GC during rocking of the ship, we have 


the following system of equations: 


. i Miaay 8 
6+ Mhz + h*2 peas 8 7 


: eke r 
T+ Ment tay = nt 


From these equations it is easy to perceive the cause of appearance of azimuthal 


(11.5.123) 


error of single-rotor GC during rocking of the ship. Actually, due to eastern 
component We of acceleration of rocking there appears torque ie, which is directed 
along the axis Oz of tne gyroscope and cuases inclination y of sensing device of GC. 
Inclination y +n ee presence of northern component Wy of acceleration of rocking 
causes torque uP y, which is directed along the vertical axis, This torque causes 
precessional motion with respect to height and thereupon azimuthal motion a(t) of 


axis of gyroscope. If we consider only rolling, then W(t) and y(t) are coupled 


W 

random functions of time. Mathematical expectation Une y of the above-indicated 
torque causes systematic deviation a of GC on a rocking ship. 

We will determine accelerations We and Wh due to 
rolling of ship decoding Fig. 14.18 we have 

V.=w,sinK +w,cosK 

(14, 5.424 ) 
WV =w,cosK —w, sink 


For w, and w., if we consider (2.2.45), during pure 





y 
rolling of the ship we obtain 
Fig, 11.18. For deter- : s&h 
mination of components of u,=0, vw, =— 2%. (11,5.125) 
ewe of rocking Substituting (11.5.125) in (11.5.124), we find 
Cans 
W, = — sicosK; VW = sink. (11.5.126) 


Let us introduce (141.5.126) into (11.5,123); then 


= 3 Se me ein § 
ar arn alas To ee Tae 6, 


en 2 (415,127) 
+ Any t+ ay =— nr ick 6 


From (11,5,127) it follows that the disturbance is random function A(t); there- 
fore, motion a(t) of axis of gyroscope in azimuth also is a random function of time, 
probability characteristics of which can be determined from system of equations 
(11.5.127). Of the greatest interest is finding of mathematical expectation a = M 
{a(t)] of azimuthal drift of GC on a rocking ship. 


First we will determine @ approximately, and then we will indicate the exact 
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solution, In the considered case, oscillations of sensing devicc of the GC around 
axis Oz (Fig, 14.15) are similar to oscillations of short-period physical pendulum, 
Therefore, by analogy with (4,6.137), from second equation of system (11.5.127), 


disregarding in the first approximation the dynamic correction, we can assume that 





(WQ=— suk 4, (41.5.128) 
Putting (14.5.128) into first equation of system (11.5.127), we will obtain 
: voy i -¢ 
8g ax — Sn & ® ede 
e+ Neath aus ae bf sin 2K (141.5.129) 


whence it follows that a(t) is a steady-state random function, 


For finding of @ we will apply to (11.5.129) the operation of mathematical 





expectation: 
w “ a ae - a 
e+ Xka + Me ae ag? [i] sina, (11.5.130) 
whence after termination of transient response we have 
oo ~ ee 
@ur— 14555.6 4 
Teak + gee P [] sin 2k. (44.5.131) 


We have obtained an approximate expression for intercardinal error of a single- 
rotor GC during irregular rocking of the ship, From (11.5,.131) it follows that 
error @ is proportional to dispersion D[é] of angular acceleration of rocking. The 
biggest value of @ is attained on quarter headings. 

Replacing in (14.5,131) D[6] by an expression of type (2.1.77), we will obtain 


-_ rd 
Ga— ———— 6 4 1155452 
Weeks 29° = (ui + 24)? Dis}sin ox. ( ) 
If in the GC there is realized the period of M. Schuler, then, according to 


(11.5.405), k° = v° = &, and instead of (11.5,132) we have 


© — eae” ("2 He + Ay) Did|sin 2K, (41.5,133) 


Example 11,12: To determine intercardinal error @ of single-rotor GC; z = -3 m; 
latitude » = 60°; parameters of rocking of ship: D[6@] = 3.79-107°, Ay = 0,42 1/sec, 
> = 0.04 1/sec (Example 4,6); heading of ship K = 45°, 


Solution: By formula (11.5.133) we determine intercardinal error @ of the GC: 


- 1 n 2\? 
e - te > +43) D {0} sin 2K 
eee Ss See ey eae ee 9 (0,047 2 0,42*)*.3,79.107?. 1 = 


6371. 107 (7,29)* .10-".0,25  2-9.81 
am — 0,06506 rad.= — 344’. 


From Example 11,12 it follows that error a of single-rotor GC can attain very 
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large values, 

Near position of equilibrium, which is determined by mathematical expectation 
a, axis Oz of gyroscope accomplishes random motions, which are characterized by 
dispersion D(a] of random function a(t). For finding D[a], in the first approximation 
it is possible to use equation (11.5.129). Without giving the solution of this 
problem, we will note that the value of D[a] is obtained to be small, since in the 
right side of equation (11.5.129) the disturbance is (6(t)]° — a small quantity of 
second order, Therefore, error of GC on a rocking ship is characterized basically 
by mathematical expectation a determined by formulas (11.5,131) or (11.5.132). 
These formulas are approximate. 

Let us show how to find exact formula for a. Let us use for this equations 


(11.5.127). Dividing the first of them by Kk’, and the second by né and introducing 





designations 
i 
Dm (411.5.134) 
T i : 
=" (11..5..135) 
we will obtain 
“° . as 2sink ¢ 
Ts + eT Te e Gy; (14.5.136) 
Ti+ Sr t1=— 2S 5, Greet) 


where T — time constant of GC; 
Ty — time constant of oscillations of GC with respect to angle y. 
Let us represent disturbance @(t), by analogy with (4,.6,149), in the form of 


spectral expansion 
. os 
bo= J dow), (44.5.138) 
=e 
where d6(w) possesses properties of (4.6,150). 

Putting (11.5.138) in (11.5.137), we will obtain upon completion of transient 
response, by analogy with (4,.6.153), the steady-state solution of this equation in 
the form 

. @ 
rit}w— fH, (jue do (w), (11.5.139) 
ee 
where amplitude-phase characteristic of oscillation of gyrosphere with respect to 


coordinate y, according to equation (11.5.137), will be 
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gscos K 
ee (11.5.140) 


To I—Th? + %,T ye e 
Then 
e ® acos K 
we | — "eg 0 (u), 
14 iat s ire _ ) (14.5,144) 


In virtue of equation (11,.5.136), considering (4.6.135), for mathematical 


expectation @ of random function a(t) we have 


e re 
A) by, (44.5.142) 
where Ww (Jw) — amplitude-phase characteristic of oscillations of GC with respect to 


coordinate a — is determined by relationship 


rs zsin kK 
Vreoty  #_ (11.5,143) 


Fe) sy Ele 


whence 


we —_ esink : 44.5, 144) 
Vv, (je) [x Ut cost 9 g . ( ? : 


Putting (11.5.144) in (14.5,142), we will obtain 


=: x ssinkK = 
lt a ar by (14.5,445) 


or, considering (11,5.138) and (14.5.4141), 





— Ae # Pf i 
= —————- —sin2K | ————_—___—_ S... (w) dw. 11.5.146 
a Urcoty 3g'* jo RT ye 5 &) (12.5.146) 
Let us designate ie 
C t 
l= S.. (w) dw, 14.5.44 
i) ae (14.5.447) 
consequently, 
= ie _#., 
@ Treoty 2g MAKI. (11.5.448) 


For small time constant Ty» which exists for a single-rotor GC, instead of 


(14.5.147) we will obtain 
I= [ S,(w)do=Dd[8], 


Substituting I = D4] in (11.5.148), we find for a the approximate formula 


(11.5.131). In order to obtain exact formula for a, it is necessary to calculate 
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integral (14.5.447). 


In the beginning we will find Sg(w), According to (2.1.84) and (2.1.58) we 


have* 
| Au, ofa! 
s, alae meer Eyes Bo : (41.5.149) 


os 2.2 2 2 2 
where A, = D[é]; By = UonA5s bp = Hp + Xo {see (2.1.59)]. 


Putting (11.5.449) ae (11.5.447), we will obtain 
l= el (6 el (11.5.150) 
(1 — Tia? + &,T jv) (s + 2a? + 63) 
Reducing (14.5.440) to an integral of the type (4.6.71) and using for ite 





calculation tables [153], by the same method which we repeatedly applied earlier we 
will obtain 
(1 — 40,7 yg — T 104) — 445 


I = Of : 
(1 — 1403)" +4 (THEE + Tes (6, +-TaH2) + Thnst§] 


D (6). (411.5.451) 


Let us introduce (11.5.151) into (11.5.148); then we will obtain exact formula 


for intercardinal error @ of single-rotor GC during irregular rocking of ship: 





- a* 18 
- ¢=— -— 6, X 
< ; Ucos’y 2g* es (41.5,152) 2 


83 (1 — 45,7 ny — TI) — 444 
xT — THR) + 4 [THOSE + Tame (e+ Tra) + Tinsel] 
Example 11,13: To calculate intercardinal errur @ of single-rotor GC for the 


D[4§] sin 2K. 


conditions of Example 11.12; period of natural oscillations of sensing device around 


axis 02 Ty = 1 sec, frequency n and time constant Ty) of these oscillations ge me 


6,28 { t ' 
= a = 6,28 Leoc. 7, = = “ta = 0,16 sec. A= v = 1,24- 10-3 1/sec, ¢, = 0,5. 


Solution: By formula (14.5.152) we find 
é = — 0,0610 rad, = — 3°30". 

Comparing results of calculations of Examples 11.12 and 11.13, we see that values 
of @ calculated by approximate and exact formulas little differ. Therefore, during 
practical calculations of intercardinal error @ of single-rotor GC for conditions 
of irregular rocking of ship, it is possible, in general, to use the approximate 
formula, 

The considerable magnitudes of intercardinal errors of single-rotor GC on a ‘ 


rocking ship lead to the necessity to apply in these types of GC appropriate measures 


for decrease of these errors, Thus, for instance, in the Sperry single-rotor GC [71], 





*For determination of spectral density S5(w) see [120, p. 80]. 
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there is realized gyroscopic stabilization of the place of connection of the pendulum 
with the gvrohousing relative to the vertical, This considerably decreases angles 
y of turn of sensing device around axis 0z, and therefore error a is lowered. 

Another method of decrease of error of GC on a rocking ship consists of appli- 
cation of multigyroscope systems, among which the two-rotor GC is included. Here, 
due to gyroscopic stabilization of gyrosphere around N-S axis, angles y of its 
inclination will be very small, and therefore magnitude a of intercardinal error of 
two-rotor GC, as will be shown below, is minute, There is known, furthermore, the 
following method of decrease of influence of rocking of ship on GC: there is realized 
phase shift of torque, applied to GC on the rocking ship relative to oscillations 
of sensing device around axis 0z. This method is applied in GC having mercury vessels, 
where by selection of parameters of system (period of natural oscillations of mercury 
in ballistic vessels) we make phase shift of oscillations of liquid in vessels 


relative to oscillations of sensing device of GC equal to 90°, 


c) Dynamic Errors of Two-Rotor GC on a Rocking Ship 


One of the most effective methods of removal of influence of rocking of ship 
on GC is the creation of multigyroscope, in particular two-gyroscope, compasses, 

As was shown during determination of intercardinal error of single-rotor GC (Par. b), 
appearance of considerable error on a rocking ship is due to the fact that because 

of smallness of period of oscillations of sensing device around axis 0z, angles y 

of its slope relative to plane of horizon are obtained on the rocking ship to be 
large. This circumstance, as can be seen from first equation of system (11.5.123), 
leads to considerable errors a of the GC, 

In two-rotor GC, due to application in it of two gyrcscopes, the sensing device 
~ the gyrosphere — has gyroscopic stabilization with respect to the N-S axis. Period 
of oscillations of gyrosphere around this axis is 12-15 minutes [71], i.e., 
by many times exceeds periods of rocking of the ship. Therefore, angles y of turn 
of gyrosphere around N-S axis, i.e., angles of inclination of its E-W diameter with 
respect to plane of horizon, are negligible, and consequently, the error of a two- 
rotor GC during rocking of a ship is minute. Gyroscopic stabilization of gyrosphere 
around N-S axis, as has been shown, is caused by presence in it of two gyroscopes 
connected by a shaft. Actually, if disturbing torque due to rocking is applied 
relative to N-S axis (Fig. 11.14b), then this causes precessional motion of gyroscopes 
“round their axes of precession by angle 6; the thus appearing component of gyroscopic 


torque along N-S axis will compensate the external disturbing torque. 
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Let us determine the random error during rocking of a ship of a two-rotor GC.* 





For this we will first compose differential equstions of motion of two-rotor GC dur- 
ing rocking of the ship. Let us use equations (11.5.42); disregarding in them 

es insignificant terms and considering disturbances fi(t)soe, f,(t) to be absent, we 

2 will obtain 


H (i+w) —1P9—IP=3 —cb = 
H(b+ 4, +00)—IP 7 =0 ) 
b-—F(p+04 23) 


Hi + Py— P= m0 
H(i +4,)—ai—ci= 0 


(14.5.153) 





For Ups Uy) Uy in the case of a motionless ship, according to (11.5.67), we 


have Up * 0, Yu, = U cos 9; Ur = U sin 9; then we will rewrite equations (141.5.153) in 


1 

tt 
ae 
* 


the form 
; b+ Ucazan 
i+ Using — poe 
b+ Pas Fm FS | (11.5.154) 
ji A == — HU cos 2 


Being interested only in errors of GC due to rocking of ship, we will omit in 
second and in last equations terms U sin @ and — HU cos g, which affect position of 
equilibrium of sensing device of GC due to rotation of Earth; considering designations 


of (11.5.44) and (14.4,36), instead of (11.5.154) we will obtain 














bivonse=- ax 
+ eae 
$ 4 
oe Fea a= ra ve om 
= 9 (41, 5,155) 
b+ F0+ FRa—F 


z z v v 
Tt Many to aky = 2,0 a a a 


” 


*An analogous problem is considered in [130]. 
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where 


etP , alP . mu 7 
Ca a a a G 2H] O ® (14.5. 156) 


W 
Discarding in (11.5.155) term 2e,ns, which is caused by presence of damping and 
characterizes damping-acceleration error of the GC, and replacing We» Wa by relation- 


ships (11.5.126), we will rewrite (11.5.155) in the form 


a 


8 zsin kX .. 
. = 








6 + Ucos?-2 = tae *. 
; 2" k a* zsin Kk 
a = —— eee om i, 8 = ——__.. eo a 
: Teas Ucosy =) Ucosg € : (74.5457) 


TH Mynz + aty me —nt AK G 

Since disturbance 6(t) is a random function of time, then error a(t) of GC, and 
also angles A(t), y(t) and angle $(t) of slope of the "mirror" are also random 
functions, 

Of the greatest interest is determination of mathematical expectation a =M 
[a(t)] of azimuthal drift of the GC on a rocking ship. For this we will apply to 

’ equations of system (11.5.157) the operation of mathematical expectation; considering 

that @ = 0, we will obtain 


; - .. ee , sak Ty 
° BG a ——— § 
, ie a ver a 


7 Faas 





~5i 
a ae =0 
T+ 2507+ nty= 0 
From the last equation it follows that upon completion of transient response 


7=0. (11.5. 159) 


For determination of a from first equation it is necessary at first to find ey. 


(11.5.158) 


Analogous problem was solved by us during the analysis of intercardinal error of 
is single-rotor GC [see (11.5.145)]. In order to use the earlier obtained result, we 


will rewrite last equation of system (11.5.157) in the form 
- mk : cos K « 5a 
: Tis MT +t=— 4, (41.5,160) 


where 


T= (11.5.161) | 
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a 


{ 





constitutes time constant of oscillations of gyrosphere around N-S axis, 
Equation (11.5.160) is analogous to equation (11.5.137). Therefore, for quantity 
by, considering (11.5.4145) and (11.5.146), we have 





scosK fp 1 vite 
Soar | mare . (ite2.d62) 
or ce 
Oy a Sey, (414.5.163) 


where I is determined by formula (11.5.147) or (11.5.151). 

System of homogeneous equations (for by = 0) of the first three equations of 
(11.5.158) is analogous to system (11.5.61), the characteristic equation (11.5.64) 
of which determines natural damped oscillations of the GC, Therefore, in accordance 
with (11.5.158), upon completion of transient responses we have 


ms 8 a 
au: a Fs zsinkK 6x 
U*cos*y & 
pe 0; B= 
Quantity @ constitutes mathematical expectation of error of GC during rocking 


(11.5.164) 


of ship. Putting in @ the value of by from (11.5.163), we will obtain the expression 
me 
@ w— —— -— sin 2K-/, (11.5.165) 


which coincides with formula (11.5.148) of intercardinal error of single-rotor GC. 
Introducing (11.5.151) into (11.6.165), we will obtain exact formula for intercardinal 
error a of two-rotor GC: 


Fee . 
U*costy 25" 7 


a 1 — 40,7, — THh}) — 45 
+ 4[T iO + Tye (S++ Ta.) + Thins] 


Diejsinax, _—«(4#4-5.. 266) 





* (1h) 


Example 41.144: To calculate intercardinal error of two-rotor GC, Initial data: 
k's v = 4,24+407? 4/sec, U = 7,29+107> 1/sec, » = 60°, period of oscillations of 


geyrosphere around N-S axis Ty = 15 minutes, frequency n and time constant T, of Z 


: 2 6,28 -2 1 00 
these oscillations n = T = 35 = 0.698:10 ~ 41/sec 1) #4« ras = 143.3 sec, 


Oy = 0,05; data on rolling of ship are taken from Example 11,12, 
Solution: By formula (11.5,166) we find intercardinal error @: 
€ = 0,1718-10-* rad, = 4”, 
Comparing values of a obtained in Examples 11,13 and 11.14, we see that 
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intercardinal error of two-rotor GC is considerably less than error of single-rotor 
GC. This result, as it was shown earlier, is explained by the large magnitude of' 
period of oscillations of gyrosphere around N-S axis, Actually, magnitude TY of 
this period, if we consider (11.5.156), will be 





2= u 
T. = — = 2k ——, 41.5.16 i 
1 ® ' e,(P ( 2 1) 
i.e., is proportional to angular momentum H. Period q in the known models of two- j 


rotor GC is 12-15 minutes [71]. 

This analysis of influence of rocking of a ship on whe two-rotor GC is valid if 
hydraulic damper is made in the form of two interconnected vessels with round cross 
section (Fig, 14.16). 

Above there were considered errors of GC during pure rolling of the ship. 

Problem of detcrmination of error of GC in the general case of rocking of the ship, . 
taking into account vertical accelerations and terms of the second order of smallness, 


requires special consideration, 


6. Gyrohorizon Compass 


Briefly we will consider one of the varieties of GC, which has acquired the 
name of space gyrocompass, or gyrohorizon compass (GHC), As was shown in Par, 1a 
this device represents a combination of the gyrohorizon and gyrocompass, i.,e., it 
permits us to determine angles of rocking of ship (gyrohorizon) and its heading 
(gyrocompass); three principla axes of space GC are gyroscopically stabilized in 
the east-north-zenith directions, 

Such a system was realized in the space gyrocompass of Anschtitz [30, 184, 75]. 
Its main peculiarity was that the period of natural sustained oscillations of the 
gyrosphere about the three axes of its rotation was 84,4 minutes, Therefore, here 
it was possible to completely remove intercardinal error of the GC, Besides heading 
of the ship, the instrument determined angles of rolling and pitching. 

, Sensing device (sensitive element) of space GC also is the gyrosphere; the 
location in it of the two gyroscopes is shown in Fig, 11.19. Axes of gyroscopes G. 
and Go in initial position (with non-rotating rotors) are directed along E-W diameter 
of gyrosphere; gyrochambers are connected by shaft Sh, 

Approximate theory of space GC was initially developed by I. Geckeler [184] 


(ee also [30]). He showed that period of oscillations of gyrosphere around the 


three axes is equal to 84.4 minutes, This is attained by application to axes of = 
| 
41°7 
: es Fog 
en RTT ew TS ED TG a wad a 





A 


precession of gyroscopes G, and G, of an appropriate torque. Here, in distinction 
from single-rotor and two-rotor GC, period of oscillations [see (11.5.53)] of sensing | 
device does not depend on latitude of the place. Space GC has the same velocity 
error as the usual GC [see (11.5.71)]. Ballistic errors of space GC are small [30], 
and considerably less than for two-rotor GC, 

Designs and parameters of space GC of Anschutz type are given in a number of 
works (see, for instance, [30]). 


Strict theory of gyrohorizon compass 


is given by A. Yu. Ishlinskiy [44]. Due S 
to the importance of the results obtained 
by him, we will consider hriefly peculiar- 
ities of the theory of GHC, using this work, 
in which as the sensing device of the GHC 
there is used a gyrosphere analogous to the 
gyrosphere of the two-gyroscope GC (Fig. 
11,44), 
During investigation [44] of GHC there 





is used the method of the non-rotating 
sphere S (see § 11.4, Par, 6) surrounding 
Fig. 114.19. Diagram of sensing device Earth and preserving constant orientation 
(sensitive element) of space GC. 

relative to inertial space, Motion of the 
instrument is considered during arbitrary shift of its point of suspension relative 
to sphere S. At the basis of the investigation there is assumed precessional theory, 
Sensing device (Fig. 11.20) is considered as a set of gyroscopes Gy and Gp whose 
axes of precession are connected by frame F; coupling of the gyrochambers is 
arbitrarily shown in the form of a gear transmission, which in its action is identical 
to shaft Sh (Fig. 14.14). This system wlll form a gyroscopic frame, Total angular 
momentum H of gyroframe, by analogy with (11.5.6), is determined by expression 
H = 2H' cos e (where H! = H, = Hy) and is directed along the bisector of angle 2e. 
With frame F there is connected coordinate system Oxyz, axis Oy of which is parallel. 
to vector H, and axis 0z — to axes of precession of gyroscopes, Besides this system 
of coordinates, there is introduced also a translationally moving system O€*n*C*, 
the origin of which is located it point of suspension of frame, and axes €*, n*, C* 


are constantly oriented relative to inertial space, i.e., relative to non-rotating 


sphere S, 
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' In the considered case, the gyroframe 
constitutes a mechanical system with four 
degrees of freedom; equations of its motion 
relative to axes O£*n*f* are obtained on the 


basis of precessional theory in the form [44], 


—w,2H'’cost=M,, w,2H'cose=M, 


: (14.5. 168) 
ay (2H cos s) = M,: —u2H* sine == N 





Fig. 11.20, Diagram of frame of 
sensing device (sensitive element). 


where Mys M, M. — external torquer avting on the frame; 


y 
N= M,- Migs My, and M,, are torques acting relative to axes of 
precession of gyroscopes; torque N is created by spring device 
Sp (Fig. 14.14) and is a function of angle «; 
Os Os WO, — projections of angular velocity ® of axes Oxyz relative to non- 
y rotating sphere S on to corresponding axes, 


As external forces acting on the frame,there are considered gravity force F 
which is directed toward center of Earth, reactive force of suspension and inertia 
force Q of translational induced motion of axes O&*n*l*. Since gravity force F, 
eactive force of suspension and component Q of inertia force of induced motion are 
directed along the axis 0z, then their moment relative to point of suspension of 
frame is equal to zero, and for finding My» Ms M, [see (11.5.163)] there are 
considered only components Q, and Qy- As a result, instead of (11.5.168) there is 


obtained 


—0,2H’ cose = mIR (4 = 1) ; w,2H’ cose = 0 


4 ay, ei (11.5.169) 
“(2 cose) = miR (SH + aye); —o,2H’sineaN 
where m — mass of frame together with gyroscopes; 
1 — distance of center of gravity of frame from point of its suspension; 
R— radius of Earth taken as a sphere, 
Thus linear velocities Vy vy? Ve of point of suspension of frame relative to 


sphere S will be 


0, = «R; 0, =—,R; vo, = 0. (11.5.170) 
From third equation of system (11.5.169) we have 
o, = 0. (445.079) 
From first two equations there can be obtained 
2H’ cose = H=miRe,, (44,55472) 
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iT whence, taking into account the fourth equation, we find condition 
ar 


N w— 24°F cosasine, (41.5.173) 
mlR 


which is analogous to (141.5.142). 
Resulting expressions permit us to obtain the following relationships: 
o, = 0, (11.5.174) 
2H’ cose = miu, (11.5.175) 
where v is velocity of point of suspension of frame relative to sphere S, 
From (11.5.170) and (11.5.174) it follows that at the initial moment axis Ox should 
be directed along tangent to trajectory of point of suspension of frame during its 
motion over sphere S, According to (11.5.175), for initial velocity v) initial 


angle e«,, 1s determined by expression 


0 


t 
C08 ty = 7 Ue. (11.5.176) 


Investigation [44] of motion of frame relative to Earth shows that axis Oy of 
frame (Fig. 11.20) in position of equilibrium forms with the N-S direction angle 3, 
which is velocity error and is determined by the same formula (11.5.71) as that for 
the two-rotor compass. 

Since absolute velicity v of point of suspension of frame (i.e., its velocity 


relative to nor-rotating sphere S) is determined by the evident relationship 


o= V (RU cos? +0,) + vy, (125.277) 


where: Ve and Vy are eastern and northern components of velocity relative to Earth, 


then, putting (11.5.177) in (14.5.175), we will obtain condition 
H = 2H’ cose = ml \/ (RU cos 2 + 0,)' + Uy. (11.5.178) 
which is analogous to (141,5,111). 

If there are satisfied condition (11.5.173) [for which (14.5.178) is valid] and 
the earl’ -r indicat d initial conditions, then the GHC does not have any errors 
besides the velocity errors determined by formula (11.5.71). Consequently, for GHC 
during maneuvering of the ship there will be absent ballistic errors, Thus axis 0z 
of frame is directed along geocentric vertical, i.e., along radius of Earth, 

Further there is introduced [44] the Darboux trihedron ox°y?z° with vertex 
at point of suspension of frame, Its axis 02° is normal to sphere S, and axis ox? 
is directed along vector Vv of point of suspension, Position of axes Oxyz of frame 
relative to axes ox°y 2” is defined by angles a, B, y, where a is angle of azimuthal 
turn of frame, B is angle of its rise relative to plane of horizon, and y is angle 


of rotation of frame around axis Oy, i.e., around N-S axis. As a result, there were 
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obtained the following differential equations of motion of frame relative to Darboux 


trinedron:* 
—[ zine sin 7 — cosa sin 3.cos +) + 


da ae. , 
4 © + 5) cor feos + Hsing] 2H COS ¢ = 


= ml sina cos — mia cos a.cos3 + eat) 


+ (mi = —iF) sing 


52H’ cose me mi & (cosacosy — sinasin$siny) + 
+ mlwo (sin cos 7 + cosa sin § sin 7) + 
e. . : 
+ (m= _ IF) cos sin y 


[+ (sinacos 1 + cvs 2sin8 sin 7)— («+ <) cos} siny+ (11.5.179) 


+ cosy] 2H” cose =0 . 
-~[Z-cosacoss +(0 + <)sin3 + ot] 2H” sine = N (t) 
e R at dt 

These equations are identically satisfied if in them: we set a =B=y=0, 
replace « by relationship (11.5.175), and N(e) by formula (11.5.173). Thus independ- 
ently of the form of functions v(t) and w(t), which characterize motion of point of 
suspension of frame over sphere S, vector H which is directed along the axis Oy, 
will be perpendicular to vector Vv of velocity cf this point relative to sphere S, 
and axis 0z is directed along radius of the Earth, 

Thus, if there are satisfied conditions (11.5.173) and (11.5.175), then a = 6 = 
= y = 0, and consequently equatorial plane Oxy of frame .ill be always horizontal 
(gyrohorizon), and axis Oy with accuracy up to the velocity error will indicete north 
(gyrocompass), i,e., the considered instrument indeed is a gyrohorizon compass, If 
the above-indicated conditions are satisfied and at the initial moment of time 
a =B= y= 0, then the instrument will always indicate the vertical and the direc- 
tion to the north, 

For small angles a, B, y and angle 6 of turn of gyroscopes from their undisturbed 


position e, (current angle € = €, + 5), considering (11.5.173) and (12. Se L[5)y we 


0 
will obtain perturbation equation of frame in the form 


*In these equations we considered only gravitational torques, inertial torques 
and torque N(e), created by the spring device. 








~~ 


* a 


ex se ao rem , . 
mu ml at Fe w2H1’ sines-8 


f+ Samet: Ste 8 of (11.5,180) 


_ < (2H’ sine, -8) +1(F — =| 7 = omlos 


If v and ® are constant, then expressions (11.5.180) become differential equa- 


2 
tions with constant coefficients. If we approximately set F - a = F = mg, then 


roots of characteristic equation of system (11.5.180) will be + j(v + w), + J(v -w), 


wnere v = yer frequency corresponding to period Te Le = 29 vic M. Schuler, 

From this short account of the content of the article of A, Yu. Ishlinskiy [44], 
it can be seen that it has important value for explanation of the properties of a 
GHC and more precise solution of a number of problems of the theory of GC. 

Some of these properties of GHC were later explained by D. R. Merkin [91] by 
another method, The question of the reducibility of equations of disturbed motion 


of GHC to a system with constant coefficients was considered by V. N. Koshlyakov [62]. 
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§ 11.6. Gyro Inertial Navigational Systems 
* 
1. General Information about Inertial Navigation Systems (INS). 
Principles ot Construction of INS 


a) Purpose of INS 


Among the different gyroscopic navigational systems, in the last decades there 
have been developed so-called gyro inertial navigational systems — one of the types : 
of INS. The appearance of INS first of all is explained by the desire to carry out 
with high accuracy self-contained determination of position of an object and parame- 
ters of its motion. Practical realization of INS on ships and aircraft turned out 
to be possible after certain successes achieved in production of different elements 
of inertial systems: gyroscopes, accelerometers, servo systems, computers, etc., 
to the accuracy of which there are presented very high requirements, 

An INS is designed for determination of position of an object, parameters of 
its motion, and, if necessary, for automatic control of its motion. In connection 
with this, INS can solve the following problems: 

1) determine position of object, which is characterized, for instance, by lati- 
tude » and longitude ); 

2) develop certain parameters for stabilization of the object about its center 
of gravity and retention of center of gravity of object on its assigned trajectory; 

3) carry out automatic control of motion of object, and others. 

For solution of these problems, in the INS there have to be determined the 
following data: geographic coordinates of position of object, components of its 
linear velocity, heading, distance passed over, lateral displacement of center of 
gravity from assigned trajectory, altitude, and others. From what has been said it 
follows that an INS can operate in the readout mode, when it produces data necessary 
for navigation of the object, and in the control mode, when data determined by it 
are used for automatic control of motion of the object. In accordance with this, 


we distinguish inertial navigational systems and inertial control systems. In the 


present book we will consider only inertiai navigational systems. 


“such an abbreviated designation is used also in the book: V. G. Denisov. 
Navigational equipment of aircraft. Oborongiz, 1963. 
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b) Essence and Types of INS 


Principle of inertial navigation. Inertial navigation is a method of deter- 


mination of position of an object and control of its motion based on measurement of 


are} 


accelerations of the object, their subsequent integration, and celculation of coor- 
dinates of the object and control parameters. 
Accelerations of object and all other self-contained measurements are carried 


out in INS relative to an inertial system of coordinates, which preserves constant 


orientation with respect to fixed stars. This is the reason for introduction of the 
term "inertial navigation." 
The essence of INS consists of the following: Input variables of the system 
i are accelerations of the object, which are measured by sensitive elements — accelero- 
meters — which are usually installed on a gyro-stabilized platform (GSP), which 
holds them in a definite position relative to the inertial system of coordinates. 
Measured accelerations enter integrators, at the output of which there are obtained 
components of linear velocity of object relative to the inertial system. With the 
help of computers these components are converted into components of velocity of the 
object relative to the Ea~th. Subsequent integration of components of velocity of 
object, taking into account a series of corrections introduced by the computer for 
the action of gravity force, for non-sphericity of the Earth and for the influence 
of other factors, makes it possible to determine coordinates of the object, From 
what has been said, it follows that an inertial system in principle makes it possible 
to solve the problem of an "absolute log," since in it there is determined the actual 
motion of the object relative to the Earth. 
The main elements of INS are accelerometers, gyroscopic devices, ir.tegrators, 


computers, Taking into account the fact that earlier there were given dynamic 


“Translation Ed. Note: This footnote in the Russian text pertains to the re- 
lative merit of using either of two Russian words for "inertial." 


Certain authors [117] consider the term "inertsionnaya [inertial] navigation," 
to be more correct [than “inertsial'naya navigation"], since determination by ac- 
celerometers of accelerations of the object is carried out by means of weasurement 
of corresponding inertial forces, However, it has not obtained wide usage. 


"As will be shown further on, accelerometers measure only acceleration caused 
by non-gravitational forces (engine thrust, lift, drag of the atmosphere), and do 
not measure acceleration due to forces of gravitation. 
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characteristics of different types of QD, we will consider below also certain de- 
signs and dynamic characteristics of accelerometers. 

Certain relationships. Essence of the above-stated method of determination of 
coordinates and parameters of motion of an object can be clarified by certain simple 
relationships. Let us assume that the gyrostabilized platform applied in INS is 
held in plane of horizon, and also has azimuthal stabilization in plane of meridian; 
we will not yet consider stabilization errors. On the platform there are located 
two accelerometers, axes of sensitivity of which are directed towards north and on 
east; these accelerometers will arbitrarily be called "northern" and "eastern." 
Disregerding components of induced and Coriolis accelerations, we will consider that 
the northern accelerometer measures component Vo and the eastern — component Vp 
of acceleration of object relative to Earth along north — south and east — west axes. 
Variables Vy and Ve go to integrators, at the output of which for zero initial condi- 
tions we will obtain 


t t 
Oy = f ods; % =f o,d:. (11.6.1) 


After second integration we find displacements of object Sy and SE in northern 


and eastern directions; for zero initial conditions we have 
¢ : ee t ee 
Sy wr i} vd = J Sead aes) v,de =f Jeet (11.6.2) 
” u Fi 


Consequently, displacements of object are found by means of double integration 
of its accelerations, which are measured by accelerometers. 
According to relationships (1.2.22), heading K of the object can be calculated 


in a computer by the formula 
%¢ 
wX=_-. (44. 6s 3} 


Since by virtue of (1.2.26), during motion over sphere of radius R, rate of 


change of latitude 
. on 
gr —, (11.6.4) 
R 
then latitude » is determined in computer by the formula t 


- ' I 


rated ge femtm nt hl ae (1156.55) 
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where % is initial value of latitude, which should be introduced into the system. 
For rate of change of longitude, according to (1.2.27) we have 








% 
wm Revey ot. 6-8) 
Then for > the computer gives 
é oF ¢ ' ¢ - 
Aon = —— | y.det 44.6: 
nt | ka nt Ray) ( 0 


where Xo 1s initial value of longitude which should be introd::ced into the system. 





Fig. 11.21, Diagram of a simple INS. 


The presence in the inertial navigational system of a GSP permits us to deter- 
mine also angles of rotation of object relative to its cenver of gravity. If on 
the GSP we install a third accelerometer and direct its axis of sensitivity along 
the vertical, then we can determine vertical acceleration of the object, and then 
by means of integration we can determine vertical velocity and ultitude of the ob- 
ject. Thus, application in the system of these elements permits us to find neces- 
sary coordinates and parameters of motion of the object. 

Inertial system of open type. A simple inertial system of open type which 
realizes the above mentioned analytic dependences for coordi:ates of position and 
parameters of motion of the object is shown in Fig. 11.21. On the GSP, which pre- 
serves horizontal position and orientation which is constant in azimuth relative 
to the N-S direction, there are installed northern Ay and eastern Ap accelerometers, 

The latter measure northern Wy and eastern Wp components of acceleration of 


the object, which are intorduced into the first integrators I At the 


qn and tee 
output of these integrators there are obtained northern Vy and eastern VE components 


of velocity of the object, and by them there is calculated its heading K. Components 
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Vy and v, are introduced into the second integrators I and I » at the output 
N E ily Il, 


of which there are obtained increments Ap and AA of latitude and longitude. After 
summation of them with initial values Po and Ag» there are found the current values 
» and A of latitude and longitude of the object. 

It is easy to see that with ideally exact stabilization of the platform, the 
given system in principle makes possible self-contained determination of geographic 
coordinates and parameters of motion of the object. However, in reality the GSP, 
due to different disturbances, will deviate from the plane of the horizon. Due to 
this, readings of accelerometers will be distorted by magnitudes equal to components 
of acceleration due to gravity force. This leads to the appearance of errors of 
geographic coordinates », > end value of heading K which are accumulated in time, 
Furthermore, in the scheme there are not considered corrections for rotation of the 
Earth and other factors, The accuracy of such a scheme is very low, and therefore, 
such simplified open systems of inertial navigation have not found practical appli- 
cation. Let us note that such systems are called open because in them there is 
absent a connection between accelerations measured by the accelerometers and the 
position of the GSP, 

Principle of construction of closed inertial system, Simulation of the pendu- 
lum of M. Schuler. For solution of problem of inertial navigation, it is necessary 
first of all to obtain the exact vertical, i.e., the exact horizontal platform on 
which the accelerometers are installed. Creation of an exact gyro-vertical (gyro 
horizon) is extraordinarily complicated. The basic problem of obtaining a precision 
gyro~-vertical consists of realization of the condition of its undisturbability by 
accelerations of the object. For this, as it is known, the period of natural 
sustained oscillations of the system should be 84.4 minutes. In § 4.5, Par. 5 it 
was shown that it is impossible in practice to create a physical pendulum with such 
a period, Construction of a gyroscopic pendulum undisturbed by accelerations is a 
quite complicated problem (§ 11.4, Par. 5). 

At present, practical solution of this problem has proceeded by the way shown 
in 1932 by Soviet engineer Ye. B. Levental'., He proposed a scheme of artificial 
simulation of an undisturbable physical pendulum with period of natural oscillations 
of 84.4 minutes by means of use of gyroscopes, accelerometers and integrators. 

This model of M. Schuler's pendulum is a closed dynamic system. Continuous 
erection in it of the vertical is based on turning of the GSP by an angle equal to 
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angle of rotation of the local vertical during motion of the object along surface 

of the Earth. For this on the GSP there are installed accelerometers, which mea- 
sure horizontal accelerations of the object. The latter are integrated, and corre- 
sponding signals are introduced to the torquers of the gyroscopic system; this 
causes precessional motion of platform following the local vertical. Such a method 
of correction of GSP has the name of integral correction. Thus, by means of selec- 
tion of transmission coefficients of the system, it is possible in practice to 
realize the condition of its undisturbability by horizontal accelerations of the ob- 
ject. 

The artificial vertical obtained by such a method is called an inertial verti- 
cal (IV). It 4s the basis of the inertial navigational system, since simultaneously 
with erection of the vertical it determines components of linear velocity of the 
object, by which the computer calculates coordinates of position of the object and 
parameters of its motion. 

Let us note that the IV, in distinction from the physical pendulum, indicates 
direction of vertical not due to action on it of gravity, but as a result of double 
integration of horizontal acceleration of the object measured by an accelerometer. 
Actually, acceleration goes to the first integrator. The signal from the output of 
the integrator, through the torquer, causes precessional motion of the platform. 
The angle of rotation of the platform is proportionel to the integral of readings 
of the first integrator, i.e., to the double integral of horizontal acceleration of 
the object. Consequently, angle of rotation of platform is equal to angle of ro- 
tation of vertical during motion of object over surface of Earth, which is pro- 
portional to the path passed over. Therefore, IV will without oscillations follow 
the local vertical. If, however, the IV did not occupy in the beginning a vertical 
position, or has drifts in virtue of different circumstances, then in it there 
appear oscillations with period of 84,4 minutes; thus the average position of it 
coincides with the local vertical. Oscillations of the IV are not affected by 
horizontal accelerations of the object, 

Subsequently, we will consider mainly questions connected with methods of con- 
struction and analysis of errors of IV, and will only briefly touch upon the opera- 
tion of other elements of the INS. 

Requirements made of inertial systems. Certain of their peculiarities. An 
inertial system should have: 1) very high accuracy; 2) high sensitivity; 3) posai- 
bility to work for a prolonged period of time, especially in the case of its use 
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in navigation; 4) wide range of change of input variables; 5) sufficiently accurate 
initial setting of GSP relative to vertical and in azimuth; 6) high noise immunity = 
and independence of the presence of external information; 7) high shock and vibra-~ 

tion resistance, and also small weight and dimensions, especially for use in air 
navigation, 

An essential advantage of INS as compared to other nevigational systems is that 
it is completely self contained: INS determines coordinates of object and parameters 
of its motion in the absence of any connection with other objects or reference points, 
Inertial system makes it possible to completely automate processes of navigation and 
can in principle be used under different conditions of motion of the object. System 
does not require ground installations) in it all radio emission is absent. 

Advantages of INS are evident, but the question about their creation and practi- 
cal application still has by far not been solved. This is explained by the excep-~ 

jZonally high requirements for accuracy of separate elements and subassemblies, 
especially in the GD, and in the entire system as a whole. Inertial systems ina 
certain sense are analogous to navigational systems in which there is realized the 
method of dead reckoning, and their errors are accumulated in time. Therefore, the 
question of creation of inertial systems operating for a long time, for instance for 
navigation, 1s exceptionally complicated in practical solution. In connection with 
this, along with further development and improvement of INS, there has appeared a 
tendency to create combined systems, which combine INS with other navigational sys- 
tems. One of such systems consists of INS and a Doppler navigational system [142, 
149]. Here the INS 48 supplemented with radar using the Doppler effect. The latter 
makes it possible continuously or discretely to correct velocity of object deter- 
mined by the inertial systems this considerably decreases accumulated errors of 
inertial system in determination of coordinates and parameters of motion of the ob- 
ject. Let us note that Doppler system makes it possibile to measure velocity of ob- 
ject with a high accuracy, reaching tenths of a percent. Correction of velocity of 
object with help of Doppier system, 1.e., introduction into the INS of external in- 


formation, has a series of peculiarities: it permits change of frequency of natural 





"Method of dead reckoning is based on obtaining of necessary data about motion 
of object by means of continuous or discrete time integration of acceleration or 
velocity of the object [142]. 
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sustained oscillations of the system with retention of property of its undisturb- 
ability by accelerations of the object; it ensures damping of oscillations, etc. 
In another type of combined system there is used INS and astronavigational 


system [142, 149]. Such systems have obtained the name of astroinertial naviga- 


tional systems, The main element of such a system is the optical telescope, which 


is usually installed on a GSP and carries out tracking of celestial bodies (stars). 
Due to this there is, for instance, the possibility to correct drift of the GSP, 
and consequently, to eliminate accumulation of errors of the inertial system. Re- 
quirements for accuracy of gyroscopic devices of astroinertial navigational systems 
can be considerably lowered. If there is temporary loss of the celestial body, the 
presence of gyroscopic device provides "memory" of the navigational system. 

There are also possible other types of combined navigational systems. All of 
them are deprived of the basic advantage of inertial systems — their self-contained 
character, However, in a number of cases, application of combined systems permits 
solution of problem of navigation of objects with smaller requirements for accuracy 
of separate elements and subassemblies of the system; this leads to decrease of 
weights, dimensions, and also cost of the system as a whole. Subsequently, we wil. 
consider only gyro inertial navigational systems. Those wishing to become acquainted 
with combined navigational systems we refer to the corresponding literature (see, 
for instance, [142, 149, 117]). 

Types of inertial systems, The classification given below of INS is to a cer- 
1 in extent arbitrary and is based on propositions accepted in a number of works on 
inertial navigation (see, for instance, [149, 121, 142, 162, 117]). As the basis of 
classification of INS it 1s possible to use: 

1) purpose of systems 

2) applied type of GD; 

3) lecation of GSP; 

4) method of erection of vertical; 

5) orientation of axes of sensitivity of accelerometers in azimuth; 

6) magnitude of period of natural oscillations of the vertical; 

7) method of damping of oscillations of vertical. 

Depending upon purpose, we distinguish the following INS: 

a) working in readout mode; 


b) working in mode of control of object, 
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Depending upon type of GD applied, +o provide for reproduction of terrestrial 
or inertial systems of coordinates, - we distinguish: 

a) INS using astatic gyroscopes with two or three degrees of freedom, operat- 
ing in readout mode or in mode of active stabilization; 

b) INS using positional gyroscopic devices, for instance the gyro horizon 
compass. 

In inertial systems of the first type, the condition of undisturbability of 
system by accelerations of object is ensured by means of artificial simulation of 
physical pendulum with period of 84.4 minutes. In inertial systems of the second 
type, the condition of undisturbability is realized by means of realization in the 
gyro horizon compass of the condition of aperiodic transitions by means of selec- 
tion of appropriate parameters of the instrument. 

In inertial systems one of basic elements is gyro-stabilized platform. De- 
pending upon location of GSP, we distinguish: 

a) INS with gyro-stabilized platform oriented along axes of terrestrial sys- 
tem of coordinates; here GSP coincides with plane of horizon and retains its as- 
Signed azimuthal direction; 

b) INS with GSP oriented along axes of inertial system of coordinates; here — 
GSP retains constant position in inertial space, which is connected with the motion- 
less stars. 

Basic characteristic of INS is method of construction of vertical; depending 
upon this, we distinguish the following INS!” ” 

a) with gyroscopic vertical; 

b) with mechanical (geometric) vertical erector; 


c) with analytic vertical erector. 
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"By terrestrial system of coordinates we will understand the coordinate sys- 
tem, two axes of which are located in plane of geocentric horizon, and whose third 
axis is directed along radius of Earth, i.e., along geocentric vertical. Orienta- 
tion of axes of inertial system of coordinates will be stipulated further on, 


HH 
The division of inertial systems into the types shown in Par. a and b is to 
a certain extent arbitrary, since the gyroscope also is a mechanical device, 
However, here there is stressed the circumstance that the vertical in one case (Pa:. 
1) 4s reproduced with the help of gyroscopes, and in the other (Par. b) with tue 
help of an erector without the use of gyroscopes. 
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In INS with gyroscopic vertical, accelerometers (usually two) are installed 
on GSP and are connected with it by an integral correction circuit, thanks to which 
the GSP is oriented in terrestrial system of coordinates, i.e., preserves its hori- 
zontal position and also its assigned orientation in azimuth. Parameters of motion 
of the object and its coordinates are determined analytically with help of a com- 
puter. Considering what has been said, such an inertial system sometimes 1s called 
semianalytic [121]. 

In INS with mechanical (geometric) vertical erector, accelerometers are in- 
stalled on the platform, which composes together with them a vertical erector in 
which the vertical is reproduced on the basis of readings of the accelerometers 
without the application of gyroscopes. The GSP in the system is oriented along 
axes of inertial system of coordinates; GSP 1s used for "memorization" of position 
of vertical at the initial monent.” Coordinates of object are determined by means 
of measurement of angles of turn of erector of vertical relative to GSP. There to 
this, such an inertial system is sometimes called geometric [121]. 

In INS with analytic erector of vertical, accelerometers (usually three) are 
installed on the GSP, which is oriented along axes of inertial system of coordinates, 
Corrections in readings of accelerometers for accelerations due to forces of gravi- 
tation are taken into account when necessary with help of external correction or 
by means of autocompensation. On the basis of accelerations measured by accelero- 
meters and corrected for accelerations due to forces of gravitation, there is pro- 
duced determination of vertical by the analytic method, which is used also for 
finding of coordinates of the object. Therefore, the considered inertial system 
is sometimes called analytic [121, 142]. 

In an INS with gyroscopic vertical, axes of sensitivity of accelerometers can 
have dirferent orientation in plane of horizon, i.e., different azimuthal orienta- 
tion. Depending upon it, we distinguish the following INS: 

, a) with geographic orientation; 

b) with orthodromic orientation; 


c) with free orientation in azimuth; 


“GSP are not always used in INS with mechanical vertical erector for "memori- 
zation" of plane of horizon at the initial moment. If the GSP has equatorial 
orientation, then it indicates plane of the equator. 


ae 


d) with ccmpass and arbitrary orientations of axes. 

In INS with geographic orientation axes of sensitivity of accelerometers are 
directed along north-south and west-east axes, and determine components of acceler- 
ation of the object along these axes. By means of subsequent integration of these 
accelerations and further mathematical transformations with help of a computer, we 
obtain latitude and longitude of position of object. 

In INS with orthodiomic orientation, axes of sensitivity of accelerometers are 
directed along axes of assigned orthodrome of motion of the object and perpendicular 
to it and determine components of acceleration of the object along these axes. Sub- 
sequent integration of these accelerations and mathematical transformations with the 
help of a computer make it possible to determine path passed over by the object along 
the assigned orthodrome, and also shift of object in direction perpendicular to the 
orthodrome, 

In INS with free orientation in azimuth, axes of sensitivity of accelerometers 
have in plane of horizon constant orientation relative to inertial space. Thus they 
will revolve relative to plane of meridian around the local vertical with angular 


p=— 4. =— Using + — tg? ° ( ome ) 


Accelerometers determine components of acceleration of the object along axes 
of inertial system of coordinates. According to readings of accelerometers the 
computer produces shifts of the object along the given inertial axes, 

For transition from a system of coordinates which is free in azimuth to a 
geographic system of coordinates, we must take into account angle p, which is 


determined, according to (11.6.8), by expression 
t 
fe .. &e. 
p= Using + tae) a. (11.6.9) 


In INS with compass orientation, axes of sensitivity of accelerometers are 
directed along the axis which forms the angle of velocity error (§ 11.5, Par. 4b) 
with the plane of the true meridian, and along the axis perpendicular to it. 

In INS with arbitrary orientation, axes of sensitivity of accelerometers can 


rotate in plane of horizon according to an arbitrarily assigned law. 
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Depending upon period of oscillations cf inertial vertical, we distinguish 
the following INS: 

a) with period of natural oscillations of vertical of 84.4 minutes; 

b) with period of natural oscillations of vertical differing from 84.4 min. 

By means of us of external information, in principle it is possible to create 
an inertial system with period of natural oscillation of vertical differing from 
84.4 min. which retains the property of undisturbability by accelerations of the 
object. 

Finally, in dependence upon the method of damping of natural oscillations of 
the vertical, we can distinguish the following INS: 

a) with damping of oscillations of vertical with the help of internal forces; 

b) with damping of oscillations of the vertical by means of use of external 
information. 

The given division of INS has basicully a methodological purpose and is given 


to make the subsequent account more systematic. 


c) Methods of Construction of Vertical in INS 


As was shown, a basic characteristic of INS is method of construction in it 
of the local vertical, Depending upon this, we distinguish inertial systems with 
gyroscopic vertical, with mechanical (geometric) vertical erector, with analytic 
vertical erector, 

Let us turn to characteristics of corresponding schemes of INS and to a short 
mathematical explanation of them, 

Inertial system with gyroscopic vertical. This type of INS is characterized 
by the fact that the vertical in it is constructed with the help of gyroscopes by 
means Of artificial simulation of an undisturbed physical pendulum with period of 
natural oscillations of 84,4 minutes according to the scheme of Ye. B. Levental’, 
which consists of gyroscopes, accelerometers and integrators and constitutes a 
closed dynamic system, On the GSP there are installed accelerometers (usually two) 
which measure horizontal accelerations of the object; the latter are integrated, 
and corresponding signals are introduced to torquers of the GSP; due to this it pre- 
cesses following after the local verticals i.e., it retains its horizontal position. 
As was indicated, such a method of correction of the GSP has the name of integral 


correction. By means of selection of corresponding transmission coefficients of 
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the system, it 1s possible in practice to realize the condition of undisturbability 
of the vertical by horizontal accelerations of the object. The obtained gyroscopic t 
vertical by horizontal accelerations of the object. The obtained gyrosco;itc vertical, 
which 1s frequently called the inertial vertical, is the basis of the considered type 
of INS, 
For explanation of principle of construction of gyroscopic vertical with use 
of integral correction, we will use a simple scheme of gyrovertical (Fig. 2,16)% 
which is based on three-degree-of-freedom astatic pendulum gyroscope, often modify- 


ing it and somewhat supplementing it with rew elements. 





Fig, 11.22, Fundamental scheme of undisturbable GV 
with integral correction, 
Fundamental scheme of undisturbable GV with integral correction, which simu-~ 

lates physical pendulum with period of 84,4 minutes, is shown in Fig. 11.22, Let 
us assume that as the gyroscopic device there is used a sufficiently "powerful" 
astatic gyroscope with three degrees of freedom. On its gyrohousing there are 
located accelerometers Ay and Ape Since axes O€7nf will be considered to be criented 
geographically (axis On — to the north, axis O& — to the east, axis Of — along the 
geocentric vertical, i.e., along radius of the Earth), then axis of sensitivity of 
accelerometer Ay will be directed towards north, and that of accelerometer Ay - 
to the east. Initial position of axes Oxyz, which are connected with gyrorotor, and 
of axes O&nf is shown in Fig, 11.22. Position of axis Oz of gyroscope relative to 
vertical direction Of assigned to it, or, which !s the same, position of Resal axes 


Ox, ¥42 (Fig. 1.6) relative to Off is, determined by angles a and 8, which are errors 
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of the GV. 
For composition of equations of motion of the GV we will use shortened Euler 


equations (1.6.9): 


Hq, = M,; — Hp, = M,. (ites 10) 


where for Py and G4» taking into account induced motion of axes O&nC, and consi- 


dering @ and B to be small, we have 


pm—b+ uy —ue (14,6544) 
¢=atu,—up 
Projections Ugs wy Ue of induced angular velocity u of axes Ofnt for geo-~ 
graphic orientation of axes Of and On are determined by relationships (AE 525) 
For clarification of principle of integral correction of a GV we will consider 


the Earth to be non-rotating; then, according to (1.2.25), we will obtain’ 


on Op Og 
iy =—_——; =, a - 1456,92 
t R u, R u, tg > ( ) 


Putting (11.6.12) in (11.6.14) and disregarding for not too large latitudes 


the small terms Up and uP, we have approximately 


on ai 8 ( s46.49) 
= — ——e aoe * =@4 —, owe 
Ps R' % - R 
As torques Oe and a we will consider only torques M sy x Bed Deer y? which 


are applied to the GV by the system of integral correction, i.e., 


M_=M M.=M (11.6.14) 


5, us’ % ay 


Let us find expressions for torques MG e and ee y? For this, in accordance 


with the diagram in Fig. 11.22, it 18 necessary to know accelerations determined 


by accelerometers Ay and Ay} then correcting torques May ¥ and ee y wiil be pro- 


portional to integrals of readings of the accelerometers, Accelerations a, and 
1 
ay » Which are measured by accelerometers along Resal axes Ox, and oy, (Fig. 496) 3 


3 
if we consider matrix (6.2.3), will be determined by relationshirs 





* 

For illustration of the basic properties of an inertial vertical, the Earth 
is taken as a sphere with radius Rj consideration of the non-spherical nature of 
the Earth is discussed further on. 
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.= W,—(V. + &) ayia Vv, —(W.+ &) 2, (11.6.15) 


where Wee Wye We — components or total linear acceleration of point 0; 
Bo - acceleration due to force of terrestrial gravitation. 
Since during horizontal motion of the object We << Eo» then instead of (11.6.15) 
we will obtain 


a,=V.—ge; a =V.—gp. (42.6.6) 


Disregarding components of induced and Coriolis accelerations, aceerding to 


(2.2.28), for We and Wi, we have approrimately 


W.=o, Udy, (14.6.17) 


where Ve and Vy are components of acceleration of object relative to Earth. 
Considering (11.6.17), we will rewrite (11,6.16) in the form 
G,, = Up— Ba 9, Uy — Bp. (11.6.18) 
Accelerations a_ anda. proceed to integrators I and I (Fig. 11.22); 
X4 V4 Tp Ty 
output signals from integrators are introduced into torquers TQ. and TQ, « The 
latter apply to the gyroscope corrective torques May x and Doses ye which, if we 
consider what has been said and relationship (11.6.18), will be determined by the 
following expressions: 


‘ ‘ 
M,= B hae = rf (0, — 4,2) d: 
(11,.6,19) 


M,,= v faye s Of (Ga 22) ds 


where 1s some proportionality factor. 
Taking into account (14.6.13), (11.6.14) and (11.6.19), we will rewrite equa- 
tions (11,6,10) in the form 


i+ hme lie— es) 


4 emt flin— et 


(11.6.20) 
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whence after differentiation we will obtain 


Se ee 1 
a+ —ga=v fa) 
nw & F\H OR (11.6.21) 
f4 2 ogay (2 — 
P+ 7 ae n( z) 
If the following condition is satisfied: 
eos (11.6.22) 
H oR 
then instead of (11.6.21) we have 
o be _ 
Tee (11.6.23) 
chee 
f+ ip 


It follows from this that when condition (11.6.22) is satisfied, the GV is 


not disturbed by horizontal accelerations of tie object. Frequency of natural 


Be. 
vay &: (11.6.2H) 


period T, x of oscillations of GV, i.e., of the inertial vertical, will be 


su.tained oscillations of GV 


Toa y/ 2 5061 sec, = 84,4 min.,. (11,.6.25) 


Consequently, integral correction, when there is satisfied the condition of 
undisturbability (11,6422), provides simulation of the pendulum of M. Schuler, If 
at the initial moment axis Oz of the gyroscope is established exactly along the 
geocentric vertical 00, 1.e., at t = 0 a@(0) = 8(0) = 0 and 4(0) = A&(0) = O then in 
the future the axis of the gyroscope will follow the indicated vertical independently 
af the accelerations of the object. If initial conditions differ from zero, then 
axis of gyroscope accomplishes sustained oscillations with the period of M. Schuler 
near the vertical. 

Besides erection of the vertical, in the considered scheme after the first in- 
tegrators we obtain northern Vy and eastern VE components of velocity of the object. 
This permits us (by means of application in the inertial system of second inte- 
grators and computer), by the same method as in the scheme in Fig. 11.21, to deter- 


mine latitude » and longitude » of position of the object and its heading, 
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In the above considered caze, we for simplicity did not consider diurnal ro- 
tation of the Earth. If we take it into account, then the inertial vertical will 
have certain velocity (systematic) errors, which in systems of inertial navigation 
usually are compensated. Analysis of these errors is given further on. 

In order to realize undisturbability of the inertial vertical by horizontal 
accelerations of the object, it is necessary to satisfy condition (191,6,,22) 5 1.@e,y 
to select corresponding value of transmission coefficient u3 this is fully possible 
in practice. In distinction from this, the condition of undisturbability of GV 
of the gyropendulum type is difficult to satisfy (§ 11.4, Par. 4). This fact con- 
stitutes one of the essential advantages of inertial verticals over verticals of 
the gyropendulum type. We will note that equations (11.6.23) of motion of inertial 
vertical (Fig. 11.22) coincide with equations (11.4,71) of natural oscillations of 
the gyropendulum for which velocity and ballistic errors are compensated, 

More detailed analysis of inertial system with GV will be given further on, 

Inertial system with mechanical (geometric) vertical erector. This type of 
inertial system is characterized by the fact that the local vertical in it !s ob- 
tained not with the help of gyroscopes, but with help of a geometric erector, on 
the platform of which there are located accelerometers. The gyroscopic device used 
in the system, in the form of a GSP, is oriented along ihe axes of the inertial 
system of coordinates. Thus, the GSP is used for "memorization" of the position 


of the vertical at the initial moment. 





Fig. 11,23. Fundamental diagram of mechanical 


Let us consider the principle of operation of the mechanical (geometric) 
erector of the vertical (VE) and clarify the condition of undisturbability of the 
system by accelerations of the object. For simplicity we will consider erection 


of the vertical only in one plane, Let us assume that the object moves along the 
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arc of a great circle, 1.a., along an orthodrome; rotation of the Earth we will not 
consider in the beginning. 

Simplified fundamental scheme of mechanical erector of the vertical is shown 
in Fig. 11.23. On the platform of the VE there is installed an accelerometer A, 
axis of sensitivity of which is directed along trajectory of motion of the object. 
The signal taken from the accelerometer proceeds to the first and second integra- 
tors Ir and Tir and further, through the computer, to motor Mos the latter rotates 
the platform of the VE relative to the GSP by angle y, which is proportional to the 
second integral of the horizontal accelerations of the object (i.e., to path passed 
over by the object S), if we assume that at the initial moment both platforms are 
horizontal, 

Actually, if at the initial moment platform of VE coincides with the GSP and 
occupies horizontal position, then acceleration measured by the accelerometer a 


4s equal to horizcntal acceleration v of the objects 


a= 0. (11.6.26) 


At the output of first and second integrators 
respectively we will obtain 





‘ ce 
= {{ud-* 
Fig. 14.24. Position of o= ods, s {fed . (11.6.27) 
VE and GSP, 


where S is path passed over by the object. 
Angle y of turn of platform of the VE relative to the GSP, according to the 
diagram in Fig. 11.23, will be 


ra { {ode (11,6.28) 


where x 1s proportionality factor. 
From Fig. 11.24 it follows that in order to make platform of VE horizontal 


during motion of the object, angle y should be determined by relationship 


ae (11.6429) 


Then, according to (11,6.28) and (11.6,29), we have 
ee 
: Ss 
dx§ = — 
Mena 
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or, considering (11.6.27), 


. (11.6.30) 


as 

R 
Consequently, when condition (14.6.30) is satisfied, platform of VE will re- 

main horizontal, independently of accelerations of the objects i.e., equality 


(11.6.3C) 1s the condition of undisturbability of the VE by horizontal accelera-~ 
tions of the object. 

It is easy to show that the VE constitutes an oscillatory system with period 
of 84,4 minutes; 1.e., it simulates the pendulum of M. Schuler. Let us assume that 
at initial peint M, (Fig. 11.24) platform of the VE and the GSP coincide with plane 
of horizon. At a certain current point M, the GSP retains constant its initial 
position in inertial space, but platform of VE deviates from plane of horizon (de- 
picted at point M, of the dotted line) by angle 8. Then the reading of the accel- 
erometer, by analogy with (11.6.16), will be 


a =U— gd. 


At the output of the second integrator we will obtain the quantity 


‘ 
ii (v —- g.8) d?, 
which should be proportional to the angle between platform of VE and GSP}; the 
latter is equal to (y + 8). ‘Then, by analogy with (11,6.28), we have 


. tt 
tt b=x{{(v—g3) de (11.6.34) 
or, considering (11.6.29), 
$ ee Ae 
— = — 2. 11,.6,32 
p+ R x{{(o 3) dt ( ) 
After differentiating twice we obtain 


§ A 
P+ = = «(o— g,3) 


ee e 
or, since S = v, 


f+ x8 = o(«— >). (11.6,33) 


_ 


If condition (11.6,30) is satisfied, then instead of (11,6.33) we will obtain 


equation of sustained oscillations of platform of VE with the period of M, Schuler 
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[see (11.6,25) ] 


b+ #p=0. (11.6.34) 


Consequently, when condition (11.6.30) is satisfied, the VE is undisturbable 
by accelerations of the object, 1.e., in inertial systems with mechanical (:°°«uet- 
vic) VE, there is artificially simulated the pendulum of M, Schuler, just as in 
inertial systems with GV. If at initial moment the platform of the VE is horizon- 
tal and in the system there 1s satisfied condition (11.6.30), then subsequently 
the platforms independently of accelerations of the object, will retain its hori- 
zontal position, 1,e., we obtain a mechanical, or geometric, erector of the local 
vertical, 

In an actual system on the platform of the VE there have to be installed two 
accelerometers, axes of sensitivity of which are mutually perpendicular. Further- 
more, platform of VE should ensure the given orientation of axes of sensitivity of 
accelerometers in plane of horizon. Consequently, inertial system with mechanical 
(geometric) VE should have two Cardan suspensions: one for installation of plat- 
form of the VE, and the other for suspension of the GSP, Let us note that in an 
inertial system with gyroscopic vertical there is applied only one Cardan suspen- 
sion. 

In the considered inertial system, there are made very high requirements of 
the accuracy of the GSP. Here the gyroscopic system operates under more complicated 
conditions, which are caused by the variable action of gravitational field of the 
Earth, since the GSP should retain constant orientation in inertial space. A con- 
siderable increase of accuracy of GSP can be obtained in the given system with the 
help of so-called astro-correction. For this, on the GSP we install two telescopes 
with servo systems, which correct position of the GSP by means of sighting of 
celestial bodies. In this case, requirements of accuracy of the GD can be lower 
than in a gyroinertial navigational system. 

In an inertial system with mechanical (geometric) VE coordinates of the object 
are determined by means of measurement of angles of turn of platform of VE relative 
to the GSP. In reference to the scheme represented in Fig. 11.23, this can be ex- 
plained in the following way: Let us assume that the object moves in plane of 
meridian; then the path S passed over by it is proportional to change Ap of local 
latitudes 
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S = Rig, (196.35) 


or, 1f we consider (11.6,29) (see Fig. 11.24), 


dp = 7, (11,6. 36) 


i.e., angle y of turn of platform of VE relative to GSP (Fig. 11.23) 18 equal to 
change of latitude Ag of position of the object. Therefore, quantity Ap is di- 
rectly taken from the VE. In connection with this, the considered inertial system 
is sometimes called geometric [121]. Application in it of GSP provides a reference 
for measurement of angle y of turn of platform of the VE, which is proportional to 
path passed over by the object. Question about determination of coordinates of an 
object in the general case of its motion with the help of inertial system of the 
geometric type will be considered further on. 

Inertial system with analytic vertical erector. In this system with analytic 
vertical erector. In this system there ig applied a GSP oriented along axes of 
inertial system of coordinates; on the GSP there are installed three accelerometers. 
Readings of accelerometers are corrected for accelerations due to forces of gravi- 
tation with the help of external correction of auto compensation. Erection of the 
vertical is carried out by the analytic method. Coordinates of object are deter- 
mined on the basis of readings of accelerometers corrected for accelerations due to 
forces of gravitation. 

Let us consider the principle of action of the analytic VE. For simplicity we 
will consider that the object moves along the arc of a great circle; rotation of 
the Earth will not be considered. In Fig. 11.25 there are shown axes OXOYo2 of 
the inertial system of coordinates, relative to which the GSP maintains constant 
orientation. In the considered case we assume that on the GSP there are installed 
two accelerometers, axes of sensitivity of which coincide respectively with axes 
OY, and O25. dn the same figure there are shown axes 0£10 of the terrestrial sys- 
tem of coordinates (axis Of — the geocentric vertical — is directed along the radius 
of the Earth); angle of rotation of axes Ofnf relative to OXoVO26 we will designate 


by Yo° Let us introduce also axes Oxyz, which are turned relative to terrestrial 


axes O€nf by angle Bs and relative to inertial axes OXoYo 20 by angle y; axis Oz is 1 
the instrument vertical, which is reproduced by the analytic VE; i.e., Oz is the ( 
"analytic" vertical. Consequently, angle 6 is error of analytic VE; thus, 
T= ot B. (12.06.37) 
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In the considered case the otject moves with 
acceleration v along axis On; acceleration due 
to force of terrestrial gravitation directed along 
axis 0€ will be designated by Bo: 

We will compose equation of motion of iner- 
tial mass m of accelerometer relative to the 


motion system of coordinates: 


Fig. 11.25. Erection of analy- 
tic vertical. 


> -—- 
mu=mg+f. 
where mg 9 — force of terrestrial gravitation; 


f — force of elastic deformation of spring connecting mass m with housing 
of accelerometer. 


We will designate acceleration m3asured by the accelerometer by aj it is pro~ 
p> -_ — 
portional to force f, 1.e., & = = ir, Then the above equation can be written in the 
form 
> 7 
Gu: O— ge. 
By projecting the obtained vector equality onto axes OY and OZ» we find ex- 


pressions for accelerations a and a measured by the accelerometers along in-~ 
0 


Yo 
ertial axes OY and OZ» in the form 


G, = UCOS I, + gySiNy,; 4, =—USiNy, + g,C0S Ty. (116.38) 


Accelerations ay and a, are projected onto axes Oy and Oc of the analytic 
0 0 


VE, and with the help of the computer is there determined angle y of turn of 
"analytic" vertical reletive to inertial system of coordinates. Reaily, by project: 


ing ay and a into axis Oy, we will obtain acceleration ay in the form 
0 


6, =a, cosy —a, siny. (11.6.39) 


By means of double integration of acceleration ay we find angle y of turn of 
analytic vertical relative to its initial position, when the object is at point M, 
1.@., by analogy with (11.6.28) we have 


rf faee, (11.6.40) 


where x — proportionality factor. 
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Angle y obtained in such a way is used in relationship (11.6.39) for determi- 
nation of acceleration By Thus, analytic construction in computer o1 angle jy, 
which characterizes position of vertical, is carried out on the basis of equations 
(11.6.39) and (11.6.40) with the bulk of the well known method of a "reduction of 


balance;" this is directly seen from the block diagram in Fig. 11.26. 


7 





Fig. 11.26. Block diagram of analytic VE. 


It is easy to show that analytic VE is an oscillatory system with period of 
84,4 minutes, i.e., it simulates the pendulum of M. Schuler. For this we will 
substitute in (11.6.40) in place of ay its expression (11.6.39); considering 
(11.6.38) and (11.6.37), we will obtain for small 6 the relationship 


ae 
tot bmx fl (o—g8) da (11.6.41) 
which 1s analogous to (11.6.31). 


Formula (11.6.41), 1f we take into account the fact that (Fig. 11.25) 


an So 
Te" R' 


can by the same method as (11.6.32) easily be transformed to the form (11,6.33): 
ae R 
If there is satisfied the condition of undisturbability (11.6,30) 


1 
R° 
then we obtain 
b+ po, 
aR 

i.e., analytic vertical accomplishes sustained oscillations with period of M, 
Schuler, and consequently, is undisturbed by horizontal accelerations of the object. 

Besider erection of the vertical, in the system there is determined path passed 


over by the object S. Indeed, the value of S worked out by the system is expressed 
by relationship 
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S = Ry, (11.6.42) 


S 
or, if we consider (11,6.37) and the above formla y, = ~ 
S = R(%+ 8) = So + R3 = So + R3, (11.6.43) 


where So — true value of path; 
RB — error in determination of path caused by error 6 in erection of vertical, 

As was shown, in inertial systems with analytic VE, there appears the problem 
of correction of readings of accelerometers for accelerations due to forces of 
gravitation. More detail about methods of solution of this problem in the general 
case of motion of the object will be given further on. 

Above there were given characteristics of different methods of construction of 
tre local vertical in inertial systems. In examining of certain questions of theory 
of inertial verticals and their errors, we will mainly consider inertial systems 


with GV. 


2. Dynamic Characteristics of Inertial Verticals (IV) 


a) Preliminary Remark 

Dynamic characteristics of IV determined by its differential equations and 
transfer functions, will be found in reference to an inertial system with gyro- 
scopic vertical, which will subsequently be called an inertial vertical, Orienta- 
tion of axes will be taken as geographic, in which axes of sensitivity of acceler- 
Ometers are directed along the north-south and east-west lines. 

Geometric and kinematic parameters of IV, if we consider selection of Euler 
angles according to Fig. 1.6, will be the same as for GV using astatic gyroscope 
with ordinary (not integral) pendulum correction (§ 6.2, Par. 1). Only expressions 
for projections Ugs uy Up of angular velocity u of axes O€70, which for IV are 
assumed to be oriented geographically, will differ, since for the GV considered in 
§ 6.2 GV they were connected with the trajectory of the object. 

In the beginning we will give dynamic characteristics of the accelerometer 
which is the sensing device of the inertial vertical. 


b) Dynamic Characteristics of Accelerometer 


rccelerations measured by accelerometer, Accelerometer measures accelerations 
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caused by non-gravitational forces, among which, for instance in reference to air- 
craft, there are included: thrust of motors, drag, lift, and others. Accelerations 
due to forces of gravitation are not measured by the accelerometer, since they act 
equally on its housing and on its sensitive element. As the rensitive element there 
is applied a certain mass connected with housing of the instrument with the help of 
a spring, Therefore, the accelerometer does not register, for example, free fall 
acceleration of the body. Due to this peculiarity of the accelerometer, inertial 
systems determine distance passed over by the object (vehicle) under the action of 
nongravitational forces, but do not take into account distance passed over under 

the action of forces of gravitation. This leads to the necessity to compensate in 
inertial systems accelerations due to forces of gravitation. 

We will clarify what has been said with several simple formulas; thus, we con- 
sider that the object moves near surface of Earth. Let us assume that sensing de~ 
vice of accelerometer is an inertial mass connected with housing of the instrument 
with the help of a spring. Readings of accelerometer are proportional to displace- 
ment x of mass m relative to the housing of the instrument: x = kas where a, is 
acceleration measured by accelerometer in the direction of input axis Ox, i1.e., 
acceleration of its mass relative to the housing in the direction of this axis. By 
analogy with the preceding, the equation of motion of mass m of accelerometer rela- 
tive to motionless system of coordinates in projections onto axis Ox will be written 


in the form 


(mo), = (me, +7), 


(7), =m(o— ze), (11.6, 44) 


=> 
Since (Te = cx (c is stiffness coefficient of spring, and x is displacement 
of inertial mass), then, designating acceleration measured vy accelerometer along 


Sg & 
axis Ox by a, x ee we have 





m 
@,= WV e— Bor (14.6.45) 
oa . 
where W_ = (v)_ — projection of absolute acceleration of object (vehicle) onto 
x x 
axis Ox} 1 
-_ 
Boy ™ (8) — projection of acceleration due to force of terrestrial gravi- { 
x tation (gravitational acceleration) onto the same axis. 
From formula (11,6.45) it is clear that accelerometer measurrs so-called 
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apparent acceleration, i.e., difference between absolute linear acceleration of ob-~ 
ject and gravitational acceleration. If axis Ox is directed vertically upwards, 
then Bo “Bo During motion of object vertically with acceleration Wy > 0 the 

x 


accelerometer measures acceleration a, ™ Wy + Boe During motion of object downwards 
with acceleration Wy < 0, if we designate in this case the projection of accelera-~ 
tion of object onto axis Ox by -W, we will write *he expression for acceleration 
measured by the accelerometer in the form a, = W + Eos During free fall of body 
| wI = Bo and consequently a ™ 0, 1.0., the accelerometer, as was shown earlier, 
does not register free fell acceleration of the body. 

Let us add to (11.6.44) the equation of motion of the object relative to in- 


ertial system of coordinates; this equation can be written in the form 
- —> = 
Mo = Mg, + F, 
where M — mass of object (vehicle); 
oma 
v — absolute acceleration of center of gravity of object; 
= 
F — resultant of all non-gravitational forces acting on the object. 
From tnis equation we find 


— 
> -» 


F 
; U—-h=7F- 


By substituting the last equality into (11.6.44) and considering (11.6.45), 


we obtain 
F 
‘Ss a es Al * 


As was shown, the accelerometer measures difference between absolute accelera- 


tion of object and gravitational acceleration. This difference a is sometimes 
x 
called "thrust acceleration," since the greatest of the forces acting, for instance, 
on an aircraft, is the thrust of the engine. 
If, in accordance with what has been said, the axes of sensitivity of the 
three accelerometers is directed along axes 0£, On, 0f of coordinate system 0é7¢, 


then accelerations measured by these acclerometers Bg» Bp» Bp will be 
a= W.—g, a,=W.—g,; a,=0.—@,, (14.6.46) 


where Wes WW We — components of absolute acceleration of object along axes 070; 
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Boe» Bon! Bor — components of gravitational acceleration along the same axes, 

From formulas (11.6.46) it directly follows that for determination of components 
We» Wa? We of absolute acceleration of the object along axes O&nf it is necessary to 
compensate components Boe? Eon? Boe of gravitational acceleration. In INS operating 
in a terrestrial system of coordinates, this compensation is carried out by means 
of installation of the accelerometers on a platform gyro~stabilized in the plane of 
the horizon. In INS operating in inertial system of coordinates, accelerations due 
to forces of gravity are taken into account with the hely of external correction or 
auto compensation, 

In connection with the above noted peculiarity of accelerometers, sometimes we 
say that they determine not real accelerationa of the object, but only apparent 
accelerations; therefore, after integration of signals from accelerometers we ob- 
tain not real velocities and displacements of the object, but apparent. For finding 
of real values of velocities and displacements of the object, it would be necessary 
for instance, to introduce into the input of the first integrators correcting sig- 
nals proportional to corresponding components of accelerations due to forces of 
gravitation. 

Principle of operation of accelerometer and its dynamic characteristics. As 
was said, sensitive element of accelerometer is the inertial mass, which usually 
with the help of a spring is connected with housing of the instrument, and conse-~ 
quently also with the body of the object (vehicle). Accelerometers are divided 
into linear, or axial, and pendulum. In the linear accelerometer, acceleration of 
the object is determined by deflection of the inertial mass along axis of sensi- 
tivity of the accelerometer; in the pendulum accelerometer, acceleration 1s found 
by angle of displacement of pendulum. Subsequently we will consider the linear 
accelerometer, since accelerometers of pendulum type were considered in Chapter 4. 

Fundamental scheme of linear accelerometer is shown in Fig. 11.27. Housing of 
the instrument H is fixed on gyro-stabilized platform. Sensitive element of the 
accelerometer — mass M — is connected with housing H by spring Sp. Axis On, along 
which mass M can shift is axis of sensitivity, or input axis. Displacement of mass 
M along axis On, which 1s designated further by x, is taken in the form of a voltage 
from potentiometer P; consequently, x is the output variable. Acceleration of ob- 
ject along axis On will be designated a, =; it is for the accelerometer the input 


variable. For damping of natural oscillations of mass M there serves damper D, 
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Differential equation of motion of inertial mass M can be written ina form 
analogous to the equation of motion (4.3.12) of a physical pendulum” (pendulum 


accelerometer), 
mx + bx + cx = ma, (11.6.47) 


where m — magnitude of inertial mass; 


eben; 


b — damping factor; 
' ec — stiffness coefficient of spring. 

In this equation there is not contained acceleration due to forces of gravita- 
tion, since it is assumed that axis On is located strictly horizontally. In 
(11.6.47) there is also not considered friction or influence of certain other factors, 
for instance accelerations due to rotation of the object around its center of gravity, 
the difference between accelerations due to forces of gravitation at the center of 
gravity of the object and at the place of installation of the accelerometer, and 


others [142]. Let us represent equation (11.6,47) in the form 


i+ tay tena, (11.6.48) 


Let us designate 


¢ 
nat, (11.6.49) 





where n is frequency of natural sustained oscilla- 


Fig. 114.27. Schematic diagram tions of the accelerometer 


of linear accelerometer. 
A= V Jeo 41 ,6,.50 
m es ( ) 


Period of natural oscillations of the accelerometer will be 


ee =e 
Tan mY. (14.6.51) 


Ratio b/m will be transformed in the following way: 





“the positive direction of displacement x of mass M in the presence of accelera= 
tion a_ of the object is chosen ir such a manner that for a, > O we have displace~ 


ment x > 0. 
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hang oe = 2, (14.6.52) 
a m 
Vz 
where 
Caley (11.6.53) 





92cm: 


quantity © constitutes relative damping factor. 
Considering (11.6.49) and (11.6.52), we rewrite equation (11.6.48) in the 


following way! 
r+%nxe+ nx =a,. (11.6.54) 


Let us represent (11.6.54) in another form; for this, by analogy with 


(4.3.23), we will intorduce time constant T of the accelerometer 


Ta. (11.6.55) 


2 


Dividing equation (11.6.54) by n° and considering (11.6.55), we have 


Tx + KT x +x = Tia,. (11.6.56) 
Applying to (11.5.56) the Laplace transform, we will obtain the expression 


for transfer function of the accelerometer 


Y (s) = 2(s) = T 


a() TEATS +’ (11.6.57) 


whence it follows that the accelerometer, similarly to the physical pendulum 
(Chapter 4) and the gyrotachometer (Chapter 8), is an oscillatory network. 
In the position of static equilibrium (for a. = const) 


5, = T*a,, (11.6.58) 


1.e., displacement of inertial mass of accelerometer relative to its housing is 


proportional to acceleration a, of the object. 


Considering what has been said, for frequency~response characteristics of the 


accelerometer we can easily obtain formulas of the same form as for frequency- 


response characteristics of physical pendulum and gyrotachometer (see § 4,3, Par. 3 


and § 8.2, Par. 3). 


There exist verious types and designs of accelerometers. In recent years 


451 


2 Te TNT TERE RES INI I SETS oS = ae Oe ES. 


| 
| 





accelerometers of componsational type have come into use, analogous in concept to 
gyrotachometers with zero drive (§ 8.2, Par. 7). Creation of accelerometers intended 
for INS is a very complicated problem if we consider that of such accelerometers 
there are made requirements of high sensitivity, large range of measured accelera- 
tions, strict linearity of readings, insensitivity to vibration and shock, and so 
forth. Different schemes of accelerometers can be met in the literature (see, for 


instance, [149, 117, 142, 108]). 


c) Block Diagram of an IV 

As was shown (Par. 1, c), the position of the IV relative to the geocentric 
vertical is determined by angles © and f. In connection with this, block diagram of 
IV consists of two identical channels, each of which simulates a plane physical pendu- 


lum with period of 84,4 minutes. 





Ae 
Fig. 11.28. Block diagram of "northern" channel 
of IV. 

Let us consider the block diagram of the "northern" channel, the input variable 
of which is the northern component of acceleration of the object, and the output 
variable of which is angle 6 of turn of the gyroscope. Block diagram of this c.an- 
nel [142, p. 458] 18 shown in Fig. 11.28, At the input of the system there enters 
the northern component of acceleration Vy = PVy (p =H- differential operator), 
which is measured by the northern accelerometer Ay with transfer coefficient Ky = 
= pe (T 18 time constant of accelerometer, see (11.6.58)]. Readings of the acceler- 


Ometer enter the first intesrator I, , the transfer characteristic o' which 1s 


Ly 





“Here there js considered a simplified scheme of IV, in which there are 
considered only relative accelerations of the object. 
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2 (k, — transfer coefficient of integrator). Output signal from integrator is 
transmitted to torquer TQ, which has torque transfer coefficient kz. The TQ applies 
a corrective torque to gyroscope G, the transfer function of which is we (H 18 angu- 
lar momentum of the gyroscope), 1.e., the gyroscope, in accordance with precessional 
theory, is considered as an integrating network. Under the action of the applied 
torque the gyroscope precesses, turning relative to inertial space by angle Bo 
which enters adder AD,- 


On the diagram the feedback line with transfer function — —y characterizes 
Rp 


turn of terrestrial system of coordinates relative to the inertial system. At the 


input of this line there enters acceleration Vy = PVy3 at the output there is ob- 


v 
tained angle Peery = aoe which determines angle of rotation of terrestrial system 
of coordinates relative to the inertial system. Angle Pern enters adder AD,» 


from which there is taken the relative angle B = 6, - B » 1.€., the angle of in- 


turn 
clination of the gyroscope together with the accelerometer Ay relative to plane of 
the horizon. Due to this, into the adder AD, there proceeds component BoP of ac- 
celeration due to gravity. As a result, accelerometer Ay registers acceleration 
aig = Vy 7 88 [see (11.6.18) ]}. 

Usirg the block diagram shown in Fig. 11.28, we can compose the equation of 


the IV in the form 


(PU — GP) ae =8,. (11.6.59) 





v. 
Let us replace B, by ( + B)s considering that Pain = ie and introducing 


Peurn 
the designation 


p = Aiksks, (11.6.60) 


instead of (11.6.59) we will obtain 


(o* + © a5) B = pry (4 — =) (11.6.61) 


or equation 
8 2d oe = . Be e e 
p+ OP On (“7 a)" (44.66 62) 


which coincides with the second equation (11,.6.21). 
If condition (11,6.22) is satisfied, we have 
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b+ op=0, (11.6.63) 


1.e., the IV is not disturbed by horizontal accelerations of the object (vehicle). 


ad) Equations of motion of IV 

Composition of differential equations of motion of an IV, which consists in 
the considered case of a gyro~-staoilized platform, accelerometers and integrators, 
4s a comparatively complicated problem [142, 162, 165]. However, in the first 
approximation, for demonstration of the basic properties of an IV it 1s possible to 
be limited to differential equations of motion of simple IV, the fundamental scheme 
of which is shown in Fig. 11.22. Description of this scheme and composition of 
equations on the assumption that the Earth does not rotate was given in Par. i of 
the present paragraph. 

For composition of equations of motion of IV taking into account rotation of 
the Earth and all accelerations acting on the IV we will use the siortened equations 
of Euler (11.6.10), in which Pp, and q, are expressed by formulas (11.6.11). In the 
latter, projections Ug» Wy Up or induced angular velocity u of axes Off for the 
geographic orientation of axes Of and On assumed by us are determined by relationship 


Lilie OD )ie side 
(e525) As torques Me and oe we will consider only torques Nope ee y" 


which are applied to the IV by the system of integral correction; i.e., My = Mot e 
a. 


M, =M [see (11.6.14)]; thus M. 


Ys cory and Me 3 y will be considered to be pro- 


ae 


pburtional to the integrals of readings of the accelerometers a, and ay - The latter 
a al 


jetermined for We << & by relationships (44 76,46). By subetituting i them in 
place of We and Wh components of total accelerations of the object along axes 0€ 
and On, which are oriented geographically, from formulas (2.2.28) we will obtain for 


readings ay and ay of the accelerometers the following expressions (for R >> h): 
d: A 





. Og? , 
@, = 0, — ~ tg7—Uu, sin 9 — gz 
-  @& 
Gy, Ont — tee + U'Reos 7 sin? + (11.6.64) 


+ Wu, sin; — g3 


Then for torques M. and Mie y of integral correction of the IV, by analogy 


or x ns 


with formulas (11.6.19), we will obtain 
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° 


— U oy sin ¢ — g,2) d< 


e e 
s ? * 
Rint tions (1g 8 eve 
® © 


+ U'Reosg sing + 2Uv, sin — g,3) ds 


(11.6.65) 


where ». is a certain proportionality factor, taken to be indentical for both cor-~ 
rection circuits of the IV, 
Let us introduce (1.2.25) into (11.6,11): 


on Of 
ww —§— — — [| Usin —ft 
r=—t—s ( ace er)e ae ee 


: ° , 6 
g, = a+ Ucose + re (using + qlee)? 
Disregarding in (11.6.66), for not too large latitudes p, the last two small 


terms, we will obtain 


N 
pp=—s ; (11.6.67) 
q = a+ Ucos9 +3 


Let us place (11.6.67) and (11.6.65) in (11,6.10): 


t 
i+ vess+ f= Fe (eS ee 


— Uo, sin? — g,2) ds (11.6.68) 


; 

, ae. 

p+ Bo) (ie q tee U*Reos ¢ sin ¢ +- 
+ Uo, sin ¢ — g,3) dz 


whence after differentiation, considering (1.2.26), we find 
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e+ “i Bat = (0, —Uoysing) (4 — ale 


Op0n 
eee tg + Uv, sin ‘) (11.6.69) 


be gee i(5- )4 


eee 
So — (= tg? + U*Reos¢ sin; + 2Uu, sin :) 


When the condition of undisturbability (11.6.22) is satisfied, we will obtain 
equations of the IV in the form 


5 1 /og0 : 
7 f+ Bena = tg + Uoysing) 





R (11.6.70) 


: e : 
b+ a3 = = (= tgz + U*Reos: sin; + 2Uv, sin ‘) 


from which it is clear that equations ef motion of the IV even when condition 
(11.6,.22) 1s satisfied are nonhomogeneous, and consequently the IV, for geographic 
orientation of axes of sensitivity of the accelerometers, wiil not be directed along 
the geocentric vertical. Thus, the IV has a deviation from the geocentric vertical 
which 1s caused by rotation of Earth and vehicular motion (1.e., induced and coriolis 
accelerations), and remains undisturbed only with respect to accelerations vy and 
Vg of the object. These deviations of the IV are usually called its systematic 
errors. Methods of compensation of these errors in INS are expounded in Par. 6 of 
the present section. 

From what has been said, it follows that in the scheme of IV based on the 
gyroscopic method of artificial simulation of a physical pendulum with period of 
84.4 minutes, in the case of geographic orientation of axes of sensitivity of the 
accelerometers, there is not ensured complete undisturbability of the IV by accelera- 
tions due to rotation of the Earth and motion of the vehicle (object). This cir- 
cumstance is due to the fact that, as was shown earlier (§ 4.5, Par. 5), the physi- 
cal pendulum in the general case of motion of the object over the spherical surface 
of the Earth, even when the condition of M. Schuler is satisfied, will be disturbed 
by accelerations of the point of its suspension. 

Equations (11.6.70) can be rewritten in different form. Let us replace Be 
by ye [see (11.6.24)]s we will introduce, by analogy with (11.4,1413) time constant 


T = 3 the quantity = ~é will be designated by transfer coefficient k [see 


0 
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(4.3,24)]; then 


T+ wna (“ere tg? + Uv, sin *) 
: (146472) 


2 
E+ exh (4129 + U"Rcos; sin 7+ 2Uv, sin “) 


In the general case, equations of the IV, if we consider also deflection of 
the GSP in azimuth, are obtained to be more complicated [162, 165, 142]. However, 


if we disregard certain small terms, then they become equation (11.6.70). 


3. Transient Responses of the IV 


a) Transient Responses in the Absence of Damping 

In the absence of damping, if we assume that systematic errors of the IV are 
compensated, instead of (11.6.70) we will obtain differential equations (11.6.23) 
of oscillations of the IV. Since motions of the vertical along coordinates a and B 
are of the same kind, then we will consider only transient response with respect to 
coordinate ~, which characterizes deviation of the IV from the geocentric vertical 
in plar.e of neridian. We will rewrite the second equation (11.6.23), considering 


(11.6.24), in the form 
B+ vp = 0, (11.6.72) 


where v is the frequency corresponding to the period of M. Schuler. 


General solution of equation (11.6.72) has the form 
6 = C, cos vt + C, sin vi, (11.6.73) 


where Cy and Cy are constants of integration determined by initial conditions. 
If we assume that at t = 0, B(O) = Bo, B(O) = By, then in place of (11.6.73) we 
will obtain 


6 = B, cos vi +f sinve. (11.6.74) 


Expression (11.6.74) can also be represented in the form 


§ = Boos (v! + ¢), (11.6.75) 
where amplitude of oscillations B and initial phase « are determined by relationships 
dle, hop (11.6.76) 
B= V e+ -’ Sg 
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Thus, in the absence of damping, the IV accomplishes harmonic oscillations 
with frequency v, whose amplitude and initial phase depend on errors Bo» Bo is the 
initial orientation of the IV. These oscillations do not appear only in the case 
when By = 0, By = 0, 1.e., when at the initial moment the IV is directed along the 
geocentric vertical; thus, during the entire time of motion B(t) #0. As will be 
shown further on, oscillations A(t) of the IV considerably affect the accuracy of 
determination of the inertial eystem of coordinates of the object and parameters of 
its motion. Therefore, in INS there usually are made very high requirements for 
accuracy of initial orientation of the IV. 

Let us note that Bo and By up to the moment of start of operation of the sys- 
tem are random variables. If we consider that they are independent and have zero 
mathematical expactations, then, in accordance with (11.6.74), we obtain the follow- 


ing expression for mathematical expectation B and root mean square value On of de- 


viation of the IV from the geocentric vertical: 


B= 0; (11.6.77) 


V a 
~~ 64, cos! vf +E sint vf ‘ (411..6.78) 


where of and og are root mean square values of quantities Bo and Bos 
0 


0 


b) Transient Responses in the Presence of Damping 

As was shown above, for non-zero initial conditions the IV accosuplishes sus- 
tained oscillations (system is on the boundary of stability). Instrument errors 
of its separate elements also lead to such oscillations of the IV. Tnese oscil'’a- 
tions cause corresponding errors in determination by the INS of position of the 
object and parameters of its motion. In connection with this, during erection of 
the IV there appears the problem of dimping of its natural oscillations. 

Methods of damping of IV are varied. Schemes of damping of IV are divided 
basically into two types: the scheme using internal damping and the scheme using 
external information, 

Let us consider several schemes of internal damping. The simplest scheme of this 


type was proposed by Ye. B. Levental'. The essence of this method of damping is that 
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besides the corrective torque which is proportional to the integral of the accelera- 
tion of the object measured by the acceleromter, there is applied a torque on the 
gyroscope which is proportional to the measured acceleration itself, 

Let us explain how there is carried out damping, for instance, of oscillations 
of IV with respect to coordinate 6. For this we will use the second equation of 
system (11.6.10) 

—Hp,= M,, (11.6.79) 


where p, is defined by relationship (11.6.13). 


We will represent torque My in the form of the sum of corrective torque Mos y 


and damping torque Mae Corrective torque M is expressed by formula (11.6.19)3 


cor y 
damping torque Ma? in accordance with the applied method of damping, will be [see 


(11.6.18) J 


M, = ba, = 6(0,— 2), (11.6.80) 
where b is damping factor, 
Then for moment yi considering (11.6.19) and (11.6.80), we have 
¢ 
M =e { (Guat) d+ 0(Oy — aa): (11.6,81) 
Putting (11.6.81) and (11.6.13) in (11.6.79), we will obtain 
on = ies 0 —_— 3° + é -—- 
i+ | et) d= + * (%y Ro?) (11.6.82) 
whence after differentiation we find 
8 . i 6: 
b+ edt Fad =os(4— a) t a ov (11.6.83) 


When the condition of undisturbability (11.6.22) is satisfied, instead of 
(11.6.83) we will obtain 


b+ eft 23=43,, (11.6.84) 


Let us designate 
, 6 
Cu —, 14-6 8 
a ( SH) 


+ ET Hn no 
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Let us transform z Ep in the following ways 


o +» Vr (11.6.86) 
i & a 
R 


where Pah - [see (11.6.24)]; 
€ is relative attenuation factor 


~ OV Re 11.6.8 
C a ( 7) 


Considering designations (11.6.24), (11.6.85) and (14.6,86), we will rewrite 


equation (11.6.84) in the form 


f+ xv3 ob v*3 = cu, (14.6.88) 


or, introducing by analogy with (11.4.113) the time constant T = Z, we will obtain 


Th + X73 + 8 = cy, (11.6.89) 
where 
pet ee ee. (14.6.90) 
wv ae” 


Equation (11.6,89) characterizes damped oscillations of the IV, which ure 
analogous to oscillations of physical pendulum with damping [see (4.3.25)]. There- 
fore, transfer function of the IV with damping and its transfer characteristics will 
be the same as for the physical pendulum (§§ 4.3 and 4,4). 

From equation (11.6.89) it follows that application of the method of internal 
damping of the IV of leads to loss by the vertical of the property of undisturbabil- 
ity, since it is influenced by Vays and this causes corresponding dynamic errors of 
the IV which are analogous in nature to damping-acceleration errors of the GC 
(§ 11.5, Par. 4, c). Thus, there appear corresponding errors in determination by 
the inertial system of position of object and parameters of its motion, For de- 
crease of errors of the IV it is possible to decrease coefficient c, i.e., relative 
attenuation factor ¢ [see (11.6.90)}, but this leads to weakening of damping of the 
IV. Another possibility of decrease of such errors is application of so~called 


limited damping of the IV [163]. It consists of the fact that damping torque Ma 
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[see (11,6.80)] 18 given in the form of a mixed characteristic instead of a pro~= 
portional characteristic (Fig. 2.18). This form of damping is especially useful 


under conditions of prolonged change of velocity of the object. 





Fig. 14.29. Block diagram of "northern" channel of 
the IV with damping with the help of a direct con- 
nection including the first integrator. 


The above considered method of damping usually is called [142] damping with 
the help of direct connection including the first integrator. Thus, the block dia- 
gram of the "northern" channel of the IV, which is shown in Fig. 11,28, if we take 
into account damping, will take the form shown in Fig. 11,29." According to this 
diagram, equation of IV with damping will be [142] the following equation instead 
of (11.6.61): 


hh s 
(o* + ee ew + =H g,) 8 = poy (“tt — 5) + “ee pte, (11.6.91) 


If we designate 
p = hhh, bmwh,hk,, (11.6.92) 
then equation (11.6.91) will take the form 


pee ew ee ee 
b+ abt Fatm ou (F a) tree | 


WotR aay ace \ 


*In this case, in the diagram in Fig. 11.29, feedback with transfer coufficient 


{ 
Ks should be disconnected. = 
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which coincides with (11,6,83). 

There are also possible other methods of internal damping of IV. One of them 
is damping with the help of feedback including the first integrator. An idea of the 
scheme of IV with this method can be given by Fig. 11.29, if in it we eliminate the 
direct coupling with transfer coefficient Ky and connect feedback (designated by 
dotted line) with transfer coefficient Kee 

With this scheme of damping, equation of IV will have the form [142] 





(Paty + AHH g,)2 = poy (At —F)— ape. (14.6.93) 
Designating, by analogy with (11.6.92), 
p = kiksh,, ga = hhy (11.6.9) 
we will rewrite (11,.6.93) in the form 
bet ad tedeig(t— Ltt. (146.5) 


With observance of condition of undisturbability (11.6.22), we have 
ee 6 6 Ow < 
couse o— — 44.6; 6 
B+ abt B=-T he (116,96) 


considering designation (11.6.86), we will obtain equation of damped oscillations 
of IV 


B+ moh + B= — IVE, (11.6.97) 


which is analogous to (11.6,88), Introducing time constant T = <= [see (12,4113) 5 
instead of (11.6.97) we have 


TH+ XTh +p = — ar, (11.6.98) 


whence it follows that even with the given method of damping with the help of in- 
ternal couplings, the IV loses the property of undisturbability. 

What has been considered above permits us to formulate the following general 
statement [16]: damping of an inertial system by means of any internal couplings 
leads to disturbance of the condition of undisturbability. 

Let us note one more peculiarity of damping of IV with the help of internal 


couplings. If the inertial system is used for control of motion of the object 
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(1.e., operates in the control mode), then damping introduced into the system with 
the help of internal couplings disappears, and the system becomes unstable (16, 10], 
Thus [16], damping introduced into the inertial system by means of internal couplings 
in the readout mode leads to disturbance of the condition of undisturbability, and 
in the control mode completely disappears. 

Due to this, we resort to other methods of damping of IV. One of the effective 
methods is based on use of external information. This includes data concerning 
velocity and coordinates of the object, which are obtained on the latter with the 
help of devices not contained in the INS. Furthermore, with help of external in- 
formation obtained from these systems it is possible to carry out damping of the 
IV, and slso to change period of natural oscillations of the latter while preserv- 
ing properties of undisturbability by accelerations of the object. 

For explanation of this circumstance, we will consider oscillations of the IV 
with respect to coordinate B during use of external information [162]. Let us use 
equation (11.6.79) of motion of the IV in plane of the meridian. 

Let us assume that as information, into the inertial system there enters the 
component of displacement of the object Sy in plane of meridian and componen+ of 
velocity Vi in this same plane. In the inertial system there are produced instru- 


ment values of these quantities Sy and Vay} with help of a computer there are found 


n % db, « 
differences = (Sy - Sy) and FT (vy - N? (where n, and b, are certain coefficients, 
and R is radius of Earth), which together with the reading ay of the "northern" 
1 


accelerometer Ay (Fig. 11,28) are introduced into the first integrator I, « For 
N 


simplification of further computations we will assume that external information 


does not contain errors, Then, by analogy with (11.6.43), error of IV 
* 


S - § ° Vy, = V. 
B= 4, and B = +. Consequently, the signal proceeding from the external 
information into the first integrator will be (n,B + b,B). As a result, for torque 


Mei % of integral correction, instead of (11.6.19) we will cbtain 
Coa 
M,, =? } (% —& — 2,3 — 6,8) de. (11.6.99) 
Putting (14.6.99) and (11.6.13) in (11.6.79), we have 
NY s 6 
b+ Re = (ene na —bf)d:, (14.6,100) 
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whence after differentiation, considering the condition of undisturbability 
(11.6.22), we will obtain 


b+ Fh + Hit po, (14.6.101) 


i.e., the external information provides damping of the IV. Furthermore, the period 
of natural oscillations of the IV, which is equal to 


a V wee 
& T. = 2k a (11.6.102) 


differs from the period of M. Schuler [see (11.6.25)]. Thus the IV preserves its 
property of undisturbability by accelerations of the object. This makes it possible 
to considerably decrease, for instance by 10-15 times [16], the period of natural 
oscillations of the IV; this in a number of cases has great value. 

It is possible to note [142] that introduction of external information is 
equivalent to "change" of the radius of the earth while preserving the intensity 
of its gravitational field. Really, the same period Be cae of oscillations of the 
IV could have been obtained in the absence of external information, if the radius 


of the Earth were r < R, 1.e., 


T =r VL, (11.6,103) 


whence, according to (11.6.102), we have 
os (11.6.104) 
R Set my 
The possibility of decrease of period of undisturbed oscillations of IV means 
of introduction of external information is a property of not only inertial systems, 
but in general, of gyroscopic systems possessing positional properties (gyro~ 
pendulum, gyrecompass). The basis of this property in reference to the indicated 
gyroscopic systems was for the first time given by K. Glitscher [185]. 
Invertigation of the INS using external information permits us to formulate 
the following important statement [16]: "for construction of a damped inertial 
system with arbitrary period which is invariant with respect to maneuvering of the i 
object, it is necessary to introduce into it external information on velocity, and 
coordinates of the object, and on the basis of comparison of this information with 


corresponding information given by the inertial system, to determine angles and 
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angular velocities of the vertical." 

External information can be introduced into the inertial system in discrete 
steps. Interval of time be ween introductions of information depends on period of 
oscillations of the IV. Another peculiarity of damping of IV with the help of ex~ 
ternal information is that error in determination of the informational data (path, 
velocity) leads to corresponding errors in the IV (Par. 7). One of the deficiencies 
of the given method of damping is that with its use the inertial system becomes non- 
self-contained, Detailed investigations of the method of damping of IV with the 
help of external information can be met in special works (for instance, [162, 165, 


46, 10]). 


lt. General Characteristics of Errors of the IV 


Elements of INS are presented with exceptionally high requirements for eccuracy 
of their readings. Due to this during theoretical investigation of INS, of especially 
important value is the analysis of accuracy. However, the question about estimation 
of error of INS has up til now been insufficiently well developed; thus, is explained 
first of all by the complexity of the actual system, and also by the insufficiency 
of experimental data. 

Let us give brief information an errors of IV and about the influence of them 
on the accuracy of the inertial system. Errors of IV, just as of other GD, will be 
subdivided into instrument and systematic errors, and errors in statics and in dy- 


namics will be distinguished. 


5. Instrument Errors of IV 


a) General Characteristics of Instrument Errors 

Instrument errors of an IV are caused by errors of its separate elements and 
subassemblies: gyroscopes, accelerometers, integrators, computers, and others, and 
are due to imperfections of these devices: their structural deficiencies, deviations 
of characteristics of their parameters from rated values, etc. 

Among instrument errors of IV it is possible to include the following: 

1) errors caused by inaccurate initial setting uf the GSP; 

2) errors due to disturbances applied to gyroscopes: unbalance torques; 
frictional torques in axes of suspension; inertial torques due to accelerations «ur- 
ing oscillations and vibrations of the place of installation of the instrument, 


which are connected with elastic deformations of the gyroscopes, etc.: 
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3) errors caused by variations of parameters of gyroscopes and their correction 
circuits; 

4) errors caused by errors in accelerometers and first integrators; 

5) errors caused by inaccuracy of azimuthal stabilization of the GSP; 

6) errors caused by damping of oscillations of the IV, etc. 

Instrument errors of IV are different depending upon character of external 

i influences, i.e., under static and dynamic conditions, Here there are considered 

instrument errors in statics — in the absence of external disturbances, Certain 


errors of the IV in dynamics will be deternined further on (Par, 7). Thus there : 


wr 


is considered tne IV applied in inertial system with gyroscopic vertical. We will 
assume that systematic errors of IV are compensated, and will consider only their 


random components, which under static conditions are treated as random variables, 


b) Errors Caused by Inaccurate Initial Setting of the GSP 


One of the essential factors determining error of IV is inaccurate initial 
installation of the GSP relative to the reference system O&n€, which in the case 
considered further on has geographic orientation, #rrors of initial installation 
of GSP relative to plane of horizo. are characterized by angular deflections a(0) = 
= %, B(O) = By (Fig. 1.6) and angular velocities a(0) = Qo» B(O) = By» and also 


6. of deflection of the 


by a certain angle 6(0) = 6) and angular velocity (0) 0 
platform in azimuth, If in the first approximation we disregard azimuthal deflec- 
tion of the platform, then error B of the IV, for instance in plane of the meridian, 


4s characterized by expression (11.6.74) 


be 


p = B, cos vf + -> sin vt. 
Thus, errors By and Bo of initial orientation of the IV cause oscillations of 


it with period of 84,4 minutes. Root mean square value on of angle of deviation 


of the IV from geocentric vertical is determined by relationship (11.6.78) 


e ?. 2 
= 4, COS vb + — > sin’vé . 


Limiting value Bn of error of IV, by analogy with (4.6.87), will be (for B = 0) 
p,, = 2%. (11.6105) 





where z is determined from Table 1 (§ 4,6, Par. 10) by assigned probability Q, of : 
the current angle B exceeding limiting value Bat 
Example 11.15: To calculate root mean square on and limiting B values of 


error of IV due to initial deviation of it from vertical, 32 minut2s after inclusion 
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of the system, for the biggest values of initial deflection and angular velocity 
Pow os Bom = 0.6 angular minutes/minute, During determination of limiting value 
Ba of error of IV, we should assume probability Q. that current angle B will exceed 


limit B_ by not more than 0.1%, 
m 


Solution: 1. We find root mean square values "Bo and Bo? considering them 


to be equal to 1/3 of tie biggest deviations: 


42 fe == ax 1’ = 0,0002909 rad., 
%, = be -“5 0,2 ange min/min = 0,9696. 1u--® l/sec. 
2, By formula (11.6.24) we calculate frequency v of oscillations of the IV: 


= bey —88t t.10- 
v /# aie 1/sec. 


3, According to (11.6.78) we find root mean square value O5 of error of IV: 


3 
ey tee sin® vf =: 


3 14 
(2,909)*. 10-* cost 1,24. 10-3. 1920 + (9:69) 107 2s 24 10-3. 1920 = 
(1,24)*. 10-8 
.w 0,0005787 rad, = 2’. 








4, For a, = 0.1%, by Table 1 (§ 4.6, Par. 10) we determine z = 3,3; then by 
(11.6,105) we find limiting value B, of error of the Iv: 
p,m 2%, = 33-2 = 66. 
From Example 11,15 it follows that error of IV caused by inaccurate initial 


installation of GSP may be considerable, 


b) Errors Due to Disturbances Applied to GSP 


For determination of errors of IV due to disturbances applied to GSP it is 
necessary to consider s concrete design of uSP, We will show certain peculiarities 
of the influence of disturbances, considering the design of IV shown in Fig, 11.22. 
Let us use shortened equations (14.6.10), where Py and q4» if we do not consider 
rotation of Earth, are determined by formulas (11.6.13), As torques cy and yy 
we will consider torques Mee . and M oes y? which are applied to the gyroscope by 
the system of integral correction, and perturbing torques f(t) and f,(t), applied 
to axes of Cardan suspension of the gyroscope: 


M, =~ My, + Si): M, = MM. +f, (6). (14,6,106) 
Substituting here relationships (11.6.19), we will obtain 
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M,,=¥ f (o.— @2) dz + f,(t) 
’ (11.6, 407) 
M,.= * f (¥.—«.) d= + f,(¢) 


We will introduce (11.6.107) and (11.6,13) into equations (11,6,10): 


ers 


e+ “£ “Semele A 


Se 


(11.6, 108) 


ete 3s 


b+ ~ 5S (en y— @) a: + AD 
whence after differentiation we will obtain 
a+t ae 
When condition of undisturbability iy is satisfied, we find 
“ 1 
e+ Bens fit 
Lp tl 
b+ Spm Aw) 


whence it follows that perturbing torques which are constant in magnitude f,(t) and 


(11.6.109) 


(11.6.110) 


f,(t) do not change v...2 position of equilibrium of the IV, but cause, as will be 
shown further on, oscillations of it near the position of equilibrium, 
As perturbing torques f(t) and f(t) we will consider at first static unbalance 
of the gyroscope, when its center of gravity lies on axis 0z (Fig. 11.22) at a 
certain distance 1 from point of support 0. In this case weight of gyroscope P = Mo 
introduces a torque whose components relative to axes Ox, and Oy, are determined 
by relationships (2.3.56) 
flth= —F1]W,—(, +8,)8) 
p (14,6,117) 
AO= | EM — (MW, +8) 3] 
Considering that We << G and taking into account (11.6.17), we will rewrite 
(11,.6.411) in the form 


nn~— (9) (11.6,142) 
hin =P (2 —a) 


Substituting (11.6.142) into (11,6.107), we will obtain 
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' ; 
M,,= | (ee — 6°) ds — IP (3s ae ) 
| (11.6,113) 


Mm fly —ed) e+ i (ae -+) | | 


Taking into account (41.6,13) and (11,6,113), we will rewrite equations 
(11.6.10) in the form 


(11.6,144) 


whence, differentiating and considering designation (2.3.20) 
sn, | (11.6, 445) 
we will obtain equations 
i+ Fee Moi(g— a) 
oe bom 6.) 2 
b+ Fatt tins, (= a) te ts 
which for k = O (4.e., for 2 = 0) became equations (11,6,21). 
When condition (11.6,22) is satisfied, we have 


a 6 
6+ Be—ipn—-a 

ce (11.6,147) 

6+ Bp+hn 
R 
whence it follows that in the presence of static unbalance of the gyroscope, even 
when condition (11,6,22) is satisfied, the IV is disturbed by maneuvering of the 
object (vehicle). 
For determination of errors a and 6 of the IV which are caused by static 


unbalance of the gyroscope, in virtue of (11.6,117) we obtain the following differen- 


tial equations in operator form (p = ap): 


e+) +hp]em— a(t & fs i + =. (11.6.148) 


[P+ ay + Atp'|p = a( pt ft) 9 2. (141.6.119) 


From these formulas it follows that for constant Vy and Ves the IV will be 





undisturbed by accelerations of the object. However, in the process of establish- 


ment of these values of Vy and Vee the IV will be disturbed by maneuvering of the 


469 


Gs — 


ee sm - CE ral = - ash 


>. 


os 


SR 


object, Furthermore, according to the left sides of equations (11,6.118) and 
(41,.6,119), during static unbalance of the gyroscope there will be changed transient 
responses of the IV, 

Therefore, gyroscopes applied in INS have to possess high accuracy of stabiliz- 
ation of center of gravity. These questions are considered in detail by G,. 0. 
Fridlender [462], 

As another form of disturbances we will consider frictional torques in axes 


of suspension of the gyroscope, Then, considering that f,(t) =Mp. , and f,(t) = 


x 


=M » we will rewrite (11.6.107) in the form 


M,= +f (eer) +M,, 


fry: 


(11.6,120) 
e 
M,.= 8 f(y eof) + My, 


Substituting here in place of M and M for the case of dry (Coulomb) 


fr x fry 
friction the expressions (2.3.84), we will obtain 


Mam (oe ea) 4-4 ME, + K, sien 


| } (11.6,124) 
M,= {lov gf) d: + My, —X, signa 
Let us introduce (11,6.121) and (11.6.13) into equations (11.6.10): 
val Ne ae ae 
‘+ = Tl lee—ae)e: + —# + Assigns 
(11.6,122) 


; : 
* 1. Me. : 
p+ = = (v-e B) ds + —v — Fe signa 


whence, if we disregard sign-alternating components of frictional torques (K, = Ky = 
= 0) and consider (11.6.22), we will obtain 


e+ Bam; P+ 2p =0. (11.6,123) 


41.,e., components of frictional torques with fixed sign in axes of the suspension 
of the gyroscope do not change the pusition of equilibrium of the IV,* but cause, 
in general, oscillations of it near the vertical, 

Let us explain this in an analysis of motion of the IV in plane of meridian, 
i.e., with respect to coordinate B, Let us assume that at t = 0 B(0) = B, = 0; 
in accordance with the second equation of system (11.6,122), initial angular velocity 
A(0) = Bo is determined by the fixed-sign component Mer y of frictional torque 


*What has been said is valid if we assume that quantities Mee x? Mer y of fixed- 


sign components of frictional torques in axes of suspension of the gyroscope are 


constants. 
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{see (2.3,90)]: 
Me (11.6,124) 
,- 2-4 


Then oscillations of the IV, according to (11.6.74), for B) = 0 and 65 = 1 


are determined by the relationship 
y 
Pa sinvi. (14.6,125) 


If we consider a group of IV made according to the same model, then fixed-sign 


0 0 


component M of frictional torque is a random variable. We will consider M 


fry fr y 
to be a normal random variable with root mean square value o 0 3 then, in virtue 
fry 
of (11,6,124), root mean square value o 0 of random rate of precession Me of gyro- 
4 
scope under the influence of friction will be 
1 
“2,” (141.6.126) 


For root mean square value Op of error of the IV, if we consider (14,6.125), 


we will obtain 
e 


¢, = — sinvt, (44.6,127) 
8 v 


where o , is determined by formula (11,6.126). 
"4 
Example 11,16: To calculate root mean square oF) and limiting Ba values of 
error cf the IV due to the fixed-sign component of frictional torque in axis of 
suspension 21,1 minutes after turning on the system, for the following initial data: 


root mean square value of fixed-sign component of frictional torque o ote 0,01 g-cm, 
fr y 
angular momentum of gyroscope [4, p. 147] H = 6.45+40° g«cm sec, frequency of 


oscillations of the IV v = 1,24-40°7 4/sec (Example 11.415). Limiting value 6, of 
error of the IV is determined for the conditions of Example 11.15. 


Solution: 1. By formula (11.6,126) we find root mean square value o 4 of 
4 
random rate of precession under the influence of friction: 
“On Sue “TF 
ty 1, 


2. According to (11.6.127) we calculate root mean square value og of error 


0,01 ==0,155-10-3 1/sec. 


of the IV: 


@ 

: $ 

aye sin vt = SSS-IT™ | 0.00125 rea = 473, 3 
wie 1,24.10-9 


3. By the same method as in Example 11.15, we find limiting value Ba of error 


of the Iv (for 6 = 0): 
B,, = ze) = 3,3-4,3 = 14’,2. | 
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From Example 11,16 it follows that even comparatively small frictional torque 


causes considerable deviations of the IV. 


d) Errors Caused by Variations of Parameters of the Gyroscope and its Correction 
Circult 


Variations of parameters of the gyroscope and its correction circuit also cause 
errors of the IV, For explanation of what has been saic. we will consider corres-~- 
ponding errors of the ‘n plane of meridian, i.e., with respect to coordinates 


B, Let us use second equation of system (11.6,21) 


b+ 4 29%, (£— ). 
We will consider that in the considered system there can be changed angular 
momentum of gyroscope H, and also coefficient i. 
Since according to (11.6.60) » = k, kok, then it is clear that uw is changed 
due to deviations from rated values of transfer coefficients of the accelerometer 


ky» of the integrator ky, and of the torquer k, (Fig. 11.28), In the considered 


3 ( 
case we consider change of yw due to deviation of transfer coefficient Ks of the 
torquer with respect to the corrective torque applied to the gyroscope. 

From the above equation it follows that for constant acceleration Vy = const 


in cage of zero initial conditions 


“Ns (p t vA “ 
m= ——Y,.(—— — —]/ 1 —cos —— te}. 
Let us designate peak value of error of the IV 
H: Bs 1 
B= on xl ee) (11,6, 129) 
Let us find change of quantity Beak due to change of H and pp. Let us designate 
true (rated) values of H and yu 2y Hy and uo. According to (11,6.129), to them 
there will correspond peak value Ppeak(0) of error 
Me ; He i 
en taev(HO® ; 


Let us assume that in the IV, by analogy with (11.6,22), there is realized the 


condition 
abacus (14,6.430) 
Me R 

when it is satisfied we have 
Bo) = 9. (14,6,131) 


We will assume that in the actual instrument these parameters differ from rated 


values by 6H and Sy and are respectively 
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Hw, + 2H; ff = pe + op; 
thus Peak will be determined by formule (11.6,129), i.e., will differ from value 


Ppeak(o) >Y 


8, = 8, —B, coy (11.6.132) 
which represents the change of amplitude of oscillations of the IV due to changes 


of H and yp, or the amplitude of oscillations (error) of the IV, since Beak (0) = 0 
[see (141.6,134)]. 

Since 6H and Sy are small quantities as compared to their rated values, then 
for determination of OB eak we will use method of solution of the analogous problem 


given in § 5,5, Par. 2c. Then, in virtue of (11.6,129), we will obtain 


ws, = Se aH 4 ep, (11.6.433) 


For partial derivatives pga} and “penkion we have 


Fam cea oy ; te Fe coy we: ’ H, : 
OH, . eR is & i2R 
Putting them in (11.6,.133), we will obtain 


Oy Hy (ts oH 
B= ae (E- te)" (414.6.434) 


H 
When the condition of undisturbability (11.6.130) is satisfied we have — = 1, 
O 


and in place of (11.6.134) we find 


oy, we 
4, = - a) (11.6.135) 


If we consider that 65. and 6H are independent random variables with zero 
mathematical expectations, then according to (11.6.135) we will obtain the following 
expressions for mathematical expectation 5B. and root mean square value o 

peak 6B. ak 


of amplitude of oscillations of the IV: 


af, = 0; (11.6,136) 


gl tate, (14.6.137) 


where Se, and Soy are root mean square values of errors 6 and 6H, 


Formula (14.6,137) can also be represented in the form 


je ee. 


oy, = ul tet , (14.6. 138) 
~ 
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where oe, ane Ony are root mean square values of relative errors oe and fe 
Lo fh 0 0 

Peak value OB ak of error of the IV due to variations of parameters 6H and Sp 

can be very high, However, such a value of error of the IV is scarcely attained 

under real conditions of use of the IV, Thus, for instance, in the considered case 

error of IV will obtain value OB Deak under the condition that the object moves with 

constant acceleration Vy for a quarter of the period of M. Schuler, 1.e., approx- 

imately 21,1 minutes, Such duration of the action of acceleration which is constant — 

in magnitude is hardly possible, In practice, time of action of acceleration will 

be considerably smaller, and therefore error of IV will be much less than its peak 

value OB eak* Due to this, calculation of error of IV due to variation of parameters 

5H, 5. should be conducted not for peak value OB eak? but for the current value 

68, which exists at a given time of action of the acceleration Vye For error 68, 

if we proceed from formula (11.6,128), by the same method used during determination 

of OB ak we obtain the following expression: 

88 am 83, (1 —cos vé), (11.6,139) 

. where peak value OP eak of error of the IV is determined by relationship (11.6.135). 





Then for root mean square value [58 of error of the IV we have expression 
Oy = %, (1 —cos v2), (14.6,140) 


where root mean square value [58 of amplitude of error of the IV is determined 
pe 


by formula (11,.6.137) or (11.6.138). 

Errors 6. and 5H also change the frequency of natural oscillations of the IV, 
and consequently disturb the condition of undisturbability (11.6.130). 

Analogously, deviation 6y of frequency of oscillations of the IV will be obtainec 


in the form 


4 -+°(t-7) (11.6,.1441) 


or the root mean square value will be %, 


} 
Jt is beg 
{= —d + —%y - (11.6,142) 
! Vag 


Formula (11,6.142), by analogy with (11.6,138), can also be represented in 


the form 


wnat & tte : (11.6.143) 
. ® 


Using (11.6.125), we will obtain expression for root mean square value Cer 


f: of error in a period of oscillations of the IV 
: % 


a8 y 
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Example 11,17: To calculate root mean square SB oe One. Seys Spp and limit- 


ing OF eak m? 6p, ovis oT. values of errors of the IV, and also of errors in fre- 


quency and period of its oscillations for the following initial data: Ty wo 


5064 sec; v = 4.244077 1/sec; the constant value of acceleration of the object 
=2 m/sec” acts for t = 10 minutes; the biggest values of relative errors of 
m 


parameters of the IV (4) = (FA) = 1%, Limiting values 68 a oT 
Om Om 


peak m? 
are determined for the conditions of Example 11,15. 


Solution: 1, We find root mean square values by 2 Opn of relative errors 


my | 
Wg Ng 
1a 
Ae/m _ 0,01 = 0,0033, 
3 
ih 
= "S008, 
2, By formula (11.6.138) we calculate O56 
liwl \/% 4s 9? yoo 
Ca, 4 0033)? + (0,0033)* == 0,0009516 rad — 3’,27. 
Wa et, “a? )?-+ (0,003)? == ra 


3, Using (11.6.140), we find Ong! 
Oy tag, (1 — cos vt) = 3,27 (1 — cos 1,24- 10-9. 600) --0°,83 


4, According to (11.6,143) and (11.6.144), we determine o,, and o,n: 


4% 


et H 


= + 184-1073 Vases + (0,0033)? = 0,288.10 “5 1/sec; 


‘ Le 0,2804. 10-5 


a igcs = 11,82 sec, 
44. i 


r= 7, ~— 


5. By the same method as in Example 11.15, we find limiting values of errors 
(for BB eek = OB = by = OT = 0): 
Bo 2%, = 3,3- 3,27 = 10’,79, 
Bos iqy= 3,3-0,83 = 2’,74; 
Wy, = 24, = 3,3-0,2894. 10-5 = 0,955. 10-* 1/sec 
aT = tyy = 9,3. 11,82 = 39,01 sec, 


From Example 11.17 it follows that deviaticns of parameters of the IV can have 


a considerable influence on its accuracy. Therefore, it is necessary to make high 
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requirements of the stability of H and uy. 
e) Errors Caused by Errors of Accelerometers and First Integrators 


First we will consider influence of errors of the accelerometer on IV. To 
determine errors of IV with respect to coordinate B, we will use the second equation 


of system (11.6,20), which, taking into account (11.6.18), we will rewrite in the 


form 
py oe mH fa de, (14.6,445) 
R H v 
Accelerometers have two forms of errors: 1) error of transfer coefficient K, : 


(Fig. 11.28), which causes deviation in magnitude of coefficient » [see (11.6.60)]; 2) 


error bay in measurement of acceleration ay by the accelerometer. 
41 


Change of transfer coefficient Ky of the accelerometer, which leads to change 
5u, has the name of scale error; the latter linearly depends on measured acceleration, 
Influence of 6 on error of IV was considered earlier (Par, e); thus, for example, 
change of ky causes through 5. error of the IV, which is determined by relationship 
(12,.6.140), 

Therefore, subsequently we will be limited to estimate of influence of error 
me of accelerometer, which is caused by displacement of its zero, Taking into 


account oa. » we will rewrite equation (14.6.145) in the form 
4 


bth t flere (2.6.06 


or, taking into account (14.6.18), 
bE = Fl (veh + '4,) ae (11.6.147) 


whence, after differentiation, 1f (11.6,22) is satisfied, we have 


ope + 
b+ nem ey: (14.6, 148) 
Integrating (11.6.148), we obtain - = y) 
1 
8 = C, cos v/ +C,sin vt + 2-éa,., (11.6.149) 
For initial conditions t = 0, B(0) = By = 0, B(0) = 8) = 0, we have 
' 
| B = =, i, (1 — cos vt), (41.6.150) 
whence it follows that the IV accomplishes oscillation near the displaced position . 


determined by quantity —+ 6a. 
B 4 


Root mean square value on of deviation of "V will be 


= a, (1 — cos vé), (14.6,151) 
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where 5 36 root mean square value o. displacement of the zero of the acceler- 
4 
meter, 


Example 11.18: To calculate rout mean square og and limiting Bo values of 
error of the IV for the following initial data: root mean square value of displace- ~ 


ait 
ment of zero of accelerometer Os = 0,5 cm/sec’; vy = 1,24°410 ~ 1/sec; value of 
4 


he 


moment of time t = se = 21,1 minutes, Limiting value Bs is determined for the 
conditions of Example 11,15, 


Solution: 41. By formula (11,6.151) we determine On! 
1 4 8 ae , 
- — _ sx — 0,5/ 1 — cos —] = 0,000097 rad = 1’,75. 
a i %e,, (1 cos vt) aa 5( cos >) ra 


2. By the same method as in Example 11,15, we find limiting value Ba of error: 
Bg = 8) = 3,3-1,75 = 5°,78. 
From Example 11.18 it follows that accelerometers applied in INS have to 
possess extremely small displacement of the zero, 
Let us turn to analysis of influence of errors of the first integrator on 


accuracy of IV; these appear due to; 1) error in transfer coefficient k, of the 


2 
integrator (Fig. 141,28), which causes deviation in the magnitude of coefficient 1 
[see (11.6.60)]; 2) “arift" « t of integrator* (ec is deviation of integrator in 

41 sec), 

Influence of the first of these factors, which manifests itself in change of 
coefficient n, is the same as that due to variation of parameters of correction of 
gyroscope and accelerometer, Therefore, we will demonstrate the influence of drift 
of the zero of the first integrator on error of the IV, For this we will use the 
second equation of system (11,.6,20), which, if we take into account drift of the 


integrator, will be written in the form 
‘ 
Oy e ° iz x 
i+— | ed)ae et), (11.6,152) 


whence after differentiation, if the condition of undisturbability (14.6,22) is 
satisfied, we will obtain equation 


os yt) aa ‘ 
P+ ae 7 e, (44.6153) 


which is analogous to equation (141.6,148) of the IV in the presence of displacement i 


pe 


of zero of the accelerometer, Therefore, by analogy with (11.6.151), for root mean 





*Drift of the integrator is defined [112] as the appearance of an output signal 
in the absence of an input signal from the accelerometer, 
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square value O% of deviation of the IV we have 


Opn By tall C08 9, (11.6154) 


where oO. is root mean square value of drift of the integrator in 1 sec, 


i 


Thus, drift of first integrator, just as displacement of zero of the accelero- 


meter, causes displacement of IV and oscillations of it near this deflected position, 


f) Errors Caused by Inaccuracy of Azimuthal Stabilization of the GSP 


In the given (Par, a) list of instrument errors of IV it was shown that one of 
the causes of these errors is inaccuracy of azimuthal stabilization of the GSP, 
For investigation of this question it is necessary to compose equations of the 
triaxial GSP applied in the’ considered type of INS (see, for instance, [50, 142, 
162, 175]). 

Errors of the GSP are caused by: 1) errors of initial azimuthal orientation 
of the GSP; 2) drift of the platform in azimuth; 3) change of azimuthal orienta- 
tion of axes of sensitivity of accelerometers, Analysis of influence of the first 


two factors on the accuracy of IV shows [175],* that errors of initial azimuthal 





orientation cf platform and drift of azimuthal gyroscope lead to errors of the IV. 


Change of azimuthal orientation of axes of sensitivity of accelerometers also causes 


3 
q 
} 
i 
i 


error of the IV, 


Due to what has been said, there are made very high requirements of the accuracy 


of initial azimuthal orientation of platform and drift of the azimuthal gyroscope. 


&) Errors Caused by Damping of Oscillations of the IV** 

Let us consider possible errors in IV during damping of it with the help of 
internal couplings; errors during damping with help of external information in 
dynamics will be discussed in Par, 7. Let us assume that damping of the IV is 
carried out by means of feedback, including the first integrator (Fig. 14.29). For 
this case, motion of the IV with respect to coordinate B is described by equation 


(11.60.97): 
0 
B+ Xb 9 =— 2. (11.6.155) 
Fer For Vy 7 const, error of IV upon completion of transient response is determined 
by relationship 
z. on . 
b= (11.6,156) 


Example 11.19: To determine error Bot of IV due to damping by means of 





*See also: A. A. Yakushenkov, Fundamentals of inertial navigation "Naval 
Transport," 1963, 


| **These errors may also be included among systematic errors, 


MM il MEA UES dale Lore ES 


inclusion of first integrator by feedback for the following initial data: relative 
damping factor € = 0.5; Schuler frequency v = 4,24°4079 1/sec; constant value of 
velocity of ship in plane of meridian vy ™ 10 m/sec; R = 6371 km, 

Solution: By formula (11.6.156) we find magnitude of error Bat 

Pep] arte OE ae ee, 0.001880 tat a 4:88, 
% R  4,24-10-3 —6371.10° 

From Example 11.19 it follows that error Bot is considerable. It will be still 
larger if IV is installed, for instance, on au aircraft. Thus, for speed of air- 
craft vy = 200 m/sec for the same initial data we will obtain error [B,.| = 87!, 
which is absolutely impermissible. Therefore, the most expedient is damping of IV 


with the help of external information, 


h) Influence of Errors of IV on Error of Determination of Coordinates of the Object 
Vehicle e 


Considering the operation of INS with geographic orientation, we will estimate 
influence of error of IV with respect to coordinate B in the plane of the meridian 
on error 6S in determination by the inertial system of path S, passed over by the 
object in this plane,* Thus we will not consider the influence of other errors on 
5S, for instance due to error of initial establishment of local latitude 9, errors 
of the second integrator, and others, Of all possible errors of the IV, we will 
take into account errors caused by inaccurate initial setting of the IV, by 
disturbing torques applied to the IV, by variation of parameters of accelerometers, 
gyroscopes, rirst integrators and by inaccuracies of accelerometers and first 
integrators, For this we will use the second equation of system (11.6.20), in which 
for simplification we will consider that vy = 0, Vy = 0; then we will obtain 


; { 
p= Fy (— gd) ae. (11.6. 157) 
Taking into account the above mentioned errors of the IV, according to 


(11.6,108), (14.6.147), (14.6,152), and replacing H by Ho + 5H, uw by to + 6u, in 
place of (14.6.157) we will obtain 


5 AIO 
~ pte pte [fica+, jeter] + A, (11.6. 158) 


whence with accuracy up to terms of the second order of smallness we have 


p= [ei +z (ft- ge: +%,)+ a] +40 (1—F). (11.6 .159) 





*Such questions are considered in a number of the above cited works on inertial 
navigation tees also; N, I, Yefremov, On the theory of invariance of inertial sys- 
tems based on the method of centre eee "News of Higher Educ. Institution, 
Instrument Manufacture," Vol. V, Issue 6, 1962). 
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Let us designate 
tH 
hy =1——-. (41.6,160) 


6 
Then we will rewrite (11.6.159) in the form 


t 
baw (EE byt Efe + ta, )ds +a] hy AO. (11.6,161) 


Since in contemporary precision gyroscopic devices applied in inertial systems, 
oscillations 6H of angular momentum are minute, then in accordance with (11.6,160) 
we will take k, ~ 1 and instead of (14.6,161) we will obtain 


wn (£2. +) ((— : Ao 11.6,162 
p (2+ (fc gf +8a,)d +ul+ if ) 
or 
fo +) = (4 pM.) (2 Aw 
H+ (o He ee Me ¥ Wr) (5, +9) 4 Hy ° a) 
We will transform coefficient _* + g) in the following way: 
ah me 411.6.164 
+ aoe 1+). ( ) 
According to condition ees of undisturbability of the IV 
fn 2; 
He OR 
we will designate 
dm lt. (11.6.165) 
Then instead of (11.6.164) we will ue 
fe w= 
a, + R ‘,. 


Considering this expression, we ae rewrite (11.6,163) in the form 
+s, bpm A (ta, +0)+ Ao, (11.6.166) 
e 


In the first approximation for ote << 1, according to (11,6,.165), we will take 
0 
Ki = 1; then, considering (11.6.24), we will obtain 


1 Aw 
= al, +9)+4—- (11.6,167) 
Designating angular velocity of precession (drift) of the gyroscope 
= AM, (411.6, 168) 
® 


we will rewrite (11.6,167) in the form 
q ° 
b+ as (G+) +5, (11.6.169) 
Further it is necessary to establish the dependence between error § of the IV 


and error caused by it 6S in determination by the inertial system of path passed 


over by the object, Using the block diagram of the IV shown in Fig, 11,28, and 
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supplementing it with the second integrator tier obtaining of path passed over 


by the object Sy = S in the plane of the meridian, we will compose equation of the 


channel for determination of path in the form 
ad 
(Py — af + ta, +e" =S. (11.6,170) 
Considering that kkk, = 1 and not considering changes of these coefficients 
relative to their computed values, for error of path 6S we have 
Oy i 
tS = S— Sm (88 + ba, + 6) 
or 
where B is determined by equation (11.6.169). 
During integration of equations (11.6.169) and (11.6.171) for determination 
of error 6S, we will use the operational method,* For this we will find the trans- 


form of equation (11.6.169) for initial conditions®* t = 0, B(0) = Bos B(0) = Bo? 
G+ BG) = = (ta, +0) + 90, +5, +54, (411.6.172) 


and will consider subsequently that ba, » € and War are random variables which are 
z 


not time-dependent, 


Then we will find the transform of equation (11.6,171) for initial conditions 
t = 0, 68(0) = 68(0) = 0: 


FU (5) = — BP (s)+ ta, +6. (11.6,173) 
Substituting here A(s) from (11.6,172), we will obtain 
a8 (= — hy Mat? _ soll tea) (11.6.174) 


O+¥ F444 = (P+ vie 


Passing over from transforms to inverse transforms, we have 


AS = PLR (cos w — I) + Zia, Ri —cos vf) + 


+E eR(l— coo) — Rif tet (I-22 (11.6.175) 
We will designate components error 6S: 
8S, =» £,R (cos vf —.1); (11,6.176) 
AS, = F be, Rl — cos); (11,6.177) 
AS, = FR (1 — conf) (11.6 .178) ~ 





*See (88), and also: A, Ditkin and Pa L, Kuznetsoy, Reference book on upera- 
tional calculus, State Press for Technic eoretical Literature, 1951. 

**Tt is assumed that initial angular velocity Bo is caused by sampling action on i 
the gyroscope, 
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aS, = — Rhy [1 — (44.6.179) 


"7 
sin vé 
AS, = — Regt (I— “S*), (41.6, 180) 
Then 
RS = &S, + 8S, + 8S, + 2S, + 8S,. (11.6,181) 


From formule (11.6.176) it follows that component 68, is caused by inaccuracy 
of initial setting of the GSP. Considering Bo to be a random variable, for root 


mean square value °os, of error 68, we will obtain r 
Gq, = Ra, (cos vt — 1). (11.6,182) 
Component 68, [see (11.6.177)] 18 caused by error oa of the accelerometer, 
For small time t formula (11.6,177) can approximately be represented in the form 
&S,= ft, R(I— coo tye 2", (44.6,183) 


i.e,, at first error 58, is increased proportionally to the square of time, since 

in the IV there is carried out double integration of acceleration measured by the 
accelerometer, However, subsequently (for large t), increase 6S, is limited due 

to the presence in the circuit of feedback, and the error acquires an oscillatory 5 
character, 


For root mean square value Sg of error 6S, we wil” obtain 
2 


45," Fe Ma, — cos vf). (41.6,184) 


What has been said above completely pertains also to error 6S {see (11.6,178) ] 


due to drift of the first integrator; therefore, for root mean square value OKs 


of error 6S, we have 
“= aa — cos vf). (14,6.185) 


Error 6S, [see (11.6.179)] 18 caused by initial angular velocity Bo of the GSP, 
This error, besides an oscillatory component, contains a component which increases 
proportionally to time, 


For root mean square value “os, of error 6S, we have 


: ain wf \” (11,6,186) 
ty, 2 Rat (1 vt ). 


From formula (11.6,180) 1t follows that error 68, is caused by drift of the 





eyroscope with angular velocity Daye Thus, gyroscope drift, besides oscillatory 


change of error oS.» causes continuous build-up of it in proportion to time, For 
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small interval of time t, formula (11.6,180) can be approximately represented in 


the form 


6 
From what has been said above, it follows that there have to be made very high 


aS, = — Rot (1— “Be — (41.6.187) 


requirements of the accuracy of gyroscope applied in INS. 


For root mean square value %%5 of error 63,, according to (11.6.180), we have 
sin vt 
aus, = Re t(I- =), (11.6,188) 


where o is root mean square value of gyroscope drift velocity, 
dr 


Considering in (11,6,181) all components of error 68 to be independent, and 
taking into account (11.6.182), (11.6.184), (11.6.185), (11.6,186) and (11.6,188), 
for root mean square value [55 of error 6S caused by errors of the IV in determina- 


tion by the INS of path of the object, we have 
Re 
Gy = Rt 3% (cos vt — 1)* + gl, + 7) (1 — cos +f)? + 


+R (ot +a, )a(1— ety, eee 

Example 11,20: To calculate root mean square Ong and limiting 6S. values of 
error in determination by the inertial system of path of the object, which is due 
to errors of the IV, for the conditions cf Examples 11.15 and 11,18; root mean 


square value of angular velocity of gyroscope drift o = 0,2 deg/hr; period of 
®ar 


operation of system t = er : ® = 633 sec; v = 1,24¢10°7 1/sec; R = 6371 km; o, = 
= 0.5 cm/sec’, 
Solution: 1. By formula (11,6,189) we determine Op: 
Gg = 1,85 kn. 
2. By the same method as in Example 11.15, we find limiting value of error 
6S, (for Bs = 0): 
Sm tym $.3-1,55 == 8,12 km, 


From Example 11,20 it follows that for the accepted values of errors of elements 


of the IV and for t ~ 10 minutes, error in determination by the inertial system of 
path passed over by the object is very great. 

Error 6S causes corresponding error 69 in determination by the inertial system 

of latitude of the position of the object, According to (11.6,35) |! 

by = 285, (11.6. 490) 


whence for root mean square value C69 of error 59, we will ottain 


A 
’ 
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oy = Ms: (14,6,494) 


Thus, for the conditions of Example 11.20, we have F5 = 0',83, and limiting 
value of error 69, = 21.74, 

During finding of error 65S we did not take into account instrument error due 
to azimuthal deflection of the GSP, This question is considered in separate works 
(for instance, [162, 175]*). Let us note only that inaccuracy of initial azimuthal 
orientation of GSP and drift of azimuthal gyroscope cause error in the IV, and also 
error in determination by the inertial system of velocity and path passed over by ; 
the object. Therefore, very high requirements are made of the accuracy of initial 
azimuthal orientation of the GSP and azimuthal gyroscope, Besides what has been 
indicated, during motion, for instance, of an aircraft along an orthodrome, azimuthal 
drift of the platform leads to lateral displacement of center of gravity of the 
aircraft from its essigned orthodronie, 

Above there were considered only certain basic instrument errors of IV and 
their influence on accuracy of determination by the inertial system of coordinates 
of the object. It 18 possible to become acyuainted with analysis of other instru- 
ment errors of IV in the literature (see, for instance, [142, 162, 117] and the 
books indicated in the note on p, 494), 


6. Systematic Errors of IV 


a) General Characteristics of Systematic Errors 


Among systematic errors of IV there are included:* 

1) errors due to rotation of Earth and vehicular motion with respect to the 
Earth caused by induced and Coriolis accelerations; 

2) errors due to non-sphericity of the Earth and non-centrality of its gravita- 
vional field; 


3) errors caused by vertica]. comronent of velocity of the object, and others, 


b) Errors Caused by Induced and Coriolis Accelerations 
During the analysis of IV in the case of geographic orientation of axes of 


sensitivity of accelerometers, and with consideration of induced and Coriolis 





*See also: A, A, Yakushenkov, Fundamentals of inertial navigation, "Naval Trans- 
port," 1963; J Warpentie J, Radix, J, Bouvet, G, Bonnevalle, Navigation par 
inertie. Dunod, Paris, 2. 


**Errors considered in Par, 5g, which are connected with damping of osciliations 
of IV, may also be counted as systematic errors, 
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accelerations, there were obtained equations (11.6.70) of motion of the considered 


inertial vertical 


ae & cell Ogln 
eigen x (75 te? + Uo,sine 


5+ * = (4 tg? + UtReos¢ sin 7 + Uo, sin ?) 


Since these equations are nonhomogeneous, then consequently the IV during 
geographic orientation of axes of sensitivity of accelerometers will not be directed 
along the geocentric vertical, i.e., it has a deviation from it caused by induced 
and Coriolis accelerations. These deviaticns, which are usually called systematic 
errors, are determined, according to (11.6.70), for zero initial conditions by the 


following relationships; 


¢t 
e” = — a J (“3 tge + Uo, sin r) sin v(f — *)ds 


¢ 
4 (41,6192) 


+ 2Uo, sin r) sinv(¢ —<) dt 


Errors a®°° and Bee are analogous to errors of a physical pendulum in a Cardan 


suspension [see (4,.5,.23)*]; thus the fundamental circumstance is that the IV is 


acc 


not influenced by relative accelerations Vici Vp of the object. Errors a and Aoee 


are determined to be quantities of the same order as in Examples 4,3 and 4.4 (§ 4.5, 


Par, 6), Since such errors are for inertial systems impermissibly large, they are 


usually compensated, ** 


*Formulas (t.5423) characterize static values of errors of the short-period 
physical pendulum, 

**Above it was shown that induced and Coriolis accelerations cause error in the 
IV. Let us note that errors in determination of coordinates of the object depend 
not on these accelerations themselves, but on their derivatives, Actually, latitude 
m is determined as the double integral of readings a of the northern accelerometer 


y 
(Fig. 11,21). Considering (11.6.64), we have 4 


t 
1 -  & 
I= ~et On + leet UPR sing cosy + Woz sing — g,8 d=?, 
Constant component p° of error of the IV, according to (11.6.70), will be 


r-i(t tay + UtR cos sing + Wo, ang) Substituting B = p° in the expression for 9, 
e 


ee, 
we have g=4%+ SI oya® ; this coincides with (11.6.5), i.e., induced and Coriolis 


accelerations do not cause error in latitude 9 (with accuracy up to the oscillatory 
component of error), If, however, now we consider the alternating character of 
accelerations, then it is possible to show that error in 9 will depend on the deriva- 
tive of these accelerations, 
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For compensation of systematic errors of IV due to induced and Coriolis accel- 


erations there are directly used values of components v,, and Vp of velocity of the 


N 
object and latitude » of the position of the object which are produced by the inertial 
system itself, One of the methods of compensation in IV of these systematic errors 
is that, corrections produced by the computer 2Uvy sin 9, 2Uv, sin 9,...[see 
(11.6.68)] are introduced together with readings of accelerometers into the input 

of the first integrators; due to this, from readings of the accelerometers there 
are eliminated components of induced aru Coriolis accelerations, Let us note that 
certain terms of (11,6,68), for instance U- R cos @ sin 9g, can turn out to be emall 
as compared to other terms, and therefore in a number o°* cases it is not necessary 
to compensate them, 

From the first equat‘-- of system (14.C.2°) it follows that it is aiso necessary 
to compensate the horizontal component U cos » of angular velocity of diurnal 
rotation of the Earth, For this it is necessary to apply to the eastern gyroscope 
of the GSP corrective torque HU cos 9, where H is angular momentum of the gyroscope. 
The scheme of compensation in IV of the considered systematic errors will be given 
in Par, 8, 

Besides INS with geographic orientation of axes of sensitivity of the accelero- 
meters, there are also applied inertial systems with orthodromic orientation of 
these axes (Par, 1b), when the latter are directed along the assigned orthodrome 
of motion of the object and perpendicular to it. With such orientation of axes of 
sensitivity of accelerometers, the IVY also has systematic errors due to induced 
and Coriolis accelerations which are analogous to the corresponding errors of a 
physical pendulum in a Cardan suspension during motion of the object along an ortho- 
drome [see (4,5.24)], These errors of the IV must also be compensated, Detailed 
analysis of systematic errors of the IV for orthodromic orientation of axes of 
sensitivity of accelerometers is given in a number of works (for instance, [142, 
162}). 

) It is of interest to find if there exists an orientation of axes of sensitivity 
of the accelerometers for which the IV would not have systematic errors due to 
induced and Coriolis accelerations, One of such possibilities is indicated by the 
analysis of errors of the physical pendulum with period of 84,4 minutes, which was 
given in § 4.5, Par. 5, There it was shown that if such a pendulum is installed 
on a platform which is stabilized in azimuth from a free gyroscope, then it is 


undisturbed by relative, induced and Coriolis accelerations, i.e., it does not have 
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systematic errors due to rotation of the Earth and motion of the vehicle, and for 
zero initial conditions conserves the direction of the geocentric vertical given to 
it at the initial moment. Such a method of installation of the physical pendulum 
corresponds to an inertial system with free orientation in azimuth (Par. 1b), when 
axes of sensitivity of accelerometers have in plane of horizon constant azimuthal 
orientation relative to inertial space, 

Let us show that in this case the IV does not have systematic errors due to 4 
induced and Coriolis accelerations, For this we will compose equation of motion 
of the IV, using shortened Euler equations (11.6.10), in which Py and q, are deter- 
mined by formulas (11.6.11). If in the latter we disregard small terms Ua and 
Urb for not too large latitudes 9, then we have approximately 

Pp=—b+us a, seta, (146.193) 
Since in the considered case the GSP preserves horizontal position, then com- 


ponents Ug anc u. of induced angular velocity of axes O0€nf are connected with linear 


n 
velocities Vg and Vy by relationships (4.5.10) 


0 
en a % . 
i 2°. a= R (11.6.194 ) 
Then instead of (11.6,.193) we will obtain 
‘ . e & 
a=—§—3; Q=uets- (11 .6.195) 
As torques he and Ns we will consider only torques Moor - and Moor y’ applied 
to the IV by the system of integral correction, i.e., we will assume that My = 
4 
e - [see (11.6.14)]; thus, we will consider M and M to 
Moor x? “yA Moor y cor x cor y 


be proportional to integrals of readings of the accelerometers a, and ay - The 
4 4 


latter are determined for W» << & by relationships (11.6.16). Substituting in them 


in place We and W_ expressions (4.5.9), we will obtain 


n 
Then for torques Mai Se and Moor y of integral correction of the IV, by analogy 


with (14.6.19), we will obtain 


: f ; 
M,, “rf 0,0 rf (% — 0, et) My =e f aydeme J (E+ B8)4. 44 6.197) 


Putting (11.6.195) and (11.6.197) in (11.6.10), we have 
bat omar) (14.6.198) 
,, sy FF ‘3 + 0,0 — gp) de 
beemas| A 
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. ti» 


whence after differentiation we find 
- e 1 « 
+ feema(F—a)- Foe 
Letasglt.2)4 £4 
e+ W ef 4(% nt H Ou 


When condition of undisturbability (11,6.22) is satisfied, we will obtain 


(11.6.199) 


equations of the IV in che form 


it igen 
“+> * Row (11.6.200) 


& ! 
a= — UU 
For the considered inertial system with free orientation in azimuth, component 


Up of angular velocity of trihedron O€n€ relative to inertial space along the axis 
0t is equal to zero (u, = 0). Then, instead of (14.6.200) we will obtain 


c+ Beno 


$+ 2p~0 
i.e., homogeneous equations, and, consequently, the IV does not have systematic 
errors due to induced and Coriolis accelerations, 

Thus, for inertial system with free orientation in azimuth, when axes of 
sensitivity of accelerometers have in plane of horizon constant azimuthal orientation 
relative to inertial space, there are absent systematic errors caused by rotation 
of Earth and vehicular motion, Application of such a system ensures automatic 
compensation of the indicated errors, 

However, we should consider that an inertial system with free orientation in 
azimuth has an essential deficiency connected with the absence in the system of 


a directional torque; this can lead in a real system to drift of the GSP in azimuth, 


c) The Influence of Non-Sphericity of the Earth 


One of the systematic errors of IV is error due to non-sphericity of the Earth 
and non-centrality of its gravitational field. Detailed investigation of this 
error and the bases of methods of its compensation goes beyond the scope of the 
present account of the theory of IV, Therefore, we will be limited only to certain 
short explanations, 

Earlier during investigation of different GU we assumed the Earth to be a 
sphere of average radius R = 6371,.228 km, In reality, the Earth has the form of 
an ellipsoid of rotation, which is called the terrestrial spheriod [160]. On the 
terrestrial spheroid (Fig. 11.30), the equator and the parallel drawn through the 
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Place of observation A constitute circles, The meridian passing through axis PuPs 
(which coincides with axis of rotation of Earth) and place of observation A is an 
ellipse. Semimajor axis of the ellipsoid will be designated a; the semiminor axis 
will be b; radius of parallel on the sphere wiil be designated p. At point A on 
the terrestrial spheroid we will assign a system of coordinates O&fnC having geographic 
orientation: axis O0€ is directed along the tangent to the parallel to the east; axis 
On — along the tangent to the meridian tc the north; axis 0f — along the line AB 
at the angle of geographic latitude @ to the plane of the equator, i.e., along the 
normal to the ellipsoidal surface of the Earth (along the line of action of gravity). 
Geocentric latitude g' is determined by the angle between line AC, which connects 
place of observation A with center C of the ellipsoid, and the plane of the equator, 
The cross section of the terrestrial spheroid along the plane of the meridian is 
represented in Fig. 11,31. 

In the Soviet Union, as the terrestrail spheroid there is accepted the spheroid 
of Krasovskiy, for which the semimajor axes a = 6378.245 km and the semiminor axis 
b = 6356.863 km. The shape of the terrestrial spheroid is characterized by its 


flatiening a, which is determined by relationship [160] 


ence. (11.6.201) 
For the spheroid of Krasovskiy 


as =o %s ao Frequently instead of 
flattening a there is used the magnitude 
of eccentricity of the terrestrial 


—_ Ve-v (11.6.202) 
<a 


Between a and e there exists the 


spheroid 


relationship 
@ = 2a — o*® = 23. 
Difference y between geographic 9 
and geocentric 9! latitudes is called 


the reduction [160] 








Fig. 11.30. Terrestrial spheroid, y=e-—-' (11.6,203) 
it is determined by relationship [66] 
tgyDesin 2p (11.6.204) 
or, considering that a = 4 9 
“ys 11/27" sin 29. (11.6.205) 


The largest value, 11'27" is attained by reduction y at latitude ® = 45°, 


489 


NP p , 4 ~~ 





Radius p of parallel on the spheroid (Fig. 11.30 and 11.31) is determined by 


relationship (160) 
w= Vr : 11.6,206 
. l—@ sint ( ) 


7 Instead of p, B, V. Bulgakov [20] uses the quantity R, = AC! (Fig. 11.31), 





which constitutes the main principal radius of curvature of the surface of the 


spheroid in the plane which is perpendicular to plane of meridian, Since 





R~- L, (11.6.207) 
, 669 
then in virtue of (11.6,206) 
a eer ae (11.6.208) 
We will introduce principal radius of curvature 
Ry = AB of meridianal cross section of the ellipsoid. 
For it we have the following expression (20, 160): 
R= =F, (11.6.209) 
(he dary) 
Latitudes ¢ and 9! are connected through 
eccentricity e by relationerhip (20) 
‘tg’ = (l—e) tg?. (41.6.210) 
During motion of the object over the terrestrial 
Fig. 11.34. Crose section spheroid, there are changed latitude q and longitude 
mine slate oct eee iaian: X of its position, By analogy with (1.2.26) and 
(1.2.27), we have 
ve. ia Foe. (11.6.211) 
where Vn and Vp are components of relative veloc.ty of the object along the meridian 
and the parallel, 
For cor esponding components of absolute velocity of the object, by analogy 
with (1.2.29) we have 
Vem RUcaet+o, Vy = oy. (11.6,212) 
We will give formulas for components Ups ue Up of ongular velocity u of axes 
O@r€ which ts caused by rotation of the Earth and motion of the vehicle, taking into 
account oblateness of the Earth. For Ups Up Ure with geographic ortentation of 


axes Of and Or, instead of formulas (1.2.23) we vasily obtain for the terrestrial 


spheroid the relationships 


? 
beach, ostte canis ntmciiaeiiea tied 


ame ahs ON _ Ys 
“ ° z 
w= (U +1) cose = U cose ene (11.6.243) 


w= (U+i)sing Using + Fier 


which for R, = Ry = R became (1.2.28). Let us note tiat in (11.6.215) there is 
contained geographic latitude @, while in formulas (1.2.28) by @ there is denoted, 

in general, geocentric latitude @'. This distinction is due to the fact that earlier 
(Fig. 1.9) axis Of was considered by us to be directed along radius of Zarth, which 
was assumed to be a sphere. In the case of the terrestrial spheroid (Fig. 11.31) 
axis 00 is directed along the normal to the ellipsoidal surface of the Earth, 1.¢., 
along the line of action of gravity. Pormulan (11.6.213) can be used during the 
analysie of precision GD, in particular IV, if it is necessary to consider non- 
sphericity of the Earth, 

For this purpose it ie necessary to obtain expressions for components of total 
acceleration W of the object, while taking into account non-sphericity of the Earth. 
Let us use general formulas (2.2.37) for components ae wae Me of acceleration W 
along axes O8nl (Fig. 11.30) 


7,4 +40,—08, 
0-0 +He, 8m, (11.6.214) 
V.- 8 +04 — HK, 


where Ups Wh Up = igh of angular velocity u of axes O8n€ which are deter- 
y formulas (11.6,215); 
Vee vA Ve —- projections of absolute velocity of the object. 
Projections v, = Vp and rs V, are determined by formulas (11.6,232), If the 
object, for instance ea ship, acves over the terrestrial spheroid, i.e., its hetgnt 


above sea level € «= h @ O, then ite “vertical” velority “Re * 0,° 





We will show that indeed v, © 0. Let us introfuce in Pig. 11.51 the geocentric 
vertical oe a ee are along radius of Earth R= Ci, Quantity R le determined with 
accuracy up toe (@ 18 eecentricity) by relationsnip (160) a mel Fue} whence 


2 
R» + e-@ oo sin 20-6, If consider (11.4.211), (11.6.209) and the formule 
for reduction (160) sin yey e = ein 2e, then for & with eccurecy up to e? we 
2 
have Re - = Vy ban ece Vn ein y. Let us find absolute velocity cf odject Ye 


0 
along axis Of; from Pig, 11,51 we obtain v, © hee Vg Sin y+ v, cosy, Since 
0 
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Putting (14,6.213), (11.6.212) and v, = 0, ve © 0 in (11,6,214), we will obtain 


Omg — oy — Vey ung (I+ it) +UR,eme 


V. = oy Bien + UrR,conysiny + Meany (11.6,215) 


v= — BF Rcety—mojcory 


whore Ry can be represented in the form 


re (11.6,216) 
Oa ae a ee 
6 
Derivative re can be determined from (11.6,208), (11.6.209) and (11,6.211), 
- Vat’ sin © cos © Uv e” sin © cos* © 
we have R, cae Deere, - Ss rae and uh, cos & @ ag then instead of 
ice lee 

(12.6,225) we will obtain 

v7 =0,+ J igy + UrRycopsiny + Wopsiny (11.6.217) 


0, = — BF — urn ccsty — 20, cory 


Comparing (11.6.217) with analogous forsulas (2.2.23) fur h = 0, which were 
sdtained when non-sphericity of the Earth was disregarded, we sec that in (11,6.217) 
there ere contained radii of curvature Ry and He of the spheroida! surface of the 
Earth, which differ from radius of Earth Rin (2.2.23). Surthermore, in formulas 
(2.¢./4) by @ there te denoted, in general, geccentric Latitude ¢, while in (11.6,217) 
there ‘es direc ly contained quantity e', In other respecte, formuias (11.6.217) 40 
8.t @8ffer from (2.2.28) Por Rye A, © Rand = = ¢! formulas (11.6,217) become (2.2.24), 

Uning during investigation of IV relationships (11.6,217), we sust take into 
account the following circumstance, For the terrestrial spheroid, axis 0€ is 
directed along the normal to the ellipsoitda: surface of the Earth, 1.e., along the 
sine of action of gravity, if by the latter we understands resultant of the force 
of torresirial gravitation and the centrifugal Sorce due to rotation of the Earth, 
Therefore, during investigation of IV, thus centrifugal force can be included in 
the £.rco of gravity, and then in expressions (11.6.°17) for vie We it te not 


heccasary to take inty aceount projections of centripetal acceleration from rotation 





(OUTNUTE CONT'D FROM PRECEDING PAGE). 


2 
oe Vy TN yee vy = sin2d¢ « A, then, consequently, Ve ~ 0, which it was required 


tu prove, 


A9z 


of the Karth (terms containing u?)., In thie caso inatead of (11.6.217) we will 


obtain 


0, 04— EE gy — We, sn 
Vnint Bian + We, 009 (11.6,218) 


V2 2-4 w,cony 


Let us note one more important circumetance, During .veatigation of IV on 
the assumpticn that Earth is ea ephere, it was assumed that gravitational field of 
the Earth is central, and therefore we directed acceleration @, due to force of 
terrestrial gravitation along the geocentric vertical (Pig. 2.11). Nowever, in 
reality, due to oblateness of the Earth, direction of gravitational field sorewnhat 
deviates from the geocentric vertical, mainly in the plane of the geographic seridian, 
hy angle Sy, which ie determined by relationship (142) 

by = Sin By’, (11.6,219) 
wnere ¢' is geocentric latitude, 

Therefore, for projections Gog Bons Boe Ff acceleration @, onto axes Olr¢ 
(Fig. 2.11), if we take into account angle Ay of deviation of vector from the 
geocentric vertical 0%, instead of (2.5.53) we should use formulas 


en ae 

These relationships are sometimes taken [142] ‘iato account during the analysis 
of T¥ on the assumption that Earth has form of sphere. 

In conclusion let us note that disregarding of non-sphericity of Earth causes 
for the IV a series of undesirable phenomena: change of period of its natural 
oscillations, deviation of position of equilibrium from the vertical, oscillations 
near the equilidrium position, This leads to corresponding errors in the INS during 
{te determination o% coordinates of the object and parameters of the object's 
motion, The above relationships permit us to show the influence of non-sphericity 
of the Earth on accuracy of IV and of the inertial system as a whole, and alsv to 
substantiate possible methods of taking into account oblateness of the Earth in 
readings of the INS, These questions are considered in a number of works (for 


instance, (142, 162, 121, 117)). 
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During analyeis of operation of the IV we obtained, for instance for readings 
of accelerometers in the case of geographic orientation of their axes of sensitivity, 
relationships (11.6.64%), in which there were not considered vertical components of 
velocities and accelerations of ths object, With consideration of the latter, in 
accordance with (2.2.27) for h = 0, readings of accelerometers ae and *y, will, 
1f we take into account (11.6.425), be determined by the following relationships 
instead of by (11.6.64): 


e 6 
0, = 9g — E™ tay — Woy sin + «(7% + 2U cos :) peat 





~(a+%- tuk ~— UPR cos! y — 2Uu, cos 2) 


0 nin + Egy + UrReo 7 8In7 + (11.6.221) 
+2/o, sing + 
=(4+4-434- UR cos 5 — 200, con) 9 


From these formulas it follows that terms proportional vertical component Ve 
f velocity of ‘he object will cause additional dynamic errors of the IV; 1i.e., 
there will be changed its position of equilibrium, and also there will be observed 
seviation from the equilibrium position, Purthermore, vertical a:celerations of 
the object and also vertical components of induced and Coriolis accelerations disturb 
the condition of undisturbability of the IV. 

Analysis of influence of vertical component of velocity of the object on 
systemutic errors of the IV is given by G. 0, Fridlender [162], who also proposed 
one of the methods of their compensation by means of satisfaction by the condition 
of undisturbability (11.6.22), but with consideration of change of magnitude of R 
{n accordance with actual change of distance of object from center of Earth, 
Influence of vertical accelerations of object, and also of vertical components of 
induced and Corlolis accelerations is less important. What has been said is valid 
for velocities of the object less than the tripled value of the speed of sound (16). 
For higher velocities of the object, 1f we consider (11.6.15), period of natural 
oscillations of the IV will be determined by the following relationship (for We 3 


«= const) ‘{nstead of by (11.6,.25): 
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os R (116.222) 
Te m/ : : 


where vertical acceleration We of the object 1s expressed by formula (2.2.27), which 
for nh << R has the form 


of +o 
a 





V.=o— — U'Reos' ¢ -- 2Uu, cos 7. (11.6,223) 
For very high horizontal velocity of the object, for instance for aircraft at 
velocity v > UR = 450 m/sec, in formula (11.6,225) the second term has predominant 
value, Since Ve + ve o v, where v is relative horizontal velocity of the object, 
2 
then in the indicated case We uo = = const and instead of (11,.6,222) we wil: 


vbtein 


‘ (11.6,224) 





ror the first cosmic velocity v = VrE>> period of oscillations of the IV tends 
to infinity. Consequently, it 1s obtained that the inertial system cannot function 
yn an object which moves with first coamic velocity. However, if initial deviations 
of the system are eliminated with the help of external information, then the 
presence of a large period after cessation of correction is not an important defi- 
ciency of the system (16). Here application of an inertial system with analytic 
vertical is possible, 

Above there were indicated certain systematic errcrs of the IV, They cause 
corresponding systematic errors of the inertial system in its determination of 
position of the object and parameters of motion of the object. Analysis of these 


errors ig given in works of G, 0. Fridlender [162], V. P. Seleznev [142] and others, 
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7. Dynamic Errors of the IV 


a) General Characteristics of Dynamic Errors 


Errors of IV are most fully characterized by dynamic errors appearing under 
actual conditions of operation of the system during continuous change of input para- 
iIneters (accelerations) and during variable external disturbances, Among dynamic 
errors of the IV we include: 

1) errors due to oscillations of the GSP and deflections of axes of sensing 
elements of the system of integral correction — accelerometers — caused by them; 

“) erscors due to disturbances applied to the gyroscopes: unbalance torques; 
frictional torques in axes of the suspension; inertial turques due to acceleratiuns 
during oscillations and vibrations of the place of Installation of the instrument 
which ure connected with elastic deformation: «f the gyroscopes, etc.; 

4) errors caused by damping of oscillations .f the IV, fur instance thuse 
appearing due to errors in the external information which 1s used for damping; 

4) Instrument errors in dynamics which we caused by deviations of perameters 
sf the IV from their rated values, etc, 

Under actual cunditions of operation of the IV, the majority of the above- 
mentioned errors have a@ random character, since they are caused by disturbances which 
are random functions of time, 

Before we goon to analysis of certain of the uabuveelndicated ‘lynamie errors, 
wo owll? consider dynamics of the IV, considering thus time constants of their elements, 
“he latter is very important for calculation -f errors of IV and for establishment 


Yo requirements for dynamic characteristics of lts elements, 


b) Dynamics of IV Taking into Account Time Constants f its Elements 


Earlier during composition of differential equations cf motion of IY we considere : 
all its clements to be inertialess, i.e., we did not cvunsider their time constants, 
Now we will compuse differential equation of notlon  f IV, for Instance in the plane 

f tne meridian, L.e., with respect to coordinate f, taking inte account time con- 

stants of {ts elements: gyroscopes, accelerometers, integrators, actuating motors, 
The basic component part of the IV is the gyroestabilized platform, It is considered 
(1340, 6] that the most promising for inertial navigational systems are GSP in which 
there are used tloating integrating gyroscopes with servo drives, wnich make It 
possible tou ensure high accuracy of gyroscopic stabllivaticn, 

In Flg,. 141.40 there Is given u schematic diagram of the "northern" channel of 


the iV with a untaxial GSP which ts based cn use of the Pioating Integrating 


AX 
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Gyroscope (FIG) working jointly with a servo drive. An analogous scheme of a uniaxial 
platform with FIG and pendulum correction was described in § 9.3, tar. 6b. In the 
diagram in Fig, 9.14 the correction signal fiom pendulum P proceeds directly to the 
torquer TQ of the floating gyro. In the diagram in Fig. 11.32, the signal from the 
accelerometer Ay ig introduced at first into the integrator I, » and from the output 
of the integrator, in accordance with the principle of integral correction applied 


in the IV, enters the torquer TQ of the floating gyro. 





Fig. 14.32. Schematic diagram of "northern" channel 
of IV with GSP based on tl.e use of FIG. 


We will briefly explain the operation of the design shown in Fig, 11.32. The 
FIG is located on the platform in such a way that the axis of the gyroscope in its 
initial position coincides with the vertical 0f. Input axis 0&, which is directed 
from west to easi, is horizontal and coincides with the axis of rotation of platform 
P; output axis On is also horizontal and directed towards the north, During rotation 
of platform P around axis O€, the FIG through the signal pickoff SP and amplifier AM 
switches on stabilizing motor SM, which turns the platform in the opposite direction; 
as a result, the platform retains its constant position relative to inertial space. 
In this case, the system operates in the mode of geometric stabilization (§ 9.3, 
tar, 6b), For retention of the side in the horizontal position there is applied an 
integral correction system, elements of which are accelerometer Av integrator I, 
and torquer TQ. During rotation of platform P around axis O€ by angle fA relative 
to the plane of the horizon, the accelerometer will register component BoP ,see 
(11.6.16)] of the force of gravity and transmit the corresponding signal to the 
integrator Ge Output signal from the integrator, which is proportional to the 
integral of readings of the accelerometer, enters the torquer TQ. The latter turns 


ene floating gyro assembly; due to thie, through the signal pickoff SP and amplifier 
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AM there is switched on the stabilizing motor SM, which returns the platform to 


horizontal position; thus the controlling signal from the accelerometer will be turned 





off, In the considerei case, the floating gyro with servo drive operates in the 
mode of spatial integration (§ 9.3, Par, 6b). 

If the object moves with acceleration Vy then readings oy, 
(11.6,18)] of accelerometer ait enter integrator Thy and then enter the torque: TQ. 


i Vy - &P [see 


This provides integral correction of the platform, which acquires the properties of 
an oscillatory system and if a certain condition is satisfied becomes undisturbable 
by accelerations of the object. 


Let us compose the equation of the IV with respect to angle B, taking into 


account time constants of its separate elements. 
14. Floating integrating gyroscope. 
By analogy with (9.3.14), we will write the equation of the FIG in the form 


Tet onk e+ [M,. +f, |}. (11.6,225) 


Se en en 


where — time constant of FIG [see (9.3.12)]; 


Te og 
y — angle of rotation of floating gyro assembly; 


k — transfer coefficient of FIG [see (9.3.13) ]; 


We absolute angular velocity of platform around axis 0€; 


transfer coefficient of FIG with respect to controlling and disturbing 
Boat relative to the axis of rotation of the float [see 
9.3.13) ]3 


torque applied by the torquer; 


mead 


f, (t) — disturbing torque relative to axis of rotation of the float, 
Angular velocity ae can be written in the form 
* > np + orn (11.6,.226) 


where Wind 7 induced angular velocity of the platform, which is equal to absolute 
angular velocity of the object (vehicle) relative to inertial space; 


w — relative angular velocity of the platform (with relative to the object). 


rel 
In the considered case, when axis On (Fig. 11.32) is directed towards north, 


for Wind we have 


a 
ne fae (11.6.227) 


Designating angle of rotation of platform P around axis Of relative to the 


object by B, we will obtain 


en =p. (11.6,228) 


Putting (11.6.227) and (11.6.228) in (141.6.226), we have 
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1= 2w 4 +6. (11.6,229) 


2, Signal pickoff, 
Voltage U taken from the signal pickoff is related with angle y of turn of the 


floating gyro assembly by relationship 


U = —x,>, (14.6.230) 
where ny transfer coefficient. 
3. Amplifier, 
Voltage Uam taken from the amplifier is determined by equation 
TU, + U, =U, (11.6.234) 


where Visa ~ time constant of amplifier’ 
U — voltage from signal pickoff, which goes to the input of the amplifier, 
te = amplifier gain, 
4, Stabilizing motor and platform, 
Equation of mction of platform around axis O€ is the following: 


Nun = Met S(O): (11.6,232) 
where T, — moment of inertia of platform relative to axis O0&, with consideration 


of the given moment of inertia of ‘the armature of the motor; 
M, — stabilizing torque on axis 0€; 


f,(t) — disturbing torques acting relative to axis 0€, including inertial 
torques of induced motion, 


For moment of inertia Te we have relationship 


where Jnl — moment of inertia of platform relative to axis 0€; 
Ue — moment of inertia of armature; 


y - gear ratio of gear transmission from axis of stabilizing motor to axis 
of rotation of platform, 


Stabilizing torque M,» by analogy with (7.2.23), will be 
M, = 1M. (11.6,234) 
where M, ais torque of motor; 
1 — efficiency of transmission, 


Considering for simplicityyn = 1, we will obtain 
M.= 1M, ,- (11.6.235) 


For direct current motor with independent excitation, by analogy with (7.2.44) 
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we have* 
M, = %., (11.6,236) 
where $ — magnetic flux of excitation windings; 
i — current intensity in ermature of motor, 
Current intensity 1 1s contained in the equation of balance of voltages in the 
armature circuit of the motor in the following way [see (7.2.46)]: 


1 tri + C1 = Uy (116.237) 


where 1 — self-inductance coefficient of armature circuit (including self-inductance 
coefficient of amplifier) ; 


r — resistance of armature circuit (including internal resistance of amplifier); 
s — coefficient characterizing dependence of counterelectromotive force 
induced in armature of motor on relative angular velocity rel of its 
rotation; 


Waa — voltage brought from the amplifier to the armature of the stabilizing 
motor, 


Taking into account relationships (11.6.232), (11.6.235), (11.6.236), (11.6.237), 


we will obtain 
Ile, +r... +c%u,.= * U, + "7 EZ (+ tf, ()]. (146.238) 


where i — total moment of inertia of armature of motor and platform, reduced to axis 


of armature of the motor [see (11.6.233) ] 





° \ J 
feat (11.6.239) 
We will divide (11.6,238) by s® and introduce designations 
UG t i r 
T= e =>) a=’ Oy (11.6,240) 


where qe — electromechanical time constant of motor; 
rT — electromagnetic time constant of armature circuit of motor; 
Ms = transfer coefficient of motor; 
n, ~ transfer coefficient with respect to disturbance f(t). 


Then instead of (11.6.238) we will obtain 


TT er + Torn + ry = Uy + % (T.4, (t) +f; 0) (14.6.241) 
or, considering (11.6.228), 
TT $+ Tati=w, +e (TAO + All. (11.6,242) 


5. Accelerometer, 


Equation of accelerometer, by analogy with (11.6.56), will be written in the form 
THAR xt x=ha, +h f(t), (11.6.243) 


*See footnote on p. 20, 
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where T, — time constant of accelerometer [see (1426.55) )3 
€ — relative damping factor [see (11.6.53)]; 
xX — linear displacemnt of inertial mass of accelerometer; 
kK, = o — transfer coefficient; 
a — acceleration measured by accelerometer; 
f(t) — disturbing acceleration, for instance due to oscillatory motion of 


the object. 
Taking a, the expression /11.6.18), we will obtain 


v4 
TUE + OT x +e =k, (Oy — BB) + ASO (11.6.244) 
Voltage UL at the output of the accelerometer 
U, = hy, (11.6.245) 
where Kk, is transfer coefficient, 


6, Integratcr, 
Equation of integrator will be presented in the form 


TO.+U,=hU,, (11.6.246) 


where Ty — time constant of integrator; 
Uy — voltage at the output of the integrator; 
ks — transfer coefficient, 
7. Torquer, 


Current intensity 1, q in the torquer is proportional to voltage taken from 


the integrator 


i (11.6,247) 


au 


= h,U 


a’ 
where Ky — tra.asfer coefficient, 


The torque of the torquer, according to (9.3.2), can be written in the form 


Mm Al, (11.6,248) 


where Ke is transfer coefficient, 


Applying to the above obtained equation the Laplace transform, we can easily 


find transfer functions of elements of the IV and construct its block diagram (Fig. 


11,33). 
Thus, considering (11.6.225), (11.6.229), (11.6.230), (11.6.231), (11.6,242), 
(11.6,244)-(11.6,248), we have the following system of equations of the considered 


inertial vertical: 
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Tittdn (f% tht f(b Uy +400) 
(fleeting grrescecasiy) 


TW, +U, = —anp 


(empiirier) 


TTS + TD +paowl, +a (Tr fiery ts] 


(otadiligitg motor ard glatfore) 


Tt BT e+ x= hy (oy — es) + AS (0. 


(acoelermeter) 


(13564. 4) 


T.0,+ U, m= hyhyx 


(integrator) 
iat us comp se at first the equation of the IV with respect to coordinate fi, 
disregarding time constants of its elements and not considering disturbances. Then 


Bsystem (11,6,.2'9) in operational form (p = a} can be written in the following way: 
°n 
ram ( + Phau] 


UO, = — 447; pi = aU, 
zm h, (py— ep) PU, mb hye 


whence by means of successive elimination of variables it is easy to obtain equation 


(11.6.250) 


of IV with respect to coordinate 8 in the form 


(p°+ wep’ + 2,4,8,)8 = Pix (1,4, — +): (at eO2eb2) 

where 
%e = ¥, 2,5, (11.6.252) 
bh, = ph, hh, h,h,. (11.6,253) 
From equation (11,6.251) it follows that when the following condition 1s satis- 

fled: 
th — 72 = 0 (11.6,254) 

or 
I 

al (44,.6,255) 


the IV is undisturbed by accelerations Vy of the object. 
When condition (11.6.255) 18 satisfied, equation (11.6.251) takes the form 


(ret e+ H)ano (11.6,256) 
Ue ea hac 11.6.2 
wy tht 23-0, reer 
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Fig, 11.55, Block diagram of “northern” channo! of IV with GSP bases of use of iG, 


If the total amplification factor “ok of the IV {oe mats ausrficlentiy Largo, thes. 
the fundamental osctllation of the IV, accoraing to (11.6.257), will be deternincgs 


by the equation already known to us 
6+ 29 ~0, (12.60.5547) 


which characterized undamped harmonic oscillations of the IV with Schuler frequency 
‘oar / & and period JT we [8 equal to 84,4 min, 
| R ae } @’ 


We will give equation of the IV, taking into account time constants of its 
elements, Using system (11,6.249), we can simply obtain the following equatics for 


angle of displacement 8 of tne platform from the plane of the geocentric horizon: 
[-(7..0+ I) (TT + Tp +8)(T +l) + aby? + 
LS epenge aay | 
“el Soames a iti) 


a 
- (Tp + 8) (Tie + 27» +1) A 
ae ff +s (7. P+ 1)(Tp + ')(T,p + 1) ef, (0), (11.6.2°5 1) 
where [see (9.3.13) ] 


q 
bat 


(11.60.2600) 
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If in (13,.6.259) we set time constants of cicmenta of the IV Tp, — + #1, 


* T i - un = T, +0 and d3eturbances f(t) « F(t) - £,(t) + 0, then this equation 
becumes (11,6,251), Prom (13.6,259) It Follows that for guarantees of undleturbabt: ity 


of the TV by acceleration PY, = vy of the object, it ie neccessary, in general, that 


capreg6ton < be equal to force; the latter tn principle 


ee 
pina a 
canh t be pealized gue to the influence of tise constants cf accelorometer and Inte. 
erator, Therefore, for guarantec of undieaturbabiiity of the IV by accelorationa of 
the vbiect It te necessary that accelervaters, itntcgraturs, and alev Corquers possess 
einteus tiee conatantse, Furthermore, tt ta dgestrable to heve amal] time constanta of 
the Sluating ayro, eamplifior and atabi ising sotor, th order to bring Frequency f 
natura, cectilatiuns of the IVY closer tu Schuler Frequency, 


let us eet time constants of clomentsa of the JV cqual ty tere; then tnetead of 


($2.60.05)) we wil) obtain equation 


(P+ AP + 4h8) P= 90, (14 — AE) + esl — 


(11.6,261) 
- oh (0 + 2'f,(0). 
If there is satisfies the condition of undisturbability (14.%.255), then 
ee. fe) gw yy . . 
(Gorte+ hess ae PAO + pIftO (11,6,20:) 
rfor suffictently large value of coefficient ok we will obtain 
i] et Y ee i t). , he 
b+ Spe 2 sin- Shit BAW (11,6.:64) 
Sinee, according to (13.6.255), Rk « HK» then, ceslgnat ing 
8 
te So whe (11,0,.'64) 
we Ow rewrite cquation (12.6.03) in the furs 
& eae = fa ly G4 
b+ OP gf) a hint R AG} (11.6,°65) 


visturbdances £(t), ri(t), f..(t) are random functions of time, Knowing their 
prebabliitty characteristics, we can determine prvubadility characteristics of error 


s(t) of the IV tn dynamics, Individual problems of dynamics of GSP in which there 


are used FIG, are discussed in @ number of works (fcr tnstance, (165, 24, 55, 193, 


1ey| dee 


Cortada Dynamic Errors tn IV 





¢) 





Let us conaider errors of the IV in dynamics, If we go not take ante account 
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Lime conatants of elements of the IV, then ite error i) can be determined from equation 
(13,60,265), in the right slae of which there are contained disturbances: 1) f(t), 
applied to the accelerometer; 7) fi(t), applied to the FIC; 4) f..(t), applied to 
the platform, Usually f(t), f(t), f(t) are random functions of time, If there 
are Known thelr probability characteristics, then, by using (11.6,.605), we can detor- 
alno probabllity charactorlatics of rardom function A(t), which {8 the error of the 
IV tn tynamica, 

Ad an example we wlll consider error B(t) due to disturbance f(t) on the 


nocelerometer, For thir in (11,6,265) wo ect f(t) - f.,(t) - O; then we willl obtain 


b+ hpe | it). (11,0,766) 
a a 
serop @(t) of tne IV causes corresponding error 6S(t) in determination by the 
inertial system of the path passed over by the vbject. Error OS(t), which is a 
random function co: time, by analogy with (11,.6,.171) 18 related to 8(t) by the relation- 
anip 
aS) = — 98) + (9 (11.6,267) 
Then, consitering (11.6,24), we will obtain the equation fur determination of 
error 538(t): 
aS + wNS = f (6). (11.6, °62) 
Let us assune that f(t) {8 normal stationary random function with mathematica) 
expectation P(t) = 0, Then mathematical expectation of error 58(t) will also be 
equal to zero; 
Si) = 0. (tate key) 
Therefore, random function $8(t, is characterized by its dispersion D[68] or 
root mean square value 0.4. During determination of D[(68) we should consider that 
random function 68(t) is not stationary, since in (11.6.269) there is absent the 
term characterizing damping of the system. C-nsequently, for finding D[6S) from 
(11.6,265), 1% 1s imp ssible to use basic relationships of the theory of stat!onary 
random functions. S8>2lution of the analogous problem by determination of probabllit; 
characteriacics of the random function at the output of a iinear dynamic system witn- 
ut damping, which its given in severa) works (193, 138, 167], shows that dispersicn 
of solution of equation of type (14.6.268) contains a term proportional to time, cone 
stant terma, and terms which are harmonic functions of time with frequency ev (159), 
During prolonged operation of the system, the term proportional to time has predominant 
value for large t, if we disregard other terms, we can determine dispersion D[6S) v; 
‘opmula (155) 
DIAS} = = S,(»)1, (14 7} 
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where 3, (w) ia aes $e spectra! denatty of disturbance f(t), 
For determination of 8,(¥) we will assume that + ship moves westward, and 
accelerometer Ay (Fig. 11.3°) measures component of acceleration in the plane of a 
rib of the ship, Then disturbance f(t) will be caused by orbital motion of center 
f gravity of the ship and ite rolliing. In this case f(t) 1s determined by relation- 
anip (+.6,41), 


If we consider only rolling, then 


SjH=o—a. (11,6,271) 
“nen spectral censity Sp (w) will be 
S,(w) = 2S, (w) (11.6.272) 


r, considering (2.1.58) and (2.1.54), 


¢ . 
S,(0) = Mee. _ (11.6.¢75) 


where to and bs are determined by formulas (2.1.59). 





Consequently, for Sp(¥) we have (for v «<< db.) 


v ae ee @. 274 


Putting (11.6.274) in (11,.6.270), we will obtain 


DAS] = 2 x* —"_ Dinh. 








+a (11,6,275) 
For rcot mean square value o,. of error bS(t) we have 
egy |/ —*—t, (11.6.276) 


{s proportional to yt. 


Mrataeng Ing 
Tne fact of Increase of dispersion of errors of tne inert!al system due to random 

err rs of uccelerometer (the same thing occurs for random errors of the gyroscope, 

integrator, etc.) 16 important in principle and indicates the fact that it is necessary 

to considerably lower random errors of elemento of the IV, and in individual cases — 

tu Sntroduce damping. Actually, {Y int. the left side of equation (11.6.263) we 

introduce a term proportional to 08 (system becomes dampec’, then dispersion D[vS} 

no lunger will increase in time, as this was shown during calculation of diepersion 

Dox) f random mottons of the physical pendulum with damping [see (4.6.30)]. 


What has been sald about influence of errore of the accelerometer on accuracy 


vf the inertial system also completely pertains to influence of errors of gyroscopes 
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{1)5, 167], integrators and cther elements of the IV. Certain probability character- 
istics of random drifts of gyruscopes are given (on the lasis of experimental data) 
in individual articles (for instance, (193, 122)). 

As was shown (!ar, a), dynamic errors of the IV are caused alsu by damping of 
{ts oselllations, One of the effective methods of damping is based on use of external 
{nrormation about coordinates of object ani its speed, In this case errors of the 
IV tn oienamtce:s ore caused by corresponding errors in determination of the data of 
the Information, 1.e,, of path and velocity of the object, In order to demonstrate 
the method of finding these dynamic errors, we will compose the equation of the IV 
with respect to coordinate 6, taking into account errors of external information 5S 
In determination of path and bv of velocity of the object, Then the equation cof the 
TV, wieich in the absence of errors of external information was expressed by relation- 


ship (11,6,100), will have the form 


é 
bam ar [ened — aba pbb Fela (11.6.277) 


whence after differentiation, if we consider the condition of undisturbability 


(11,.6,22), we will obtain 


b+ Bp 4 te po — Ar as(y— von) (11.6.272) 


Usually errors 6S8(t) and 6v(t) are random functions of time, Then error of 
the IV B(t) 18 also a random function, for determination of probability characteristics 
of which it 1s necessary to know probability characteristics of random functions 
»S(t) and Sv(t), If mathematical expectations BS(t) = 0, Bv(t) = 0, then In ace rd- 
ance with (11,0,¢7"), ufter termination of transient respcnse, mathematical expecta- 
tion B& of error B(t) also 1s equal to zero: 
J = 0, (11.6.272) 
If we consider that 6S(t) and 6v(t) are stationary random functions of time, 
then it is easy to find spectral density Sp (w) of error B(t), According to (11.6,.273) 
we have® 
S, (0) = {7% a5 (ie) Sys) +, 4, Ua)]*S,, (0), (11.6.280) 
where Sgg() and Syy(#) — spectral densities of random functions 6S(t) and bv(t); 


(jw) — amplitude-phase responses, determined from (11.6,278) 


Ww (Jo), W 
6,658  "B,6v by the following relationships: 





*It is assumed that random functions 6S(t) and 6v(t) are not related, 
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Then for dispersion of error A(t) we have 
e 


Di (A) = j [Mos U) [Sis (w) dw + 


2 (11,6,282) 
+ j | 75a. Ue) S,,(w) dw. 
=e 

Thus, knowing dynamic characteristics of the IV and spectral densities Sog() 
and Spy () of errors of the external information, we can determine dispersion D[(] 
of corresponding error B(t) of the IV, Detailed investigations and calculations of 
errors of the inertial systems in the presence of damping with use of external infor- 
mation are given in a number of works (see, for instance, (142, 16, 10]). 

If it 18 necessary to determine dynamic errors of the IV taking into account 
time constants of its elements, then there should be used equations of the IV of type 
(42,6259), 

During investigation of an inertial system intended for use in the control mode, 
there appears the problem of analysis of it taking into account dynamic properties 
of the controlled object, for instance an aircraft. Solution of this problem is given 


in a number of works (see, for instance, (162, 9, 10, 163]). 
8, Application of IV in Inertial Systems 


n) Preliminary Remark 


Let us consider several fundamental schemes of INS which explain peculiarities 

t use of inertial verticals in these systems, in accordance with the earlier given 
classification, we will consider inertial systems: 1) with gyroscopic vertical; 2) 
with mechanical (geometric) erection of the vertical; 3) with analytic erection of 


the vertical, 


b) Hundamental scheme of an INS with Gyroscopic Vertical 


Tt 1s known (tar. ic) that in INS with GV, erection of the vertical is carried 
ut with help of gyroscopes by means of artificlal simulation of the undisturbed 


physienl pendulum with period of 34,4 min by the scheme of Ye, B, Levental', which 
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consists of gyroscopes, accelerometers, integrators and is a closed dynamic system, 
Schematic diagram of an INS with gyroscopic vertical and geographic orientation of 


axes of sensitivity of the accelerometers (121, 175, 142] is shown in Fig. Go Uy 





Fig. 141.34. Schematic diagram of INS with GV. 


Basic component part cf the system is the inertial vertical. The IV consists 


of a gyro-stabilized platform GSP with accelerometers Ay and Ap» integrators I, 7 
N 


I and computer located on it, On platform P, which is installed in a complete 


fe 
Cardan suspension having three degrees of freedom (third ring of the suspension is 
not shown in Fig, 11.34), there are located three floating integrating gyroscopes 
FIG,» FIGS; FIG,. The latter through signal pickoffs SP,» SP,, SP, and amplifiers 
AM 


AM, AM, are connected with stabilizing motors SM,» SM,» SM; which carry out 


Fe 3 
stabilization of the platform relative to plane of horizon and azimuthal direction 
tw the north, Due to this, axes of sensitivity of accelerometers Ay and Ap have 
geographic orientation, Accelerometers measure Components Wh and My of total 
acceleration of the object; from these components, on adders AD, and AD, there are 
eliminated corrections AW, and AW, for induced and Coriolis accelerations produced by 


the computer, Relative accelerations Wy = Vy and We = Vp obtained from adding 


devices AD, and AD, enter first integrators oe and nee From the output of the 
integrators components Vy and VE of relative velocity of the object enter torquers 
TQ. and Mr, of the floating gyros FIG, and FIG, 5 this proves for integral correction 
of the IV, Thus, in the eastern channel, into adder AD.» there is introduced the 
correction for horizontal component U cos 9 of rotation of the Earth which is obtained 


Vv 
from the computer, The latter also produces angular velocity U sin @ + = tan q of 
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induced rotation of the plane of the meridian; this velocity is introduced intwo the 
torquer TQ. of the floating gyro FIGs; due to this there is carried out azimuthal 
orientation of platform P in the plane of the meridian, 

Cumponents Vy and VE of relative velocity of the object are introduced into the 
secona integrators rie and Te from which there ar2 taken changes of latitude Ag 
End longitude Ad of the position of the object. The latter are added in the adders 


Au, and AD, with initial values Yo and 4 As @ result there are obtained current 


0° 

latitude « and longitude A, Values of 4, Vn and Vp are introduced also into the 
computer for aetermination in it of the earlier menticned corrections, More detailed 
infurmation about this INS and its investigation ure given in a number of works (for 


instance, (121, 175; 12]). 


c) kunJamental Scheme of INS with Mechanical (Geometric) Vertical Erector (VE) 

As it is known (par, 1c), in INS with mechanical VE obtaining of the local 
vertical is carried out without use of gyroscopes, with the help of geometric vertical 
erect r, on the platform of which there are located accelerometers, Gyroscopic 
ievice of the system in the form of a GSP is oriented along axes of inertial system 
f coordinates, ‘Thus the GSP is used for "memorization" of position of vertical at 
the initial moment,* Schematic diagram of mechanical (geometric) VE for one channel 
is shown in Fig, 11.23, Schematic diagram of an INS with mechanical VE [142, 149] 
is given in Fig, 1.35. 

Basic component parts of the system are the GSP and VE, Erection of the GSP 
here in principle is the same as in the scheme in Fig. 41,543 1,e., 1t contains 
three floating integrating gyroscopes utilized by the unloading servo drives, The 
difference is only the fact that in this system the GSP does not have correction, and 
therefore the platform preserves constant posit: n in inertial space, for instance 


perpendicular to axis of the Earth P,P 


Ns" 

The platform of the VE is fixed so that it can turn relative to frame F around 
axis 0&, which is directed towards the east; axis On is oriented to the north, and 
axis Of is along the vertical. Due to this, accelerometers Ay and Ap fixed on the 
platform of the VE have geographic orientation, From the accelerometers there are 
compunents Vy and Vi of relative acceleration** of the object, which are introduced 


into the first integrators I and qT, . Components Vn and Ve of relative velocity of 
N E 
*See footnote 2 on p. 432. 
**Induced and Coriolis components of acceleration of the object can be compensated 
just 2s in the scheme shown in Fig. 14.34. 
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the object obtained at the output of 
¢ 
% these integrators enter the second 


integrators Tie and mob from which 


there are taken changes of latitude 
Ap and longitude AX of position of 

the object. The latter are added in 
adders AD, and AD, with initial values 


and A Latitude g through ampli- 


% O° 
fier AM, enters stabilizing motor 
SM, »* which turns the platform of 
the VE by angle around axis Of, 
Since the GSP and frame F are perpen- 


dicular to axis of Earth PPos then 





turn of the VE by angle » ensures 


“Fig, 11.35, Schematic diagram of INS with 
mechanical (geometric) VE, 


retention of platform of VE in 
horizontal position, Longitude A’ 
through amplifier AM, enters stabilizing motor SM, which turns frame F together with 
VE around axis P.P.. In order to take into account rotation of Earth with velocity 


N 
U around axis © f_, there is used a clockwork mechanism CM, which introduces the 


NS 
quantity Ut to adder AD, where there is obtained the quantity A + Ut; this quantity 
in turn proceeds to rotate frame F arvund axis PyPo: The latter provides for 
azimuthal orientation of platform of VE in geographic system of coordinates, From 
what has been said, it follows that geographic coordinates q and 2 of the object are 
characterized in the considered inertial system by angle of turn 9 of the platform 
of the VE around axis O€ relative to frame F and by angle of rotation i of frame F 
together with platform of VE around axis PyPs relative to the GSP; due to this, the 
system is sometimes called a geometric system [121], More detailed information about 


this inertial system and its investigation can be found in a number of works (for 


instance, [142, 149]). 


d) Fundamental Scheme of INS with Analytic VE 


Earlier it was shown (Par, ic) that in INS with analytic VE there is applied 
GSP oriented along axes of inertial system of coordinates; on the GSP there are 


fixed three accelerometers, Readings of these accelerometers are corrected for 





*For motor 5M, to turn platform by angle o, it must operate jointly with a servo 


system, which in Fig, 11,35 is not shown, In the simple case represented in Fig. 
11,35, as motor SM, it is possible to consider, for instance, a selsyn, 


O94 


~ 


~~. 
‘sem 


accelerations due to forces of gravitation with the help of external correction or 
autocompensation, Erection of the vertical is carried out by the analytic method, 
Coordinates of the object are determined on the basis of readings of the accelero- 
meters, corrected for accelerations due to forces of gravitation, 


In Fig. 11.36 there is shown the installation of the three accelerometers A, ’ 
0 


Ay 5 A, on the GSP, which is stabilized relative to axes OXYo 2» which preserve 

0 Oo 

constant position in inertial space. Axis of sensitivity of the accelerometers are 
directed along axes of coordinate system OX HY o29+ Readings of the accelerometers 


a av, @ are integrated twice due to which there are determined displacements 


x? “y 
(coordinate) of the object S,> Sy» Ss, in inertial system of coordinates, Readings 


of accelerometers &,» &, a, by analogy with (11.6.46), are expressed by relation- 


y 
ships 
GF — En Gy I— ky %=I— Bn (11.6,283) 
where Xx, ¥, Z2— components of absolute acceleration of the object along axes 
OXAYAZA3 
Or 0"O? 


By» By» ‘= components of grevitational acceleration along the same axes, 


If we designate initial coordinates of the object by Ss, 5 Si.» i » and initial 
0 0 


Yo 


components of its velocity by : Vv.» ¥, » then for current coordinates Sy» Sys Ss 
0 Oo 


Yo Zz 


we have the evident relationships 


t 
S,=S,, +0, +{h( +g,)d:* 


‘ (11.6, 284) 
$,=5,,+0,¢+ [f(a, +2,)4* 


S, “ S., + vf + { [ (2, +6,) as 


From the given formulas it follows that readings of accelerometers ays ay. ao 
must be corrected for components By» By» & of gravitational acceleration, For 
this purpose, as it was said, there is applied external correction or autocompensation, 
Let us consider a scheme of INS with autocompensation of gravitational acceleration 
[142, 13]. This scheme usually consists of three identical channels for determination 


of coordinates of object 8,» S.» S,3 therefore, we will give fundamental scheme of 


y 
only one channel — for determination of Ss, (Fig. 141.37). 


Reading a, of accelerometer A, is introduced into adder AD,; where it is added 
0 


with quantity &» which is determined by the autocompensation system, i.e., on the 


basis of the data themselves which are produced by the inertial system, The obtained 
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sum ¥ = ay + gy [see (11.6,.283)] is introduced into 


the first integrator I Readings taken from it are 


lie 

added in adder AD, with the component v,. of initial 
0 

velocity of the object, and the result is introduced 


into second integrator Tir - Increment obtained at 
x 


the output AS, is added in adder AD, with initial 





3 
Fig. 11.36. Location of coordinate Ss, - As a result there is obtained current 
accelerometers on a GSP in 0 
an INS with analytic VE, value of coordinate Ss, =S$ + AS. Analogously there 


x 
0 

are found current values of other coordinates Sy and So Coordinates 8» Sys Ss, 

are introduced into the computer, which produces autocompensation signals &,» By» &,° 


For determination of By» gy,» &, there exist various approximate analytic dependences 


(1442, 13, 117]. For instance, for 8, the simplest formula has the form 


a= BEES, (for ASR), (411.6.285) 


where & - acceleration due to force of terrestrial gravitation; 
R — radius of Earth; 


h — altitude of flight of the object, for instance an aircraft, above surface 
of Earth, 





Fig. 11.37. Fundamental scheme of determination of 
Sy in an INS with analytic VE. j 


If it is necessary to go from coordinates Sy» Sys s. to the coordinates of the 
object in the terrestrial system, then erection of the vertical necessary for this 
transition is carried out analytically by the same method which is realized in the 
schem> in Fig. 11.26. Detailed theoretical investigation of such an inertial system 
is contained in a number of works [142, 13, 14, 12, 40]. 

Above there were considered INS containing a gyro-stabilized platform; however, 
in principle there is possible creation of INS without gyroscopic Sevicess One of 


such systems has the name of inertial-pendulum system of navigation [142]. In it 
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there is used an inertial body as stabilizer, with which there are connected 


accelerometers, Signal from accelerometer is given through the amplifier to the 





motor, which acts on the inertial body; due to this the accelerometer retains its 
horizontal position, Accelerations measured by accelerometers enter the integrators 
for determination of coordinates of the object. 


There are possible inertial systems without stabilizers [142, 12]. In this 


at 


case the coordinate system which fixes directions of the axes of sensitivity of 


accelerometers is reproduced analytically, For this purpose it was proposed [12] 


} 


to use six accelerometers rigidly installed on the object at a certain distance from 
each other, They are designed for determination of linear accelerations of center 
of gravity of the object, and also angles of its rotation relative to the inertial 
system of coordinates, For practical realization of systens without stabilizers 
there are necessary especially accurate accelerometers and computers. It is possible 
to become acquainted with design of the inertial system based on this principle and 
with theoretical investigations of it in works [142, 12]. 
9. Certain Remarks About Other Types of’ 
Gyroscopic Navigational Systems 
Among gyroscopic navigational systems, as was shown in § 14.4, there are included 
also gyrohorizon compasses, gyrolatitude compasses and gyrolatitudes. 
The theory of the gyrohorizon compass (GHC) was considered in § 11.5, par. 6. 

In reference to the use of this instrument as a navigational system, it is possible \ 
to say the following. The GHC gives plane of hvrizon and indicates direction to 
the north; thus, thanks to satisfaction of the condition of aperiodic transitions, 
the system is undisturbed by accelerations of the object. Consequently, the sensing 
element >of the GHC is identical in its properties to the inertial vertical obtained 
in the INS by means of artificial simulation of the pendulum of M, Schuler with help 
of gyroscopes, accelerometers and integrators, Let us place on the sensing element 
of the GHC two accelerometers with axes sensitivity directed toward north and east.* 
eee lePOneeers will measure accelerations of the object along these directions, By 
means of double integration vf readings of the accelerometers, one can determine 

- latitude q and longitude A of position of the object, Consequently, by supplementing 
the GHC with two accelevometers, integrators and computer according to a scheme 
analogous to that shown in Fig. 11.34, we will obtain an inertial navigational system 


of the gyrohorizon compass type. 


*In reality axes of sensitivity of accelerometers deviate from the indicated axes 
by the angle of velocity error of the GC (§ 11.5, Par, 4b). 
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Such an inertial system with two accelerometers 16 invertigated {tn work (166). 
One of the peculiarities of this system is that undisturbat ‘ity of aztmuthal motion 
of the sensing element of the GHC is attained by appropriate control of velocity of 
rotation of the rotors, As initial data for operation of the control system there 
serve current values of readings of accelerometers, which are used for subsequent 
determination of latitude and longitude of position of the object, 

Application in GHC of two accelerometers makes it poesible instead of 4 sensing 
element with displaced center of gravity to use 2 balanced sensing element, which 
for retention of it in the plane of the horizon and in direction of the local meridian 
is supplied with a system of correction (from the same accelerometers) which 1s 
analogous to the one used in the GC with electromagnetic control [4)] (see 4 11.5, 
Far, 1a). In this case for obtain.ng in the instrument of the vertical (plane of 
horizon) there is applied essentially the principle of integral correction rrcm the 
accelerometers, One cf such INS of the gyrohorixon compass type [2] is based on 
the property of the GHC to measure vector of absolute velocity of the object [4+] 
and on the property of the GC to indicate direction of vector of its absolute 
horizontal velocity. 

The system consists [2] of two astatic gyroscopes located mutually perpendicularl: 
to each other on a platform installed in a Cardan suspension, On the platform there 
are placed two accelernmeters, The system of correction using readings of its sensing 
elements — accelerometers — applies correcting torques relative to the horizontai 
and vertical axes of the corresponding gyroscopes; these torques are proportional t. 
the integrals of readings of the accelerometers, By selection of appropriate 
eoetficients there is provided undisturbability of the system by accelerations of 
the object. Thus, one of the gyroscopes acquires properties of the gyrocompass, 
and the other — properties of the gyrohorizon, If these gyroscopes are connected 
to the control of actuaving motors fixed on the axes of the Cardun suspension of the 
platform, then the latter will be stabilized in plane of horizon and will preserve 
apaeneD direction to the north, Consequently, readings of one of the accelerometers 
will make it possible to determine horizontal component of absolute velocity of the 
object, and readings of the other — vertical component of this velocity. Presence 
of the indicated data, for known initial coordinatee and with consideration of diurnal 
rotation of the Earth, permits us to determine current coordinates of the object in 
terrestrial system and parameters of its motion, Merit of this inertial system is 


that it has a directional torque in azimuth; this decreases influence of disturbances, 
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System does not have systematic errors during measurement by it of absolute horizontal 
velocity of the cbject. A detailed theoretical investigation of this system is 
contained in article [2]. 

There is possible another variant of INS of the gyrohorizon compass type: on 
sensing element of the GHC there is installed only one accelerometer, which is 
oriented in the north direction; due to this, after integration of its readings there 
will be obtained the northern component Vy of velocity of the object. Eastern com- 
ponent vp, of velocity is determined in the following way: As B, V. Bulgakov [20] 
showed, angle 6 of rotation of gyroscopes inside the gyrosphere (Fig. 11.19) with 
accuracy up to harmonic oscillations determines in a certain scale the absolute 
eastern velocity of the ship Ve = RU cos 9 + Ves whence it is easy to obtain quantity 
Vee Let us note that practical realization of this scheme of INS of the gyrohorizon 
compass type is very complicated, 

It is of interest to indicate the scheme of the gyroscopic navigational system 
proposed by A. Yu. Ishlinskiy [48] for determination of latitude 9 and longitude A of 
position of the object using a gyrohorizon compass, directional gyroscope and a 
computer, The latter determines @ and A on the bases of integration of the following 


nonlinear equations [48]; 





. , ~o% cos? 
9 =e,sind, § = ©, — w, cos 0 tg 2; l=, cosy —U, (11.6,.286) 
where $ — angle between the tangent to the trajectory of object and the parallel; 


it is equal to velocity error of the GC [see (11.5.71)]; 
a3 = components of angular velocity of the trihedron Oxyz, axes Ox and Oy 
y of which are tangent to the earth's surface, and axis Oz of which is 
directed along radius of Earth, 

Quantity Wy, is determined by the GHC, since, according to (11.5.172), angular 
velocity wy is connected with angle e« of separation of the gyroscopes by the relation- 
antp 3H’ coss 

wtR 
Angular velocity wo, is determined by the directional gyroscope, the sensitive axis 





a= ° (11.6.287) 


of which is connected with the compass trihedron Oxyz. If into the computer there are 
introduced w., w $., then in accordance 


y z 0” “Oo 
with formulas (11.6.286) there will be obtained current coordinates p(t), A(t), $(t). 


and initial values of coordinates %» r 


Certain investigations of this system are contained also ix {38]. 
Some of the types of gyroscopic navigational systems are gyrolatitude compasses 


and gyrolatitudes, In a number of works there are given fundamental schemes of these 
systems and their theoretical foundations. We refer those interested in such systems 


to the appropriate literature (which will be given below), and will ourselves be 
limited to the following remarks, 
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The most well known scheme of gyrolatitude compass is the scheme witn the 
sliding pendulum [7, 145], which was for the first time considered by A. P. Korzhov. $ 


The basic element of the instrument is the astatic gyroscope with three degrees of 


freedom, fixed in Cardan suspension on a stabilized platform, With the platform - 
there is connected an annular vessel, the plane of which passes through axis of 
gyroscope, In the vessel there is liquid; the period of its flow can be regulated 
with help of a diaphragm with a hole fixed in the vessel. The system containing a 
vessel with liquid is called a sliding pendulum. By means of investigation of 
differential equations of motion of the system it is possible to show that in position 
of equilibrium the axis of the gyroscope is established in plane of meridian at the 
angle of latitude @ to plane of horizon, Consequently, this gyrolatitude compass 
determines heading of the object K and latitude » of its position, It has velocity 
and ballistic errors, For compensation of ballistic errors, period of natural sus- 
tained oscillations of the gyrolatitude compass should be equal to 84.4 min, since 
the instrument is a variety of the gyropendulum, Let us note that period of natural 
oscillations of the gyrolatitude compass does not depend on local latitude. The 
question of practical creation of such an instrument is very complicated; in particular, 
there is necessary stabilization of its sensing element, and this will require not 
one, but two gyroscopes. The scheme and analysis of the considered gyrolatitude com- 
pass are given in @ number of works (for instance, [7, 92, 145]). 

Of interest is the scheme of gyrolatitude compass with indirect correction 
[98, 7]. Sensing element of the instrument is an astatic gyroscope with three 
stabilized relative to the plane of the horizon, For transformation of the gyroscope 
into a gyrolatitude compass there serves a torquer located on the horizontal axis 
of the suspension; it applies to the gyroscope a corrective torque proportional to 
angular velocity of deflection of axis of gyroscope from plane of horizon, Angular 
velocity is determined by differentiation of the indicated angle. of displacement, 
which is taken from the signal pickoff which is fixed on the horizontal axis of the 
suspension of the gyroscope. Consequently, we have here a system of automatic 
derivative control; due to this there is not required introduction of special damping. 
Analysis shows [98, 7], that in the position of equilibrium the axis of the gyroscope 
is established in plane of meridian at the angle of latitude @ to plane of horizon, 
It is possible to become acquainted with the scheme and investigation of the gyro- 


latitude compass with indirect correction in the above-indicated works, 
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There are known a number of schemes of gyrolatitudes which make it possible to 
determine the local latitude. The gyrolatitude using the Foucault gyroscope of 
second kind was considered by us in § 11.2; application of such an instrument on a 
rocking base is quite difficult. One of the modifications of this scheme was inves- 
tigated by D. R. Merkin [92]. There have been proposed schemes of gyrolatitudes 
using gyroscopes with three degrees of freedom [7]. One of such schemes consists 
of a gyroscope in a Cardan suspension; axis of rotation of outer ring is horizontal; 
to the latter there is fastened a load. The platform on which the gyroscope is fixed 
has geographic orientation by means of connection with a GC. Investigation shows 
(7] that in the position of equilibrium the axis of the gyroscope is established at 
the angle of latitude @ to plane of horizon. Accurac of readings of this instrument 
is greatly influenced by change of velocity of the object and its circulations. These 
and cther circumstances hamper the practical application of such systems, Other 
schemes of gyrolatitudes are given in the article [101]. 

For determination of local latitude there may also be applied the method of C, 
Fox [188], which is based on measurement of gyroscopic torques, The device consists 
of two two-degree-of-freedom gyroscopes located on a piatform which is stabilized 
relative to plane of horizon and azimuthal direction in plane of meridian, On the 
axes of precession of the gyroscopes there are fixed torquers which serve for 
compensation of the corresponding gyroscopic torques appearing about these axes, 
Since the platform is stabilized relative to plane of horizon and azimuthal direction 
in plane of meridian, then rotation of it relative to inertial space causes appear- 
ance of gyroscopic torques. The latter tend to deflect gyroscopes from their initial 
position in plane of the platform, but are balanced by corresponding torques applied 
by the torquers, This makes it possible to measure these gyroscopic torques, the 
ratic of which determines [188] the local latitude 9. With the help of a computer 
one can determine longitude A, by using relationship i= SH. where v and K are 
assumed to be known, 

It is necessary to note that the scheme of C, Fox can hardly be useful in 
practice, since here, like the Foucault gyroscope of seccnd kind (§ 11.2, par. 2b), 
errors of stabilization of the platform — more exactly, angular velocities of its 
oscillation relative to the given position — will cause appreciable error of two- 
degree-of-freedom gyroscopes, 

In conclusion let us note that for self-contained determination of local latitude 


and longitude it is possible also to use the astatic gyroscope fixed on a horizontal 


518 


base [135]. In [135] there -is investigated a three-degree-of-freedom astatic 
gyroscope, the axis of the outer Cardan ring of which is fixed horizontally. There 
are composed equations of motion analogous to (3.3.51). The obtained system of non- 
linear differential equations is integrated within finite angles a and B of rotation 
of outer and inner Cardan rings.* As a result there are found expressions whose 
realization in the computer makes it possible to calculate latitude and longitude 

of position of the object. For certain particular cases, the corresponding formulas 
are obtained to be quite simple. Thus, for instance, if with the earlier shown 
installation of the astatic gyroscope, its axis at the initial moment is located 
exactly along the vertical (a, = Bo = 0), then for latitude @ and longitude A we 
have the relations [135] 


bawdy — are gin S2P — Ur | (11.6.288) 
™ eet 
e=me+arcsin as 


Consequently, by taking from the gyroscope angles a and f, by formulas (11.6.288) 
it is possible to calculate current values of 9 and i. 

If axis of gyroscope is parallel to plane of equator, i.e., A) = Vp» Bo = 05 
then 


oe } (411.6.289) 
i.e., values of @ and A can directly be taken from axes of Cardan suspension of 
gyroscope, If in the considered case the object is motionless, then A = Xo and 

B = -Ut; i. e., the free gyroscope can serve as a chronometer, It is necessary to 
note that practical realization of this method of determination of coordinates 9 anu 


X requires creation of an "ideal" free gyroscope and accurate computers, 





*Integration of analogous equations was for the first time performed by A, M. 
Letov [81], D. R. Merkin [90], R. I. Chertkov [169, 135], E. I. Sliv [135]. 
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